
PADs seminars #2 apri l  2010

Photoelectron Angular 
Distributions Seminar Series

II) Very Brief Introduction to Angular 
Momentum

Paul Hockett
paul.hockett@nrc.ca



contents/aims

Written notes will be 
available at the end of 
the seminars!



background road map

Photoelectron angular 
distributions

(perturbative regime)

Scattering theory
Partial wave 

treatment
Scattering phase

Angular momentum
Angular wavefunctions

Angular coupling
Frame rotations

Photoelectron angular 
distributions

(non-perturbative regime)

Photoelectron angular 
distributions

(strong-field regime)



what is angular momentum?

(i) The angular extension of linear momentum - a dynamical quantity.  Quantum 
theory can be developed from classical mechanics to describe orbital angular 
momentum.

(ii) Geometric properties of a system under coordinate frame rotations.  
Applicable to classical and quantum systems.  Gives rise to essentially the same 
machinery as (i), but more intuitive picture for, e.g., molecular rotations.

References for angular momentum:

Zare, Angular Momentum - standard reference.

Edmunds, Angular Momentum - very mathematical treatment.

Thompson, Angular Momentum - more visual/geometric treatment.

Most standard Q.M. textbooks will also have introductory material.



classical picture

p = mv
r

L = r x p

http://en.wikipedia.org/wiki/Angular_momentum



quantum correspondence
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Note - following Zare ħ=1

Angular momentum 
components

Cross-products
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Commutation relations

Total angular momentum, 

Commutation properties mean we can 
define the total angular momentum 
of the system, but only one cartesian 
component.  We will see later how this 
relates to the uncertainty principle.



quantum correspondence
So far we have defined the properties of the orbital angular momentum l by comparison 
with classical angular momentum.

This has given us the operator l and commutation relations, but no real physical picture of 
what we’re considering beyond the classical.

If we carry on to consider a general eigenfunction treatment we can develop a vector 
picture of angular momentum which gives more insight.



eigenfunctions
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Define general angular momentum operator as j (l will be reserved for orbital ang. mom.)

Define states which are eigenfunctions of the total angular momentum, and one projection 
term (chosen by convention as jz):

m takes values -j...j in integer steps.
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vector model

Reproduced from Zare, Angular Momentum

In this picture the total angular 
momentum defines a vector j.

j has a fixed projection onto the z-axis, 
and also precesses about the axis.

The precession ensures that the x and y 
components are undefined, as required 
by the commutation relations.

We can also consider this in terms 
of uncertainty - if we try to fix all 
components then we would have a 
classical orbit in which both r and p are 
defined.



spherical harmonics
It can be shown (e.g. Zare section 1.3) that the spherical harmonics provide suitable 
eigenfunctions for integer values of j in spherical polar coordinates.
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The functional form of the spherical harmonic is quite complex:
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Legendre Polynomial



spherical harmonics
The spherical harmonics are much easier to visualize....

Polar form

Cartesian form
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Just a sphere!
Zero phase.
s orbital.



Polar form

Cartesian form

Y10

l=1 → one node in θ
m=0 → no φ dependence.

π phase jump at node.

pz orbital.
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Polar form

Cartesian form

Y11

l=1 → one node.
m=1 → eiφ phase.

px,y orbital.

spherical harmonicsPl(cos θ) =
1

2ll!

(
d

d(cos θ)

)l

(cos2 θ − 1)l

|Ylm(θ, φ)|

arg[Ylm(θ, φ)]

Re[Ylm(θ, φ)]

Im[Ylm(θ, φ)]

R(φ, θ, χ)f(X, Y, Z) = f(x, y, z)

R(φ, θ, χ) = Rz(χ)RN (χ)RZ(φ)




x′

y′

z′


 = RZ(φ)




X
Y
Z


 =




cos φ sinφ 0
− sinφ cos φ 0

0 0 1







X
Y
Z




R(φ, θ, χ)|jm〉 =
∑
m′

Dj
m′m(φ, θ, χ)|jm′〉

Dj
m′m(φ, θ, χ) = 〈jm′|R(φ, θ, χ)|jm〉

Dj
m′m(φ, θ, χ) = e−iφm′

dj
m′m(θ)e−iχm

dj
m′m(θ) = 〈jm′|e−iθjy |jm〉

= [(j + m)!(j − m)!(j + m′)!(j − m)!]1/2

x
∑

v

(−1)v

(j − m′ − v)!(j + m − v)!(v + m′ − m)!v!

x
[
cos(

θ

2
)
]2j+m−m′−2v [

sin(
θ

2
)
]m′−m+2v

Pl(cos θ) =
1

2ll!

(
d

d(cos θ)

)l

(cos2 θ − 1)l

|Ylm(θ, φ)|

arg[Ylm(θ, φ)]

Re[Ylm(θ, φ)]

Im[Ylm(θ, φ)]

R(φ, θ, χ)f(X, Y, Z) = f(x, y, z)

R(φ, θ, χ) = Rz(χ)RN (χ)RZ(φ)




x′

y′

z′


 = RZ(φ)




X
Y
Z


 =




cos φ sinφ 0
− sinφ cos φ 0

0 0 1







X
Y
Z




R(φ, θ, χ)|jm〉 =
∑
m′

Dj
m′m(φ, θ, χ)|jm′〉

Dj
m′m(φ, θ, χ) = 〈jm′|R(φ, θ, χ)|jm〉

Dj
m′m(φ, θ, χ) = e−iφm′

dj
m′m(θ)e−iχm

dj
m′m(θ) = 〈jm′|e−iθjy |jm〉

= [(j + m)!(j − m)!(j + m′)!(j − m)!]1/2

x
∑

v

(−1)v

(j − m′ − v)!(j + m − v)!(v + m′ − m)!v!

x
[
cos(

θ

2
)
]2j+m−m′−2v [

sin(
θ

2
)
]m′−m+2v



spherical harmonics
Pl(cos θ) =

1
2ll!

(
d

d(cos θ)

)l

(cos2 θ − 1)l

|Ylm(θ, φ)|

arg[Ylm(θ, φ)]

Re[Ylm(θ, φ)]

Im[Ylm(θ, φ)]

R(φ, θ, χ)f(X, Y, Z) = f(x, y, z)

R(φ, θ, χ) = Rz(χ)RN (χ)RZ(φ)




x′

y′

z′


 = RZ(φ)




X
Y
Z


 =




cos φ sinφ 0
− sinφ cos φ 0

0 0 1







X
Y
Z




R(φ, θ, χ)|jm〉 =
∑
m′

Dj
m′m(φ, θ, χ)|jm′〉

Dj
m′m(φ, θ, χ) = 〈jm′|R(φ, θ, χ)|jm〉

Dj
m′m(φ, θ, χ) = e−iφm′

dj
m′m(θ)e−iχm

dj
m′m(θ) = 〈jm′|e−iθjy |jm〉

= [(j + m)!(j − m)!(j + m′)!(j − m)!]1/2

x
∑

v

(−1)v

(j − m′ − v)!(j + m − v)!(v + m′ − m)!v!

x
[
cos(

θ

2
)
]2j+m−m′−2v [

sin(
θ

2
)
]m′−m+2v

Pl(cos θ) =
1

2ll!

(
d

d(cos θ)

)l

(cos2 θ − 1)l

|Ylm(θ, φ)|

arg[Ylm(θ, φ)]

Re[Ylm(θ, φ)]

Im[Ylm(θ, φ)]

R(φ, θ, χ)f(X, Y, Z) = f(x, y, z)

R(φ, θ, χ) = Rz(χ)RN (χ)RZ(φ)




x′

y′

z′


 = RZ(φ)




X
Y
Z


 =




cos φ sinφ 0
− sinφ cos φ 0

0 0 1







X
Y
Z




R(φ, θ, χ)|jm〉 =
∑
m′

Dj
m′m(φ, θ, χ)|jm′〉

Dj
m′m(φ, θ, χ) = 〈jm′|R(φ, θ, χ)|jm〉

Dj
m′m(φ, θ, χ) = e−iφm′

dj
m′m(θ)e−iχm

dj
m′m(θ) = 〈jm′|e−iθjy |jm〉

= [(j + m)!(j − m)!(j + m′)!(j − m)!]1/2

x
∑

v

(−1)v

(j − m′ − v)!(j + m − v)!(v + m′ − m)!v!

x
[
cos(

θ

2
)
]2j+m−m′−2v [

sin(
θ

2
)
]m′−m+2v

Pl(cos θ) =
1

2ll!

(
d

d(cos θ)

)l

(cos2 θ − 1)l

|Ylm(θ, φ)|

arg[Ylm(θ, φ)]

Re[Ylm(θ, φ)]

Im[Ylm(θ, φ)]

R(φ, θ, χ)f(X, Y, Z) = f(x, y, z)

R(φ, θ, χ) = Rz(χ)RN (χ)RZ(φ)




x′

y′

z′


 = RZ(φ)




X
Y
Z


 =




cos φ sinφ 0
− sinφ cos φ 0

0 0 1







X
Y
Z




R(φ, θ, χ)|jm〉 =
∑
m′

Dj
m′m(φ, θ, χ)|jm′〉

Dj
m′m(φ, θ, χ) = 〈jm′|R(φ, θ, χ)|jm〉

Dj
m′m(φ, θ, χ) = e−iφm′

dj
m′m(θ)e−iχm

dj
m′m(θ) = 〈jm′|e−iθjy |jm〉

= [(j + m)!(j − m)!(j + m′)!(j − m)!]1/2

x
∑

v

(−1)v

(j − m′ − v)!(j + m − v)!(v + m′ − m)!v!

x
[
cos(

θ

2
)
]2j+m−m′−2v [

sin(
θ

2
)
]m′−m+2v

Pl(cos θ) =
1

2ll!

(
d

d(cos θ)

)l

(cos2 θ − 1)l

|Ylm(θ, φ)|

arg[Ylm(θ, φ)]

Re[Ylm(θ, φ)]

Im[Ylm(θ, φ)]

R(φ, θ, χ)f(X, Y, Z) = f(x, y, z)

R(φ, θ, χ) = Rz(χ)RN (χ)RZ(φ)




x′

y′

z′


 = RZ(φ)




X
Y
Z


 =




cos φ sinφ 0
− sinφ cos φ 0

0 0 1







X
Y
Z




R(φ, θ, χ)|jm〉 =
∑
m′

Dj
m′m(φ, θ, χ)|jm′〉

Dj
m′m(φ, θ, χ) = 〈jm′|R(φ, θ, χ)|jm〉

Dj
m′m(φ, θ, χ) = e−iφm′

dj
m′m(θ)e−iχm

dj
m′m(θ) = 〈jm′|e−iθjy |jm〉

= [(j + m)!(j − m)!(j + m′)!(j − m)!]1/2

x
∑

v

(−1)v

(j − m′ − v)!(j + m − v)!(v + m′ − m)!v!

x
[
cos(

θ

2
)
]2j+m−m′−2v [

sin(
θ

2
)
]m′−m+2v

Real and imaginary 
parts are “rotations”.
Can form cartesian x 
and y forms from linear 
combinations of ±m.
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spherical harmonics
How do the spherical harmonics link to the vector picture?
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For m=0

This is a standing-wave on the ‘classical’ orbit which is azimuthally averaged.
Hence larger angular momentum, more nodes in the standing-wave.
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spherical harmonics
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For high m we 
approach a classical 
orbit confined to the xy 
plane.

This is even more 
apparent for high l, 
high m cases...



spherical harmonics

For high l we 
approach the 
classical result for 
m=0 and m=j.

Other values still 
look quite different 
from the classical 
case due to the 
nodal structure of the 
standing wave.
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rotations

We have so far considered dynamical angular momentum, building up from a classical 
orbital picture.  In this picture we can consider a particle undergoing ‘classical’ orbits on a 
ring (albeit with wave structure) which are azimuthally averaged.

But we can also consider the spherical standing waves described by Ylm to have 
geometrical angular momentum.  They are just some set of functions which describe a 
complete (2l+1) basis on the surface of a sphere.

We will explore this concept in terms of frame rotations, and later link this back to 
spherical harmonics.



euler angles
We can parameterize rotations of a 3D body (or axis system) in terms of Euler angles.  
Rotation can then be described as an operator R with matrix elements referred to as the 
direction cosine matrix elements.

Direction cosine matrix elements

Reproduced from Zare, 
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direction cosine matrix
As an example, consider rotations about the Z-axis. 

This is rotation by φ, so the rotated frame mixes X and Y components of the initial frame.

Pl(cos θ) =
1

2ll!

(
d

d(cos θ)

)l

(cos2 θ − 1)l

|Ylm(θ, φ)|

arg[Ylm(θ, φ)]

Re[Ylm(θ, φ)]

Im[Ylm(θ, φ)]

R(φ, θ, χ)f(X, Y, Z) = f(x, y, z)

R(φ, θ, χ) = Rz(χ)RN (χ)RZ(φ)




x′

y′

z′


 = RZ(φ)




X
Y
Z


 =




cos φ sinφ 0
− sinφ cos φ 0

0 0 1







X
Y
Z




R(φ, θ, χ)|jm〉 =
∑
m′

Dj
m′m(φ, θ, χ)|jm′〉

Dj
m′m(φ, θ, χ) = 〈jm′|R(φ, θ, χ)|jm〉

Dj
m′m(φ, θ, χ) = e−iφm′

dj
m′m(θ)e−iχm

dj
m′m(θ) = 〈jm′|e−iθjy |jm〉

= [(j + m)!(j − m)!(j + m′)!(j − m)!]1/2

x
∑

v

(−1)v

(j − m′ − v)!(j + m − v)!(v + m′ − m)!v!

x
[
cos(

θ

2
)
]2j+m−m′−2v [

sin(
θ

2
)
]m′−m+2v

Similar transformations can be derived for the other components of R.



wigner rotation matrix
Wigner developed the quantum analogue of the direction cosine matrix element by 
considering the behaviour of |jm〉 under rotation.

In particular we can see that rotation must commute with j - the total angular momentum 
of the system (hence energy) is conserved under frame rotation.  However, projection 
terms m must be mixed by rotation.  This is analogous to the classical behaviour of vectors 
under the direction cosine matrix elements.

Pl(cos θ) =
1

2ll!

(
d

d(cos θ)

)l

(cos2 θ − 1)l

|Ylm(θ, φ)|

arg[Ylm(θ, φ)]

Re[Ylm(θ, φ)]

Im[Ylm(θ, φ)]

R(φ, θ, χ)f(X, Y, Z) = f(x, y, z)

R(φ, θ, χ) = Rz(χ)RN (χ)RZ(φ)




x′

y′

z′


 = RZ(φ)




X
Y
Z


 =




cos φ sinφ 0
− sinφ cos φ 0

0 0 1







X
Y
Z




R(φ, θ, χ)|jm〉 =
∑
m′

Dj
m′m(φ, θ, χ)|jm′〉

Dj
m′m(φ, θ, χ) = 〈jm′|R(φ, θ, χ)|jm〉

Dj
m′m(φ, θ, χ) = e−iφm′

dj
m′m(θ)e−iχm

dj
m′m(θ) = 〈jm′|e−iθjy |jm〉

= [(j + m)!(j − m)!(j + m′)!(j − m)!]1/2

x
∑

v

(−1)v

(j − m′ − v)!(j + m − v)!(v + m′ − m)!v!

x
[
cos(

θ

2
)
]2j+m−m′−2v [

sin(
θ

2
)
]m′−m+2v

Pl(cos θ) =
1

2ll!

(
d

d(cos θ)

)l

(cos2 θ − 1)l

|Ylm(θ, φ)|

arg[Ylm(θ, φ)]

Re[Ylm(θ, φ)]

Im[Ylm(θ, φ)]

R(φ, θ, χ)f(X, Y, Z) = f(x, y, z)

R(φ, θ, χ) = Rz(χ)RN (χ)RZ(φ)




x′

y′

z′


 = RZ(φ)




X
Y
Z


 =




cos φ sinφ 0
− sinφ cos φ 0

0 0 1







X
Y
Z




R(φ, θ, χ)|jm〉 =
∑
m′

Dj
m′m(φ, θ, χ)|jm′〉

Dj
m′m(φ, θ, χ) = 〈jm′|R(φ, θ, χ)|jm〉

Dj
m′m(φ, θ, χ) = e−iφm′

dj
m′m(θ)e−iχm

dj
m′m(θ) = 〈jm′|e−iθjy |jm〉

= [(j + m)!(j − m)!(j + m′)!(j − m)!]1/2

x
∑

v

(−1)v

(j − m′ − v)!(j + m − v)!(v + m′ − m)!v!

x
[
cos(

θ

2
)
]2j+m−m′−2v [

sin(
θ

2
)
]m′−m+2v

Wigner rotation matrix elements



wigner rotation matrix

Pl(cos θ) =
1

2ll!

(
d

d(cos θ)

)l

(cos2 θ − 1)l

|Ylm(θ, φ)|

arg[Ylm(θ, φ)]

Re[Ylm(θ, φ)]

Im[Ylm(θ, φ)]

R(φ, θ, χ)f(X, Y, Z) = f(x, y, z)

R(φ, θ, χ) = Rz(χ)RN (χ)RZ(φ)




x′

y′

z′


 = RZ(φ)




X
Y
Z


 =




cos φ sinφ 0
− sinφ cos φ 0

0 0 1







X
Y
Z




R(φ, θ, χ)|jm〉 =
∑
m′

Dj
m′m(φ, θ, χ)|jm′〉

Dj
m′m(φ, θ, χ) = 〈jm′|R(φ, θ, χ)|jm〉

Dj
m′m(φ, θ, χ) = e−iφm′

dj
m′m(θ)e−iχm

dj
m′m(θ) = 〈jm′|e−iθjy |jm〉

= [(j + m)!(j − m)!(j + m′)!(j − m)!]1/2

x
∑

v

(−1)v

(j − m′ − v)!(j + m − v)!(v + m′ − m)!v!

x
[
cos(

θ

2
)
]2j+m−m′−2v [

sin(
θ

2
)
]m′−m+2v

Pl(cos θ) =
1

2ll!

(
d

d(cos θ)

)l

(cos2 θ − 1)l

|Ylm(θ, φ)|

arg[Ylm(θ, φ)]

Re[Ylm(θ, φ)]

Im[Ylm(θ, φ)]

R(φ, θ, χ)f(X, Y, Z) = f(x, y, z)

R(φ, θ, χ) = Rz(χ)RN (χ)RZ(φ)




x′

y′

z′


 = RZ(φ)




X
Y
Z


 =




cos φ sinφ 0
− sinφ cos φ 0

0 0 1







X
Y
Z




R(φ, θ, χ)|jm〉 =
∑
m′

Dj
m′m(φ, θ, χ)|jm′〉

Dj
m′m(φ, θ, χ) = 〈jm′|R(φ, θ, χ)|jm〉

Dj
m′m(φ, θ, χ) = e−iφm′

dj
m′m(θ)e−iχm

dj
m′m(θ) = 〈jm′|e−iθjy |jm〉

= [(j + m)!(j − m)!(j + m′)!(j − m)!]1/2

x
∑

v

(−1)v

(j − m′ − v)!(j + m − v)!(v + m′ − m)!v!

x
[
cos(

θ

2
)
]2j+m−m′−2v [

sin(
θ

2
)
]m′−m+2v

What do the rotation matrix elements look like...?

Phase terms

Reduced matrix 
elements

Summation index is 
defined to run over all 
terms for which the 
factorials are ≥ 0



wigner rotation matrix

Pl(cos θ) =
1

2ll!

(
d

d(cos θ)

)l

(cos2 θ − 1)l

|Ylm(θ, φ)|

arg[Ylm(θ, φ)]

Re[Ylm(θ, φ)]

Im[Ylm(θ, φ)]

R(φ, θ, χ)f(X, Y, Z) = f(x, y, z)

R(φ, θ, χ) = Rz(χ)RN (χ)RZ(φ)




x′

y′

z′


 = RZ(φ)




X
Y
Z


 =




cos φ sinφ 0
− sinφ cos φ 0

0 0 1







X
Y
Z




R(φ, θ, χ)|jm〉 =
∑
m′

Dj
m′m(φ, θ, χ)|jm′〉

Dj
m′m(φ, θ, χ) = 〈jm′|R(φ, θ, χ)|jm〉

Dj
m′m(φ, θ, χ) = e−iφm′

dj
m′m(θ)e−iχm

dj
m′m(θ) = 〈jm′|e−iθjy |jm〉

= [(j + m)!(j − m)!(j + m′)!(j − m)!]1/2

x
∑

v

(−1)v

(j − m′ − v)!(j + m − v)!(v + m′ − m)!v!

x
[
cos(

θ

2
)
]2j+m−m′−2v [

sin(
θ

2
)
]m′−m+2v

Rotation about the z-axis produces only phase factors, but rotation by θ mixes m states.  
The mixing is defined by terms in θ, but also by factorial terms which we can envisage as 
‘counting’ the overlap between m and m' states.

Hence,

|Dj
m′m(φ, θ, χ)|2 = dj

m′m(θ)2

R(φ, θ, χ)Ylm(θ, φ) =
∑
m′

Dl
m′m(φ, θ, χ)Ylm′(θ, φ) = Ylm(θ′, φ′)

Dl
m0(φ, θ, χ) =

(
4π

2l + 1

)1/2

Y ∗
lm(θ, φ)

|JKM〉 =
[
2J + 1
8π2

]1/2

DJ∗
MK(φ, θ, χ)

|j1m1, j2m2〉 ≡ |j1m1〉|j2m2〉

j21|j1m1, j2m2〉 = j1(j1 + 1)|j1m1, j2m2〉
j1z|j1m1, j2m2〉 = m1|j1m1, j2m2〉
j22|j1m1, j2m2〉 = j2(j2 + 1)|j1m1, j2m2〉

j2z|j1m1, j2m2〉 = m2|j1m1, j2m2〉

j21|jm〉 = j1(j1 + 1)|jm〉
j22|jm〉 = j2(j2 + 1)|jm〉
j2|jm〉 = j(j + 1)|jm〉
jz|jm〉 = m|jm〉

|jm〉 =
∑

m1,m2

C(j1j2j;m1m2m)|j1m1, j2m2〉

|j1m1, j2m2〉 =
∑
j,m

C(j1j2j;m1m2m)|jm〉



rotation matrix and Ylm
|Dj

m′m(φ, θ, χ)|2 = dj
m′m(θ)2

R(φ, θ, χ)Ylm(θ, φ) =
∑
m′

Dl
m′m(φ, θ, χ)Ylm′(θ, φ) = Ylm(θ′, φ′)

Dl
m0(φ, θ, χ) =

(
4π

2l + 1

)1/2

Y ∗
lm(θ, φ)

|JKM〉 =
[
2J + 1
8π2

]1/2

DJ∗
MK(φ, θ, χ)

|j1m1, j2m2〉 ≡ |j1m1〉|j2m2〉

j21|j1m1, j2m2〉 = j1(j1 + 1)|j1m1, j2m2〉
j1z|j1m1, j2m2〉 = m1|j1m1, j2m2〉
j22|j1m1, j2m2〉 = j2(j2 + 1)|j1m1, j2m2〉

j2z|j1m1, j2m2〉 = m2|j1m1, j2m2〉

j21|jm〉 = j1(j1 + 1)|jm〉
j22|jm〉 = j2(j2 + 1)|jm〉
j2|jm〉 = j(j + 1)|jm〉
jz|jm〉 = m|jm〉

|jm〉 =
∑

m1,m2

C(j1j2j;m1m2m)|j1m1, j2m2〉

|j1m1, j2m2〉 =
∑
j,m

C(j1j2j;m1m2m)|jm〉

|Dj
m′m(φ, θ, χ)|2 = dj

m′m(θ)2

R(φ, θ, χ)Ylm(θ, φ) =
∑
m′

Dl
m′m(φ, θ, χ)Ylm′(θ, φ) = Ylm(θ′, φ′)

Dl
m0(φ, θ, χ) =

(
4π

2l + 1

)1/2

Y ∗
lm(θ, φ)

|JKM〉 =
[
2J + 1
8π2

]1/2

DJ∗
MK(φ, θ, χ)

|j1m1, j2m2〉 ≡ |j1m1〉|j2m2〉

j21|j1m1, j2m2〉 = j1(j1 + 1)|j1m1, j2m2〉
j1z|j1m1, j2m2〉 = m1|j1m1, j2m2〉
j22|j1m1, j2m2〉 = j2(j2 + 1)|j1m1, j2m2〉

j2z|j1m1, j2m2〉 = m2|j1m1, j2m2〉

j21|jm〉 = j1(j1 + 1)|jm〉
j22|jm〉 = j2(j2 + 1)|jm〉
j2|jm〉 = j(j + 1)|jm〉
jz|jm〉 = m|jm〉

|jm〉 =
∑

m1,m2

C(j1j2j;m1m2m)|j1m1, j2m2〉

|j1m1, j2m2〉 =
∑
j,m

C(j1j2j;m1m2m)|jm〉

What about the spherical harmonics under rotation?

Hence rotation is equivalent to frame transformation from (θ,φ)→ (θ′,φ′).  Again this reflects 
an invariance due to rotation, we just rotate the z-axis to a new direction.

We can identify the rotation matrix elements with spherical harmonics for m′=0 - these 
functions are geometrically related.



rotation matrix and rotations

Following the above it is perhaps not surprising that the rotation matrix elements can also 
be used as basis functions to describe rotational motion of a symmetric top.

|Dj
m′m(φ, θ, χ)|2 = dj

m′m(θ)2

R(φ, θ, χ)Ylm(θ, φ) =
∑
m′

Dl
m′m(φ, θ, χ)Ylm′(θ, φ) = Ylm(θ′, φ′)

Dl
m0(φ, θ, χ) =

(
4π

2l + 1

)1/2

Y ∗
lm(θ, φ)

|JKM〉 =
[
2J + 1
8π2

]1/2

DJ∗
MK(φ, θ, χ)

|j1m1, j2m2〉 ≡ |j1m1〉|j2m2〉

j21|j1m1, j2m2〉 = j1(j1 + 1)|j1m1, j2m2〉
j1z|j1m1, j2m2〉 = m1|j1m1, j2m2〉
j22|j1m1, j2m2〉 = j2(j2 + 1)|j1m1, j2m2〉

j2z|j1m1, j2m2〉 = m2|j1m1, j2m2〉

j21|jm〉 = j1(j1 + 1)|jm〉
j22|jm〉 = j2(j2 + 1)|jm〉
j2|jm〉 = j(j + 1)|jm〉
jz|jm〉 = m|jm〉

|jm〉 =
∑

m1,m2

C(j1j2j;m1m2m)|j1m1, j2m2〉

|j1m1, j2m2〉 =
∑
j,m

C(j1j2j;m1m2m)|jm〉

We will see more of the rotation matrix elements next week...



coupling angular momenta
We can again return to the vector picture to visualize coupling of angular momenta.

Reproduced from Zare, Angular Momentum

Coupled representation.
j1

 and j2 precess about j ( = j1
 + j2).

j precesses about z.

Uncoupled representation.
j1

 and j2 precess about z.
j = j1

 + j2, j precesses about z.



coupling angular momenta
Formally the coupling follows from a treatment of the commutation relations.

In the uncoupled representation we have:

|Dj
m′m(φ, θ, χ)|2 = dj

m′m(θ)2

R(φ, θ, χ)Ylm(θ, φ) =
∑
m′

Dl
m′m(φ, θ, χ)Ylm′(θ, φ) = Ylm(θ′, φ′)

Dl
m0(φ, θ, χ) =

(
4π

2l + 1

)1/2

Y ∗
lm(θ, φ)

|JKM〉 =
[
2J + 1
8π2

]1/2

DJ∗
MK(φ, θ, χ)

|j1m1, j2m2〉 ≡ |j1m1〉|j2m2〉

j21|j1m1, j2m2〉 = j1(j1 + 1)|j1m1, j2m2〉
j1z|j1m1, j2m2〉 = m1|j1m1, j2m2〉
j22|j1m1, j2m2〉 = j2(j2 + 1)|j1m1, j2m2〉

j2z|j1m1, j2m2〉 = m2|j1m1, j2m2〉

j21|jm〉 = j1(j1 + 1)|jm〉
j22|jm〉 = j2(j2 + 1)|jm〉
j2|jm〉 = j(j + 1)|jm〉
jz|jm〉 = m|jm〉

|jm〉 =
∑

m1,m2

C(j1j2j;m1m2m)|j1m1, j2m2〉

|j1m1, j2m2〉 =
∑
j,m

C(j1j2j;m1m2m)|jm〉

|Dj
m′m(φ, θ, χ)|2 = dj

m′m(θ)2

R(φ, θ, χ)Ylm(θ, φ) =
∑
m′

Dl
m′m(φ, θ, χ)Ylm′(θ, φ) = Ylm(θ′, φ′)

Dl
m0(φ, θ, χ) =

(
4π

2l + 1

)1/2

Y ∗
lm(θ, φ)

|JKM〉 =
[
2J + 1
8π2

]1/2

DJ∗
MK(φ, θ, χ)

|j1m1, j2m2〉 ≡ |j1m1〉|j2m2〉

j21|j1m1, j2m2〉 = j1(j1 + 1)|j1m1, j2m2〉
j1z|j1m1, j2m2〉 = m1|j1m1, j2m2〉
j22|j1m1, j2m2〉 = j2(j2 + 1)|j1m1, j2m2〉

j2z|j1m1, j2m2〉 = m2|j1m1, j2m2〉

j21|jm〉 = j1(j1 + 1)|jm〉
j22|jm〉 = j2(j2 + 1)|jm〉
j2|jm〉 = j(j + 1)|jm〉
jz|jm〉 = m|jm〉

|jm〉 =
∑

m1,m2

C(j1j2j;m1m2m)|j1m1, j2m2〉

|j1m1, j2m2〉 =
∑
j,m

C(j1j2j;m1m2m)|jm〉

We know this is an eigenfunction of j1
2 and j2

2, and their z-components:

It can also be shown that another complete set of commuting angular momentum 
operators is given by  j1

2, j2
2, j 

2 = (j1
 + j2)

2, and jz = j1z + j2z.  This defines the coupled 
representation.



coupling angular momenta

|Dj
m′m(φ, θ, χ)|2 = dj

m′m(θ)2

R(φ, θ, χ)Ylm(θ, φ) =
∑
m′

Dl
m′m(φ, θ, χ)Ylm′(θ, φ) = Ylm(θ′, φ′)

Dl
m0(φ, θ, χ) =

(
4π

2l + 1

)1/2

Y ∗
lm(θ, φ)

|JKM〉 =
[
2J + 1
8π2

]1/2

DJ∗
MK(φ, θ, χ)

|j1m1, j2m2〉 ≡ |j1m1〉|j2m2〉

j21|j1m1, j2m2〉 = j1(j1 + 1)|j1m1, j2m2〉
j1z|j1m1, j2m2〉 = m1|j1m1, j2m2〉
j22|j1m1, j2m2〉 = j2(j2 + 1)|j1m1, j2m2〉

j2z|j1m1, j2m2〉 = m2|j1m1, j2m2〉

j21|jm〉 = j1(j1 + 1)|jm〉
j22|jm〉 = j2(j2 + 1)|jm〉
j2|jm〉 = j(j + 1)|jm〉
jz|jm〉 = m|jm〉

|jm〉 =
∑

m1,m2

C(j1j2j;m1m2m)|j1m1, j2m2〉

|j1m1, j2m2〉 =
∑
j,m

C(j1j2j;m1m2m)|jm〉

|Dj
m′m(φ, θ, χ)|2 = dj

m′m(θ)2

R(φ, θ, χ)Ylm(θ, φ) =
∑
m′

Dl
m′m(φ, θ, χ)Ylm′(θ, φ) = Ylm(θ′, φ′)

Dl
m0(φ, θ, χ) =

(
4π

2l + 1

)1/2

Y ∗
lm(θ, φ)

|JKM〉 =
[
2J + 1
8π2

]1/2

DJ∗
MK(φ, θ, χ)

|j1m1, j2m2〉 ≡ |j1m1〉|j2m2〉

j21|j1m1, j2m2〉 = j1(j1 + 1)|j1m1, j2m2〉
j1z|j1m1, j2m2〉 = m1|j1m1, j2m2〉
j22|j1m1, j2m2〉 = j2(j2 + 1)|j1m1, j2m2〉

j2z|j1m1, j2m2〉 = m2|j1m1, j2m2〉

j21|jm〉 = j1(j1 + 1)|jm〉
j22|jm〉 = j2(j2 + 1)|jm〉
j2|jm〉 = j(j + 1)|jm〉
jz|jm〉 = m|jm〉

|jm〉 =
∑

m1,m2

C(j1j2j;m1m2m)|j1m1, j2m2〉

|j1m1, j2m2〉 =
∑
j,m

C(j1j2j;m1m2m)|jm〉

In the coupled representation the eigenvalues are then given by:

The representations are linked by a unitary transform - they are just expressions of the 
same result in different basis spaces.

Vector coupling coefficients
Clebsch-Gordan coefficients



clebsch-gordan coefficients

C(j1j2j;m1m2m) ≡ 〈j1m1, j2m2|jm〉 ≡ 〈jm|j1m1, j2m2〉

m = m1 + m2

|j1 + j2| ≥ j ≥ |j1 − j2|

〈j1m1, j2m2|jm〉 = δm1+m2,m

[
(2j + 1)

(s − 2j)!(s − 2j2)!(s − 2j1)!
(s + 1)!

]1/2

x [(j1 + m1)!(j1 − m1)!(j2 + m2)!(j2 − m2)!(j + m)!(j − m)!]1/2

x
∑

v

(−1)v

v!(j1 + j2 − j − v)!(j1 − m1 − v)!(j2 + m2 − v)!(j − j2 + m1 + v)!(j − j1 − m2 + v)!

x
∑

v

(−1)v

v!(j1 + j2 − j − v)!(j1 − m1 − v)!(j2 + m2 − v)!(j − j2 + m1 + v)!(j − j1 − m2 + v)!

(
j1 j2 j
m1 m2 m

)
= (−1)j1−j2−m(2j + 1)−1/2〈j1m1, j2m2|jm〉

The Clebsch-Gordan coefficients - the vector coupling matrix elements - are real numbers 
given by:

C(j1j2j;m1m2m) ≡ 〈j1m1, j2m2|jm〉 ≡ 〈jm|j1m1, j2m2〉

m = m1 + m2

|j1 + j2| ≥ j ≥ |j1 − j2|

〈j1m1, j2m2|jm〉 = δm1+m2,m

[
(2j + 1)

(s − 2j)!(s − 2j2)!(s − 2j1)!
(s + 1)!

]1/2

x [(j1 + m1)!(j1 − m1)!(j2 + m2)!(j2 − m2)!(j + m)!(j − m)!]1/2

x
∑

v

(−1)v

v!(j1 + j2 − j − v)!(j1 − m1 − v)!(j2 + m2 − v)!(j − j2 + m1 + v)!(j − j1 − m2 + v)!

x
∑

v

(−1)v

v!(j1 + j2 − j − v)!(j1 − m1 − v)!(j2 + m2 − v)!(j − j2 + m1 + v)!(j − j1 − m2 + v)!

(
j1 j2 j
m1 m2 m

)
= (−1)j1−j2−m(2j + 1)−1/2〈j1m1, j2m2|jm〉

Where:

C(j1j2j;m1m2m) ≡ 〈j1m1, j2m2|jm〉 ≡ 〈jm|j1m1, j2m2〉

m = m1 + m2

|j1 + j2| ≥ j ≥ |j1 − j2|

〈j1m1, j2m2|jm〉 = δm1+m2,m

[
(2j + 1)

(s − 2j)!(s − 2j2)!(s − 2j1)!
(s + 1)!

]1/2

x [(j1 + m1)!(j1 − m1)!(j2 + m2)!(j2 − m2)!(j + m)!(j − m)!]1/2

x
∑

v

(−1)v

v!(j1 + j2 − j − v)!(j1 − m1 − v)!(j2 + m2 − v)!(j − j2 + m1 + v)!(j − j1 − m2 + v)!

x
∑

v

(−1)v

v!(j1 + j2 − j − v)!(j1 − m1 − v)!(j2 + m2 − v)!(j − j2 + m1 + v)!(j − j1 − m2 + v)!

(
j1 j2 j
m1 m2 m

)
= (−1)j1−j2−m(2j + 1)−1/2〈j1m1, j2m2|jm〉

Hence they act like (quantized) vector addition - the scalar terms add while the vector 
terms can be parallel, anti-parallel, or integer steps in-between.



clebsch-gordan coefficients
What do the vector coupling coefficients look like...?
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]1/2

x [(j1 + m1)!(j1 − m1)!(j2 + m2)!(j2 − m2)!(j + m)!(j − m)!]1/2

x
∑

v

(−1)v

v!(j1 + j2 − j − v)!(j1 − m1 − v)!(j2 + m2 − v)!(j − j2 + m1 + v)!(j − j1 − m2 + v)!

x
∑

v

(−1)v

v!(j1 + j2 − j − v)!(j1 − m1 − v)!(j2 + m2 − v)!(j − j2 + m1 + v)!(j − j1 − m2 + v)!

(
j1 j2 j
m1 m2 m

)
= (−1)j1−j2−m(2j + 1)−1/2〈j1m1, j2m2|jm〉

C(j1j2j;m1m2m) ≡ 〈j1m1, j2m2|jm〉 ≡ 〈jm|j1m1, j2m2〉

m = m1 + m2

|j1 + j2| ≥ j ≥ |j1 − j2|

〈j1m1, j2m2|jm〉 = δm1+m2,m

[
(2j + 1)

(s − 2j)!(s − 2j2)!(s − 2j1)!
(s + 1)!

]1/2

x [(j1 + m1)!(j1 − m1)!(j2 + m2)!(j2 − m2)!(j + m)!(j − m)!]1/2

x
∑

v

(−1)v

v!(j1 + j2 − j − v)!(j1 − m1 − v)!(j2 + m2 − v)!(j − j2 + m1 + v)!(j − j1 − m2 + v)!

x
∑

v

(−1)v

v!(j1 + j2 − j − v)!(j1 − m1 − v)!(j2 + m2 − v)!(j − j2 + m1 + v)!(j − j1 − m2 + v)!

(
j1 j2 j
m1 m2 m

)
= (−1)j1−j2−m(2j + 1)−1/2〈j1m1, j2m2|jm〉

Summation index is 
defined to run over all 
terms for which the 
factorials are ≥ 0

s = j1 + j2 + j

Note the passing resemblance to the reduced rotation 
matrix elements - we are again dealing with quantized 
vector overlap integrals.

This looks nasty, but is just a number we can 
calculate.



3j symbols

C(j1j2j;m1m2m) ≡ 〈j1m1, j2m2|jm〉 ≡ 〈jm|j1m1, j2m2〉

m = m1 + m2

|j1 + j2| ≥ j ≥ |j1 − j2|

〈j1m1, j2m2|jm〉 = δm1+m2,m

[
(2j + 1)

(s − 2j)!(s − 2j2)!(s − 2j1)!
(s + 1)!

]1/2

x [(j1 + m1)!(j1 − m1)!(j2 + m2)!(j2 − m2)!(j + m)!(j − m)!]1/2

x
∑

v

(−1)v

v!(j1 + j2 − j − v)!(j1 − m1 − v)!(j2 + m2 − v)!(j − j2 + m1 + v)!(j − j1 − m2 + v)!

x
∑

v

(−1)v

v!(j1 + j2 − j − v)!(j1 − m1 − v)!(j2 + m2 − v)!(j − j2 + m1 + v)!(j − j1 − m2 + v)!

(
j1 j2 j
m1 m2 m

)
= (−1)j1−j2−m(2j + 1)−1/2〈j1m1, j2m2|jm〉

A useful alternative to Clebsch-Gordan coefficients are Wigner 3j symbols.  These can be 
regarded as essentially the same, but have slightly different symmetry properties which 
are useful when manipulating angular momentum expressions algebraically.

We will see a lot of these next week!



3j symbols - alignment
Finally, a quick example to show how we might use angular momentum coupling.

Photoabsorption

LF alignment following absorption of linearly polarized light can be described in terms of
a density matrix [62]:

JiKiρMiMi ∝ S(JiKi, JgKg)
∑
Mg

(
Jg 1 Ji

Mg 0 Mi

)2

(2.27)

In this form the density matrix is diagonal, and the elements provide the populations
of each Mi sub-level. The summation over Mg, as written, assumes an isotropic initial
distribution.2 The presence of S(JiKi, JgKg) in this equation ensures that other factors
appearing in the line strength are taken into account (for example, transitions ∆J =
0, ∆K = 0 are forbidden for J = 0). A formal treatment of density matrices is given
in ref. [138], and the application to alignment is considered in more depth in ref. [132],
including alternate expressions using state multipoles. Example alignments are shown in
Figure 2.2 for one and two photon absorption.

This form of the density matrix is appropriate for the PAD calculations presented below
(Section 2.3) provided the excitation and ionization reference frames are coincident. This
amounts to the condition that the polarization vectors of the excitation and ionization laser
pulses are parallel, thus there is no frame rotation between the two steps. For the more
general case of non-parallel polarization vectors the situation is slightly more complex, and
can be pictured as a frame rotation from the excitation frame to the ionization frame. In
this case the rotation creates non-zero off-diagonal elements in the density matrix, which
is denoted JiKiρMiM ′i to signify the presence of off-diagonal elements Mi �= M ′i . These
off-diagonal elements represent coherences between different sub-levels which are created
by the frame rotation. In the work presented here only parallel polarization geometries
have been employed, so the more general form of JiKiρMiM ′i is not considered explicitly,
although the more general notation is used in Section 2.3.

2.2.3 Calculation of rotational energy levels

Section 2.2.2 considered rotational line strength factors. In order to simulate a rotational
band in an absorption spectrum, the energy level structure of the rotational manifold
is also required. Also, as mentioned above, in the case of an asymmetric top such a
calculation will provide the coefficients aτK in the expansion of the wavefunctions in the
symmetric top basis (equation 2.25).

For linear and symmetric rotors the rotational energy levels EJ have closed form
equations which are easily deployed to calculate the energy levels and, when necessary,
can be adapted to include terms to allow for effects such as centrifugal distortion and
Coriolis coupling. In cases where there is extensive vibration-rotation coupling these closed
formulae may not be appropriate and a full Hamiltonian may need to be constructed, but
for the cases considered in this work they prove adequate.

2There is some experimental evidence that non-isotropic Mg distributions are created in molecular
beams by collisional alignment (see ref. [136], Section 2.3.4 and ref. [137]), but deviations in the
sub-level populations are typically < 10% from the isotropic case. Additionally, these results are for
low backing pressures, and for the 2 bar backing pressures used in the experiments presented here the
deviations from isotropic should be minimal.
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Figure 2.2: Lab frame alignments after (a) one-photon excitation, (b) two-photon excita-
tion. In all cases Jg = 10 In most cases ∆K does not affect the alignment, the exception
being the case for ∆J = 0, ∆K = 0 which is forbidden in the one-photon case.

The expansion coefficients aτK can be found by diagonalization of the asymmetric top
Hamiltonian matrix. Substitution of 2.25 into the Hönl-London factors (2.21) gives

S(τiJi, τgJg) = (2Ji + 1)(2Jg + 1)

∣∣∣∣∣∣
∑
Ki

∑
Kg

aτiKiaτgKg

(
Ji 1 Jg

−Ki Ki −Kg Kg

)∣∣∣∣∣∣

2

(2.26)
Provided that the expansion coefficients aτK can be found, the calculation of

S(τiJi, τgJg) is essentially the same as that of S(JiKi, JgKg) for the symmetric top
case. The index τ = Ka−Kc can be used as a unique label [132] for each level in this ex-
pansion where Ka, Kc are the symmetric top quantum numbers in the prolate and oblate
limits respectively. However, because many asymmetric molecules are near to these limits
Ka or Kc can often be treated as a good quantum number and used to label asymmetric
top energy levels.

2.2.2.3 Alignment

In the preceding treatment the lab frame termsMg, Mi are reduced to degeneracy factors
upon summation because the rotational line-strength depends only on molecular frame
quantities. However, if the alignment of the system in the lab frame following photoab-
sorption is important then Mi is important because it defines this alignment, and this is
indeed the case for the calculation of PADs (see Section 2.3.4, also refs. [62, 135]). The
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Single photon absorption, leads 
to a diagonal density matrix 
describing the excited state 
alignment.



3j symbols - alignment
A more complex example is 2 photon absorption followed by frame rotation, this leads to 
off-diagonal density matrix elements.

JiKiρmi,m′
i

∝
∑

Q,U0,U

∑
µ,µ′

∑
Mg

(2Ng + 1)(2Ni + 1)(2Q + 1)(−1)µ1+µ2−2mp+mi−Ki+U0−U

x
(

jp jp Q
mp mp U0

)2

dQ
U0,µ(θ)dQ∗

U0,µ′(θ)

x (−1)mi+m′
i

(
Ng Q Ni

−mg µ mi

) (
Ng Q Ni

−mg µ′ m′
i

) (
jp jp Q
µ1 µ2 U

)2 (
Ni Q Ng

−Ki −U Kg

)2



summary
In this session we have covered:

- Dynamical and geometrical pictures of angular momentum.

- Spherical harmonics as angular momentum wavefunctions.

- Frame rotations: the Wigner rotation matrix elements.

- Angular momentum coupling: Clebsch-Gordan coefficients and 3j symbols.

NEXT TIME... photoelectron angular distributions



addendum - alignment
Following discussions after the session, here’s a little more on alignment...
Note that the final written notes I am preparing will present this a little more thoroughly.

Atomic case
Consider an electronic dipole transition (spin neglected).  The transition probability is given 
by the dipole matrix element:

Atomic case

Electronic transition

〈nf lfmf |µ.E|nilimi〉

Expand dipole operator in spherical basis

µ = −er =
∑
q

µq = −er
∑
q

Y1,q(r̂) = −er
∑
q

Y1,q(θ, φ)

Where:

µ0 = erz

µ±1 = ∓ e√
2
(rx ± iry)

Similarly:

E = Eê = E
∑
q

eq

Where:

e0 = ez

e± = ∓ 1√
2
(ex ± iey)

Hence

µ.E = erE
∑
q

eqY1,q(θ, φ)

NOT QUITE RIGHT... alternate version:

µ = err̂

E = Eê

µ.E = erEr̂.ê

In spherical basis rewrite

erE(r̂.ê) = eEr
∑
q

(−1)qrqe−q

E(µ.ê) = E
∑
q

(−1)qµqe−q

µ.E = E(µ.ê) = E
∑
q

(−1)qµqe−q

For q = 0

1

Final state Initial state
Dipole operator and incident field

We can write the dipole operator and radiation field in spherical basis functions:
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µ.E = erEr̂.ê
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E = Eê = E
∑
q

eq

Where:

e0 = ez

e± = ∓ 1√
2
(ex ± iey)

Hence

µ.E = erE
∑
q

eqY1,q(θ, φ)

NOT QUITE RIGHT... alternate version:

µ = err̂

E = Eê
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In spherical basis rewrite

erE(r̂.ê) = eEr
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In spherical basis rewrite

erE(r̂.ê) = eEr
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addendum - alignment
The dot product now becomes:

Atomic case

Electronic transition

〈nf lfmf |µ.E|nilimi〉

Expand dipole operator in spherical basis

µ = −er =
∑
q

µq = −er
∑
q

Y1,q(r̂) = −er
∑
q

Y1,q(θ, φ)

Where:

µ0 = erz

µ±1 = ∓ e√
2
(rx ± iry)

Similarly:

E = Eê = E
∑
q

eq

Where:

e0 = ez

e± = ∓ 1√
2
(ex ± iey)

Hence

µ.E = erE
∑
q

eqY1,q(θ, φ)

NOT QUITE RIGHT... alternate version:

µ = err̂

E = Eê

µ.E = erEr̂.ê

In spherical basis rewrite

erE(r̂.ê) = eEr
∑
q

(−1)qrqe−q

E(µ.ê) = E
∑
q

(−1)qµqe−q

µ.E = E(µ.ê) = E
∑
q

(−1)qµqe−q

For q = 0

1

This is the most general form of the equations, for specific cases it can be shown that:

µ.E = eEr

√
4π

3
Y1,0(θ, φ)

For q = ±1

µ.E = ∓eEr

√
4π

3
Y1,±1(θ, φ)

(See also Zare 5.63 for general result, specialize to k1 = k2, q1 = q2 to get:

X(k, q) = (−1)q(2k + 1)1/2T (k, q)U(k,−q)

, hence we can generalize
X(k, q) ∝ (−1)qµqe−q

which is probably the better way to do it)
Then, we can generalize

〈nf lfmf |µ.E|nilimi〉 = (−1)qeE

√
4π

3
〈nf lfmf |rY1,q(θ, φ)|nilimi〉

Separate eigenstates into radial and angular parts

|nlm〉 = χnl(r)Ylm(θ, φ)

Hence,

eE

√
4π

3
〈nf lfmf |r

∑
q

Y1,q(θ, φ)|nilimi〉 = (−1)qeE

√
4π

3
〈χnf lf (r)|r|χnili(r)〉〈Ylfmf

(θ, φ)|Y1,q(θ, φ)|Ylimi
(θ, φ)〉

eE

√
4π

3
〈nf lfmf |r

∑
q

Y1,q(θ, φ)|nilimi〉 = (−1)q
˚

eEr

√
4π

3
χnf lf (r)Y

∗
lfmf

(θ, φ)Y1,q(θ, φ)χnili(r)Ylimi
(θ, φ)r2 sin θdrdθdφ

Alignment requires only knowledge of m, hence angular part:

〈Ylfmf
(θ, φ)|Y1,q(θ, φ)|Ylimi

(θ, φ)〉 =

¨
Y ∗
lfmf

Y1,qYlimi
sin θdθdφ

=

¨
(−1)mfYlf−mf

Y1,qYlimi
sin θdθdφ

= (−1)mf

[
3(2li + 1)(2lf + 1)

4π

]1/2 (
li 1 lf
0 0 0

)(
li 1 lf
mi q −mf

)

Using Y ∗
lfmf

= (−1)mfYlf−mf
and eqn 3.119 in Zare.

Transition intensity for a given transition |nilimi〉 → |nf lfmf 〉, assuming degenerate m:

I(nili, nf lf ) = |
∑
mf

∑
mi

〈nf lfmf |µ.E|nilimi〉|2

= |
∑
mf

∑
mi

(−1)qeE

√
4π

3
〈χnf lf (r)|r|χnili(r)〉〈Ylfmf

(θ, φ)|Y1,q(θ, φ)|Ylimi
(θ, φ)〉|2

= |rnili,nf lf

∑
mf

∑
mi

〈Ylfmf
(θ, φ)|Y1,q(θ, φ)|Ylimi

(θ, φ)〉|2

2

q=0

q=+/-1

Hence we end up with spherical harmonics again! 

In this spherical basis q=0 is the case for linearly polarized light (along the z-axis) while 
q=+/-1 represents circularly polarized light.  In the case where the sample is isotropic 
(unpolarized) before interaction we can always choose the z-axis to coincide with the laser 
polarization.



addendum - alignment
The dipole matrix element now becomes

µ.E = eEr

√
4π

3
Y1,0(θ, φ)

For q = ±1

µ.E = ∓eEr

√
4π

3
Y1,±1(θ, φ)

(See also Zare 5.63 for general result, specialize to k1 = k2, q1 = q2 to get:

X(k, q) = (−1)q(2k + 1)1/2T (k, q)U(k,−q)
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which is probably the better way to do it)
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√
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3
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Radial part Angular part

We can deal with the angular part analytically using standard angular momentum 
algebra.  This will give the relative transition intensity for different m, and hence alignment 
information.
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The angular part of the dipole matrix element gives:

If we’re only interested in alignment (polarization) of the final state for some given 
transition then we just need to consider the final term here:

Here all the r dependent terms are collected into the radial factor rnili,nf lf . Alignment only depends on m,
hence only on angular part.

Density matrix for a given transition |nilimi〉 → |nf lfmf 〉 is thus proportional to the angular part, and must
be diagonal as different mf are not mixed:

ρmf ,mf
∝ |

∑
mi

〈Ylfmf
(θ, φ)|Y1,q(θ, φ)|Ylimi(θ, φ)〉|2

∝
∑
mi

(
li 1 lf
mi q −mf

)2

Hence alignment independent of transition in atomic case, assuming that only a single |nili〉 → |nf lf 〉 transition
is excited. This follows from general symmetry considerations - before the laser field there is no quantization axis, so
all mi are degenerate and isotropic (no polarization of sample). For linearly polarized light q = 0 and the alignment
is then just induced by the cos θ term from µ.E, so we always get a final result which looks like cos2 θ for any
allowed transition. For circularly polarized light q = ±1 (note also that the z-axis is conventionally taken to be the
propagation axis in this case, while propagation axis is in xy plane for linearly polarized case).

In this case the polarization is purely electronic - it is the l vector which is aligned or polarized by the excitation.

Pre-aligned atomic sample - not sure if this works or not!!

Now we cannot assume that the lab frame (LF) and (polarized) atomic frame (pAF) are coincident. We can choose
to work in the polarized/aligned frame by rotating (projecting) the LF polarization vector into the pAF, or in the
new LF by rotating the the pAF into the LF. In either case we then proceed much as before.

In LF:

E(µ.ê) = E
∑
p

(−1)pµpe−p

µp =
∑
q

D1∗
pq(φ, θ, χ)µq

Hence:
E(µ.ê) = E

∑
p,q

(−1)pe−pD
1∗
pq(φ, θ, χ)µq

Molecular frame

Now we cannot assume that the lab frame (LF) and molecular frame (MF) are coincident. We can choose to work
in the MF by rotating (projecting) the LF polarization vector into the MF, or in the LF by rotating the the MF
into the LF. In either case we then proceed much as before.
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3
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E(µ.ê) = E
∑
p

(−1)pµpe−p

µp =
∑
q

D1∗
pq(φ, θ, χ)µq

Hence:
E(µ.ê) = E
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Density matrix describes 
populations of mf levels.

Sum over initial state mi levels.  Here 
we assume these levels are equally 
populated.



addendum - alignment
This looks very similar to the first case shown in the main talk, except generalized for any 
q.  In the atomic case this shows alignment is independent of the transition, assuming 
that only a single transition is excited (i.e. we don’t need to know about the weighting of 
different n, l in the radial part of the dipole matrix element).

This follows from general symmetry considerations - before the laser field there is no 
quantization axis, so all mi are degenerate and isotropic (no polarization of sample). For 
linearly polarized light q=0 and the alignment is then just induced by the cosine term 
(Y10) from the dipole, so we always get a final result which looks like cos2 for any allowed 
transition. 

For circularly polarized light q=+/-1 (note also that the z-axis is conventionally taken to 
be the propagation axis in this case, while propagation axis is in the xy plane for linearly 
polarized case).

In this case the polarization is purely electronic - it is the l vector which is aligned or 
polarized by the excitation.
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Example: p → d transition
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Molecular case
Very similar to the atomic case, except we now also have quantization along the molecular 
axis, i.e. we can define a molecular frame (MF) which is distinct from the lab frame (LF).

Atomic case

Electronic transition

〈nf lfmf |µ.E|nilimi〉

Expand dipole operator in spherical basis

µ = −er =
∑
q

µq = −er
∑
q

Y1,q(r̂) = −er
∑
q

Y1,q(θ, φ)

Where:

µ0 = erz

µ±1 = ∓ e√
2
(rx ± iry)

Similarly:

E = Eê = E
∑
q

eq

Where:

e0 = ez

e± = ∓ 1√
2
(ex ± iey)

Hence

µ.E = erE
∑
q

eqY1,q(θ, φ)

NOT QUITE RIGHT... alternate version:

µ = err̂

E = Eê

µ.E = erEr̂.ê

In spherical basis rewrite

erE(r̂.ê) = eEr
∑
q

(−1)qrqe−q

E(µ.ê) = E
∑
q

(−1)qµqe−q

µ.E = E(µ.ê) = E
∑
q

(−1)qµqe−q

For q = 0

1

Recall for the atomic case we had:

In the LF we can write something equivalent:

Here all the r dependent terms are collected into the radial factor rnili,nf lf . Alignment only depends on m,
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∝
∑
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li 1 lf
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Hence alignment independent of transition in atomic case, assuming that only a single |nili〉 → |nf lf 〉 transition
is excited. This follows from general symmetry considerations - before the laser field there is no quantization axis, so
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is then just induced by the cos θ term from µ.E, so we always get a final result which looks like cos2 θ for any
allowed transition. For circularly polarized light q = ±1 (note also that the z-axis is conventionally taken to be the
propagation axis in this case, while propagation axis is in xy plane for linearly polarized case).

In this case the polarization is purely electronic - it is the l vector which is aligned or polarized by the excitation.

Pre-aligned atomic sample - not sure if this works or not!!

Now we cannot assume that the lab frame (LF) and (polarized) atomic frame (pAF) are coincident. We can choose
to work in the polarized/aligned frame by rotating (projecting) the LF polarization vector into the pAF, or in the
new LF by rotating the the pAF into the LF. In either case we then proceed much as before.
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p are the spherical basis 
vectors in the LF.Generally we want to describe the incident radiation 
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propagation axis in this case, while propagation axis is in xy plane for linearly polarized case).

In this case the polarization is purely electronic - it is the l vector which is aligned or polarized by the excitation.
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E(µ.ê) = E

∑
p,q

(−1)pe−pD
1∗
pq(φ, θ, χ)µq

3



addendum - alignment
We also need different basis states for angular momentum as we now have two projection 
terms to consider.

The eigenstates of the system are generally given as |αjkm〉 where α collects all the other quantum numbers
(i.e. vibronic terms) and k is the projection term on the molecular axis. For the case of purely electronic angular
momentum, i.e. no rotational energy, we can use |lΩm〉. In either case the mathematics will look the same. Note
also that the latter case could also be used for the atomic case in which the sample was polarized before the dipole
transition, here Ω would then be the projection term in the polarized frame as distinct from the new LF projection
terms m.

|αjkm〉 =
[
2j + 1

8π2

]1/2
Φα(r)D

j∗
mk(φ, θ, χ)

We now find

〈αf jfkfmf |µ.E|αijikimi〉 =
∑
p,q

(−1)pe−peE

√
4π

3
〈Φαf

(r)|µq|Φαi
(r)〉〈jfkfmf |D1∗

pq(φ, θ, χ)|jikimi〉

Where radial and angular parts are separated as before. Explicitly considering just the angular part:

〈jfkfmf |D1∗
pq(φ, θ, χ)|jikimi〉 =

√
(2ji + 1)(2jf + 1)

8π2

¨
D

jf∗
mfkf

D1∗
pqD

ji
miki

sin θdθdφ

Using the identity Dj∗
mk = (−1)m−kDj

−k−m and eqn 3.118 from Zare to evaluate the integral:

=
√

(2ji + 1)(2jf + 1)

(
ji 1 jf
mi −p −mf

)(
ji 1 jf
ki −q −kf

)

Transition intensity

I(αijiki, αf jfkf ) = |
∑
mf

∑
mi

〈αf jfkfmf |µ.E|αijikimi〉|2

= |
∑
mf

∑
mi

∑
p,q

(−1)pe−peE

√
4π

3
〈Φαf

(r)|µq|Φαi
(r)〉

√
(2ji + 1)(2jf + 1)

(
ji 1 jf
mi −p −mf

)(
ji 1 jf
ki −q −kf

)
|2

= |
∑
p,q

(−1)pe−pr
q
αi,αf

∑
mf

∑
mi

(
ji 1 jf
mi −p −mf

)(
ji 1 jf
ki −q −kf

)
|2

Alignment for a given p and q, i.e. defined polarization state and single transition, is now:

ρmfmf
(p, q) ∝ |

∑
mi

(
ji 1 jf
mi −p −mf

)(
ji 1 jf
ki −q −kf

)
|2

If, however, the transition mixes MF transition dipole terms then the density matrix must be evaluated over all
q, with appropriate weighting factors. In this case the relative magnitudes of different q terms must be taken into
account.

ρmfmf
(p) ∝

∑
mi

(
ji 1 jf
mi −p −mf

)2 ∑
q,q′

rqαi,αf
rq

′

αi,αf

(
ji 1 jf
ki −q −kf

)(
ji 1 jf
ki −q′ −kf

)

As above but different format:

ρmfmf
∝ |

∑
mi

(
ji 1 jf
mi −p −mf

)
|2

4

This collects all other 
quantum numbers 
required jkm are general 

angular momentum 
quantum numbers - 
see later!

Radial wavefunction.

Angular 
wavefunction.



Proceeding as before the angular part of the dipole matrix element is now given by:
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momentum, i.e. no rotational energy, we can use |lΩm〉. In either case the mathematics will look the same. Note
also that the latter case could also be used for the atomic case in which the sample was polarized before the dipole
transition, here Ω would then be the projection term in the polarized frame as distinct from the new LF projection
terms m.
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Alignment for a given p and q, i.e. defined polarization state and single transition, is now:

ρmfmf
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(
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If, however, the transition mixes MF transition dipole terms then the density matrix must be evaluated over all
q, with appropriate weighting factors. In this case the relative magnitudes of different q terms must be taken into
account.
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(p) ∝

∑
mi

(
ji 1 jf
mi −p −mf

)2 ∑
q,q′

rqαi,αf
rq

′

αi,αf

(
ji 1 jf
ki −q −kf

)(
ji 1 jf
ki −q′ −kf

)

As above but different format:

ρmfmf
∝ |

∑
mi

(
ji 1 jf
mi −p −mf

)
|2

4
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The eigenstates of the system are generally given as |αjkm〉 where α collects all the other quantum numbers
(i.e. vibronic terms) and k is the projection term on the molecular axis. For the case of purely electronic angular
momentum, i.e. no rotational energy, we can use |lΩm〉. In either case the mathematics will look the same. Note
also that the latter case could also be used for the atomic case in which the sample was polarized before the dipole
transition, here Ω would then be the projection term in the polarized frame as distinct from the new LF projection
terms m.
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Alignment for a given p and q, i.e. defined polarization state and single transition, is now:
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If, however, the transition mixes MF transition dipole terms then the density matrix must be evaluated over all
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4

This looks very similar to the atomic case shown before, except we now have terms in k, q 
- the MF part of the transition.
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The density matrix is now given by:

The eigenstates of the system are generally given as |αjkm〉 where α collects all the other quantum numbers
(i.e. vibronic terms) and k is the projection term on the molecular axis. For the case of purely electronic angular
momentum, i.e. no rotational energy, we can use |lΩm〉. In either case the mathematics will look the same. Note
also that the latter case could also be used for the atomic case in which the sample was polarized before the dipole
transition, here Ω would then be the projection term in the polarized frame as distinct from the new LF projection
terms m.
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Alignment for a given p and q, i.e. defined polarization state and single transition, is now:
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If, however, the transition mixes MF transition dipole terms then the density matrix must be evaluated over all
q, with appropriate weighting factors. In this case the relative magnitudes of different q terms must be taken into
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4Defined for specific LF polarization p.

Again this assumes that transitions pertaining to different states (different α) are not 
mixed - in that case we would also need to know something about the relative transition 
intensities given by the radial part of the transition matrix elements.

The MF part in general does not affect the LF alignment, except for removing transitions 
which are not allowed, e.g. for ji=jf=0 we can’t also have ki=kf=0.



addendum - alignment
Examples...
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ji = 1, ki = 0
Δj = 1
Δk = 0, ±1
(i.e. alignment not 
affected by k)

ji = 2, ki = 1
Δj = 0
Δk = 0, ±1

 p = -1  p = 0  p = 1

The important thing here is Δj, this chooses whether we prepare jf parallel or perpendicular 
to the lab frame, i.e. couple to low or high mi - we can just consider this as vector addition.



addendum - alignment
What does alignment mean in this case?  In the atomic case we only have electronic 
angular momentum (orbital + spin, although we often ignore the latter, similarly nuclear 
spin is ignored), so alignment of angular momentum can only mean alignment of 
electronic angular momentum.

In the molecular case we can have electronic, rotational and even vibrational contributions 
to the total angular momentum.  Exactly how these components relate to j will depend 
on the coupling of these factors, hence will depend on which Hund’s case is most 
appropriate.

a b c d

Hund’s cases a - d

Reproduced from Zare, Angular Momentum



addendum - alignment
The clearest (!) cases are (a) and (d)...

a

d

Here j is the coupling between rotational angular momentum and 
electronic angular momentum projected onto the molecular axis, 
hence J = R + Ω (using Zare’s notation, Ω is equivalent to k as 
previously used).

For a singlet state Ω = 0 hence J = R and we align purely rotational 
angular momentum - the plane of rotation of the molecule is confined 
in the vector picture.

More generally we have Ω ≠ 0 so we align both electronic and 
rotational angular momentum to some degree.  Because L is coupled 
to the internuclear axis aligning this axis is equivalent to aligning L.

Here j is the coupling between rotational angular momentum and the 
total electronic angular momentum, hence J = R + L + S.

In this case the electronic angular momentum is not tied to the 
internuclear axis (e.g. we have a Rydberg state).  This means that 
there are no longer ‘parallel’ and ‘perpendicular’ transitions defined 
in the MF.  If we make an electronic transition we align L, but not the 
molecular axis; if we make a rotational transition we change R but 
don’t affect L.


