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A Further details on numerical experiments

The data in Figures 1, 4, and 5 were generated as follows. We retrieved infrared reflection
spectra of caffeine, sucrose, lactose and trioctanoin from the NIST Chemistry WebBook

I and

dataset [LM]. We restricted these spectra to the wavenumbers between 1186 cm™
1530 cm™!, and denote by kg1, ..., ko4 € R d = 87 the vector representations of these

spectra. We then generated data x; € R?, i < n = 250 by letting
4
z; = wichi+ zi, (A.1)
=1

where z; ~ N(0,021;) are i.i.d. Gaussian noise vectors. The weights w; = (w;)<4 Were
generated as follows. The weight vectors {w;}1<i<9 are generated such that they have 2
nonzero entries. In other words, 9 data points are on one dimensional facets of the polytope

generated by ho1,...,ho4. In order to randomly generate these weight vectors, for each
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1 <i <9, a pair of indices ({1, ¢s) between 1 and 4 is chosen uniformly at random. Then
{w}i<icg, w € R? are generated as independent Dirichlet random vectors with parameter
(5,5). Then we let w;y, = w;; and w;p, = W;o for 1 < ¢ < 9. The weight vectors
{w; }10<i<20 each have 3 nonzero entries. Similar to above, for each of these weight vectors
a 3-tuple of indices (¢, ¢5,¢3) between 1 and 4 is chosen uniformly at random. Then we
let wip, = Wiy, Wig, = Wia, Wi = W;4 for 10 < i < 20, where {Ww}ip<i<o0, W € R? are
i.i.d. Dirichlet random vectors with parameter (5,5,5). The rest of the weight vectors have
cardinality equal to 4. Hence, for 21 < ¢ < 250, w; are generated as i.i.d. Dirichlet random

vectors with parameter (5,5,5,5).

B Proof of Theorem 1

In this appendix we prove Theorem 1. We start by recalling some notations already defined
in the main text, and introducing some new ones. We will then state a stronger form of
the theorem (with better dependence on the problem geometry in some regimes). Finally,
we will present the actual proof.

Throughout this appendix, we assume the square loss D(z,y) = ||z — y||3.

B.1 Notations and definitions

We use bold capital letters (e.g. A, B, C,...) for matrices, bold lower case for vectors (e.g.
x,y, ...) and plain lower case for scalars (a, b, ¢ and so on). In particular, e; € R? denotes
the i’th vector in the canonical basis, E"? = {e;, es,...,e,} and forr < d, E, 4 € {0,1}"*¢
is the matrix whose 7’th column is e;, and whose columns after the r-th one are equal to
0. For a matrix X, X, and X ; are its ¢’th row and column, respectively.

As in the main text, we denote by A™ the (m — 1)-dimensional standard simplex, i.e.



A™ = {x € RY, (x,1) = 1}, where 1 € R™ is the all ones vector. For a matrix H € R4,
we use Omax(H ), omin(H) to denote its largest and smallest nonzero singular values and
K(H) = Omax(H) /omin(H ) to denote its condition number. We denote by conv(H ), aff (H)

the convex hull and the affine hull of the rows of H, respectively. In other words,

conv(H)={x cR: = H 7w, mc A"}, (B.1)
aff(H)={x cR" 2 = H o, (1,a) = 1}. (B.2)

We denote by @),.,, the set of r by n row stochastic matrices. Namely,
Qe = {IT € RLY": (IL; ,1) =1} . (B.3)
with use @), = @Q),,. Further, S, is defined as
S, ={Ile@,:1I,; € {0,1}}. (B.4)

As a consequence, given X € R™*¢ H, H, € R™¢ the loss functions 2(-,-) and
Z(-, ) take the form

(H\. X) = min |H, - TX|}. (B5)
Z(H,,H,) = rflnelg |H, — ILH,||7. (B.6)

We use B,,(p) to denote the closed ball with radius p in m dimensions, centered at 0.

In addition, for H € R™*4 we define the p-neighborhood of conv(H) as
B,(p;H) ={x cR?: 9(z, H) < p°}. (B.7)

For a convex set C we denote the set of its extremal points by ext(C) and the projection of

a point € R? onto C by I¢(x). Namely,

Il (x) = argmin || — y|2. (B.8)
yeC



Further, we use D(x,C) to denote the distance of « from C, i.e.
D(x,C) = ||x — c(x)||o. (B.9)

Also, for a matrix X € R™¢ and a mapping (not necessarily linear) P : R? — RY

P(X) € R™*4 is the matrix whose i’th row is P(X_).

B.2 Theorem statement

The statement below provides more detailed result with respect to the one in Theorem 1.

Theorem 1. Assume X = WoHq + Z where the factorization Xqg = WoH, satisfies
the uniqueness assumption with parameter o > 0, and that conv(Xg) has internal radius
w > 0. Consider the estimator H defined by Eq. (2.5), with D(z,y) = ||z — yl|3 (square
loss) and § = max;<p, ||Z;.||2. If

ap
max || Zs.|l2 < 55575 (B.10)
then, setting 6 = max;<,, || Z;.||2 in the problem (2.5) we get
- 2.5
2(Ho H) < L max | 2,2 (B.11)

where Cy is a coefficient that depends uniquely on the geometry of problem data, Hy, X,
namely Cy, = 120(0max(H o) Kmax(Ho)/14)-

Further, if
ap

Zilly < — 2 B.12
then, setting 6 = max;<,, || Z;.||2 in the problem (2.5) we get
Tr Cf* T4 2
Z(Hy, H) < —5 m<ax\|Zi7.||2, (B.13)
o i<n

where C. = 1205(H ) max(r(Ho), (omax(Ho) /7 + [|20l[2)/ (r/?)).
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B.3 Proof

B.4 Proof strategy

Before providing a detailed proof, let us explain the proof scheme and main intuition:

1.

Notice that H minimizes the distance 2 (H; X) from the data, among all the possible
sets of archetypes that can explain the data itself (in the sense that x; is close to
conv(H)), cf. Eq. (2.5). Using the fact that X is the perturbed version of X, we

show in Lemma B.5 below that

P(H, X)"? < 9(Hq, X,)"/* + 36/T. (B.14)

In absence of separability, there might be multiple (non-equivalent) sets of archetypes
that minimize 2(H; X ), and hence reconstruction is fundamentally non-unique. We

combine the separability assumption with the bound in step 1 to bound

a(2(H,Hy)' + 9(Hy, H)'/?) (B.15)

in terms of 4, /{(ﬁ), Omax (H ).

The last step gives us an error in terms of distances between convex hulls, & (ﬁ, H,),

P(H,, H). Lemma B.2 translates this into an upper bound on Z(H, H) in terms
of 6, k(H ), Ommax(H)).

Finally, we want to translate this upper bound in terms of geometric properties of
the true archetypes (as opposed to properties of the estimated archetypes, namely

/{(ﬁ),amax(ﬁ)). In Lemmas B.3, B.4 we bound the quantities m(H),amax(ﬁ) in
terms of .@(f—I\, H\)'?, 9(H,, ﬁ)l/z as well as k(H), Omax(Ho)

Finally, we aggregate the last three steps to finish the proof.
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B.4.1 Lemmas

In the following two lemmas we bound the notion we use for estimation error £ (H, j—I\)7

that we defined in (3.2), in terms of @(ﬁ, H,), .@(Ho,ﬁ).

Lemma B.1. Let R be a convex set and C be a convex cone. Define

= max min (u,v). B.16
te = max  min (wo) (B.16)
We have
1 1 —1II > i . B.17
min [z 5 + ( +%)x£§‘f§z>uw c(@)l2 > e L [ ]|2 (B.17)

An illustration of this lemma in the case of R C C is given in Figure 1. Note that, ¢
measures the pointedness of the cone C. Geometrically (for R C C) the lemma states that

the cosine of the angle between arg minger |||z and arg mingeext(r) |||z is smaller than
e
Proof. Note that the claim is trivial in the case where 7 < 0, as by Cauchy-Schwarz

inequality 7¢ > —1 and hence the left hand side of (B.17) is nonnegative. Therefore, we

focus on the case where v¢ > 0, i.e. C*, the dual cone of C has a nonempty interior. We

write
min |||/ = min max (u,z) > max min(u, ) = max min (u,x). (B.18)
TER TER ||ull2=1 lullo=1 z€R lull2=1 xcext(R)
Replacing
x =TIle(x) + (x — Ie(x)) , (B.19)
we get
' > i 11 —1II B.20
min ||, > jnax min (u, () + (2 — ILe(x))) (B.20)
> max min (u,Ile(x)) — max || — I(x)|s. B.21
T ||lull2=1 z€ext(R) < C( )> xcext(R) || C( )H2 ( )



---------- min ||x
min |11,

_________ min__||x
xeext(R)” ||2

Figure 1: Picture of Lemma B.1, in the case, R C C.

Note that R*, the dual cone of the set R C C where R := {Il;(z); € ext(R)}, contains
C* and hence it has a nonempty interior. Therefore, the maximizer of the first term in the

right hand side of (B.21) is in R* and

i > i I — ma x — Il (x B.22
mip el 2 max min (u (@) - max | c(®@)[l2 (B.22)

C e min Ku,%wmmng}— max |z — Tle(a)]|>

u€7€*;||u||2=1 xcext(R) z€ext(R)
(B.23)

Since for u € R* , @ € ext(R) we have (u, II¢(x)) > 0, using the definition of 4¢, we have

i > i — — . B.24
min all2 > e _min [e(@)]2~ _max [~ Te(@)]. (5.24)



Note that

[Te(@)]2 = [|2]l2 — [l — Te(z) 2. (B.25)
Therefore,
i > i —(1 —1I B.26
min 2]z > ¢ min zls ~ (149c) max Jo-Te@)s  (B:20
and this completes the proof. O

The next lemma is a consequence of Lemma B.1.

Lemma B.2. Let H,H, € R™9, r < d, be matrices with linearly independent rows. We

have
L(Ho, H)'? <V2k(H))2(Ho, H)Y?* + (1 +V2)Vre(Hy)2(H, Hy)V?.  (B.27)

Proof. Consider the cone C; C R?, generated by vectors e; — ey, ...,e, —e; € R i.e,

Cl = {’U € Rd;v = Zvi(ei — 61),01' Z O} . (B28>

=2

For v € Cy, ||v||2 = 1 we have

v=(—(1,2),x,0,0,...,0), (B.29)

where € R;' and
|3 + (1,2)° = 1. (B.30)
Since, (1,z) = ||| > |||z, we get (1,2) > 1/4/2. Thus, for u = —e;, we have

(u,v) > 1/4/2. Therefore, for 7¢, defined as in Lemma B.1, we have q¢, > 1/v/2. In
addition, by symmetry, for i € {1,2,...,r}, for the cone C; C R? generated by vectors
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e, —e.e;—e;, ... e —e; R we have Yo, =Y 2> 1/\/5 Hence, using Lemma B.1 for
H € R4 R = conv(H) — e; (the set obtained by translating conv(H) by —e;), C = C;

we get for j =1,2,...,r

. T . T
min [le; — H qll» > v min [le; — Hq]l;

— (1 4+ ) max min ||HZT —ej — Equ +e;(1,q)| (B.31)

i€[r] geRY,

> i —H'ql,— (1 in |H' —E' q|.. (B.32
_vqggw!eg qll2 (+v)%ﬂgg}|\ i — Eraqllz. (B.32)

Hence, for j =1,2,...,r

inlle — HT 1 in|[H] —E,
min [le; qll2 + (1+7) max min 1 H;, d

2 2 Y min ||€j — HTQHQ (BS?))
quT‘,T‘
For simplicity, define a,b € R%;, ¢ > 0 as

= min e — H'qll».b; =~ min |le; — H" - in | EHT —
a; = min |le; — H gll2,b; := v min lle; — H glla, = (1 + ) maxmin [|[H;, — Erqf,.

(B.34)

Using triangle inequality,
lall, + cvr > |la+ cl]],. (B.35)
Using definition of a, b, ¢, (B.33) implies that a; + ¢ > b;. Therefore, since a;, b;,c > 0,
la + c1|, = [[b],. (B.36)
Hence, using (B.35)

lall, = [Ibll2 = ev/r. (B.37)



In other words,

i | Erg— QHllr 2 7 min | Bra — QH|lp — (1+7)vrmax min |H; — B q]l.

(B.38)

Now consider Hy € R™*? where Hy = E,.,M, H =Y M, where M € R is invertible.
We have

9H, H 12 — min |Hy — QH||p = mi E,..,— QY M B.39
(Ho, H)'/* = min |[Ho ~ QH||r = min ||(Brq— QY)M||r (B.39)
2 Omin i r .40
> oin(M) min | Epq = QY || (B.40)

> YO min (M) géiél |E.q— QY ||r

— Omin(M)+/r(1 + v) max min Y — Equ||2 (B.41)
i€[r] geAT
= YO min (M H,—- QH)M™
70m1n< )ggg H( 0—Q ) HF
~ Ouin(M)Vr(1+ ) mex min [(M™)T(H — Hyg)l..  (B42)

Thus, using the fact that opax(M)/omin (M) = k(M) = (H),

D(Ho, H)? > — L #(Ho, H)"> — (1 +7)y/rmin |[H] - Higql,  (B43)
(Ho) geAT ’
> L P(Ho, H)'? — (1+~)/r(H, Ho)'?. (B.44)
k(H)
Therefore,
2(Hy, H)2 < "B g gy WEVAHONWT G e )
Y Y

Finally, note that the function f(x) = (1 + x)/z is monotone decreasing over R. . Hence,

for v > 1/v/2, (1 +7)/v <1+ /2. Therefore, we get
L(Ho, H)Y? < V2k(H)2(Ho, H)Y? + (1 +V2)\/rk(Ho)2(H, Hy)Y?  (B.46)
and this completes the proof. ]
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We continue with the following lemmas on the condition number of the matrix H.

Lemma B.3. Let Hy, H € R™? r < d,with H having full row rank. We have

Omax(H) < D(H, Ho)"? + V/rowax(Ho), - (B.47)
In addition, if
2(H,, H)Y? < w (B.48)
then
w(H) < QTU‘“aX(HO)GZji;SI’HO)l/zﬁ. (B.49)
Further, if
9(H,Hy)"? + 2(Hy, H)'/* < %\/I;O) (B.50)
then
Omax (H) < 20max(H), (B.51)
k(H) < (7/2)k(H,). (B.52)

Proof. For the sake of simplicity, we will write 9, = 2(H, H,)"?, 9, = 2(H,, H)'/?
Note that using the assumptions of Lemma B.3 we have
H,=PH + Ay; |As||r = P,
(B.53)
H=RH,+ A;; |Aillr=%,
where P, R € RY)" are row-stochastic matrices and A;, Ay € R™4. Also, opax(A;) <
||A1||F = @1, O'maX(Ag) S ||A2||F = @2. Therefore,
Jmax(P)Umin(H) 2 Umin(PH) = Omin(-HO - A2)
2 Umin(HO> - Umax(AQ) Z Umin(HO> - @2- (B54)
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In addition, note that for a row stochastic matrix P € @),, we have

1/2

r 1/2 r
Omax(P) < || P|[r = (Z HPi,.H%) < (Z HPz’,.H?) v (B.55)
=1 =1

Hence, for 25 < omin(Hg) we get

Umin(H) > Umin(Ho) -9 ‘

> N (B.56)

In addition, using (B.53)

Umax<H) - Umax<RH0 + Al) S Omax(RHO) + Umax(Al)
S O-max(R)O-max(HO) + @1 S \/Fo-max(HO) + -@1' (B57>

Hence, using (B.56), (B.57), for 2 < oyin(Hy) we have

TUmaX(HO) + -@1\/F
Umin(Ho) — Dy

_ Omax(H)

W(H) = (B.58)

<

Thus, for Z5 < omin(Hy)/2, by replacing Zs with oy (Ho)/2 in (B.58) we get Egs. (B.47),
(B.49).
Now assume that 21 + Py < oyin(Hp)/(6+/7). In this case, using (B.53) we have

H,=P(RH,+ A,) + As. (B.59)
Therefore,

(I-PR)H,=PA, + A, (B.60)
hence,

I- PR=(PA, + A,)H| (B.61)
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and
PR=1-PA H| - A,H]}, (B.62)
where H is the right inverse of matrix Hy. Note that
Omax (H ) = Owmin(Ho) . (B.63)

By permuting the rows and columns of H, without loss of generality, we can assume that

Rii = ||R ;|lcc. We can write
Ri =R |« > (Pi,R;) = (PR); = 1 — (PA H});; — (A;H|); (B.64)
> 1—|(PAH): [ — (A HY); | (B.65)

2 1 — max | AT |20 max (HE) = || (A2)i, [l20max (H)  (B.66)

>1- géaiﬁ Hu||2‘7maX(A1)0maX(H(TJ> - HA2||FUmaX(H(];>

(B.67)
D1+ Do
>1] - —. B.68
o Umin<H0) ( )
Hence, for all i, 5 € [r],i # j, since R is row-stochastic,
D1+ Do
R, < L1T72 B.69
! Umin(HO) ( )
Thus,
(P; ,R ;) = R;P; + Z PjjRj; < Ry Py + <I§1$< Rji) Zpij (B.70)
J#i jFi
D1+ Dy
<P+ ———7FF—~(1—-PFy). B.71
Umin(HO>( ) (B.71)
Therefore, using (B.68),
Pi > Umin(HO) — 2(@1 + @2) (B72)

' oan(Ho) — (21 + Do)
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Thus, we can write

2(9 + D)

P=1+A; Al < .
18l s 7 = (@ + )

(B.73)

Therefore,

. 1/2 r 1/2
2(D + Do)\JT
max A) < ||A - § Az 2 < E Az 2 < .
7 ( ) - H ||F <i1 || 7.||2> B (il H ’.Hl) o 0min(H0> - (@1 + @2)
(B.74)

Hence,

2T (21 + Do) 2T (21 + Do)
max P S ]- + 9 min P Z 1 - . B75
Tma(P) Omin(Ho) — (21 + D) Tmin( P) Omin(Ho) — (21 + 2») ( )
From (B.53) we have oy (PH) > omin(Ho) — Z5. Using oyin(PH) < 0max(P)omin(H),

we get

(omin(Ho) — Do) (omin(Ho) — (21 + D))
Omin(H) 2 Owin(Ho) — (D1 + Do) + 2/1(D1 + Do)

Further, from (B.53) we have oyax(PH) < 0pmax(Ho) + 5. Therefore, using the fact that
Umax(PH) Z Umin(P)Umax(H)a we get

(Omax(H o) + Do) (Omin(Ho) — (21 + 25))
Omin(Ho) — (D1 + Do) — 24/7(D1 + Do)

Hence, for 2y + P < omin(Ho)/(6+/7), we have o (H) < 3501max (Ho) /18 < 20max(H).
In addition,

(B.76)

Omax(H) <

(B.77)

UmaX(Hg) + D, 4%(91 + .@2)
~H) < (Umin(Ho) — @2) (1 * Omin(Ho) — (D1 + Do) — 24/7(D1 + @2)> (B.78)

6/’{(H0) +1 4 42H(H0) + 7 7H(H0)
< ———— 1+ < B.79
= 5 ( * 3) = 15 2 (B.79)
and this completes the proof. ]
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Lemma B.4. Let X = W H, € R™¢ be such that conv(X ) has internal radius at least
p>0, and X = Xo+ Z with maxi<, || Z; |2 < 5. If H e R H,; € aff(Hy) is feasible

for problem (2.5) and has linearly independent rows, then we have

Oumin(H) > V2(u — 26) . (B.80)
Proof. Let
! f— . = 1 . JE—
X, = Moo (X,.) = arg__min | X, — . (B.81)

Note that since H is feasible for problem (2.5) and max;<, [|Z; |2 < ¢
1(X0)i,. — X;||2 < Xo)i. — X ll2 + | X, — X;||2 < 26. (B.82)
Therefore, for any xy € conv(X), writing €, = X ag, ag € A", we have

D(29, X')'? = min || XJao — X'Tal|, < || X{ao— X Taol|, (B.83)

acA”

< (Z(GO)z) 1(Xo)i. — X5 |2 < 20. (B.84)

i=1
Since conv(X) has internal radius at least ju, there exists zp € R? and an orthogonal
matrix U € R ¢ = r — 1, such that zg + UB, (1) C conv(X,). Hence, for every
z € R, ||z||2 = 1 there exists @ € A™ such that

pUz +zo = X a. (B.85)
Therefore, for any unit vector w in column space of U, for the line segment
lupy={2z:2=20+au,|a| <p} Cconv(Xy). (B.86)
Thus,

luy € Py(conv(Xy)) (B.87)
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where P,, is the orthogonal projection onto the line containing [,, ,. Note that since P, (-)

is a nonexpansive mapping, using (B.84), for any @y € conv(X) we have
D(Py(xq), Py(conv(X )2 < D(x, X')H? < 26. (B.88)

In other words, for any @y € P, (conv(Xy)), D(xq, Py(conv(X'))) < 24. Therefore, using

(B.86) for any w in column space of U, we have
luy—25 € Py (conv(X")). (B.89)
This implies that
2o+ UB,/(u—25) C conv(X") C conv(H). (B.90)
Hence, for every z € R™, ||zl = 1 there exists @ € A" such that
(u—20)Uz+ 2, = H'a. (B.91)

Note that H' has linearly independent columns. Multiplying the previous equation by
(H™) the left inverse of H', we get

(0 —20)(H'Uz+ (H") 2 = a. (B.92)

Let
a, = (p—20)(H) Uv+ (H") 2, (B.93)
ay=—(pu—20)(H" Uv+ (H") 20, (B.94)

where v is the right singular vector corresponding to the largest singular value of (H")TU.

Therefore, we have

a; = (11— 28)0max (HN)U)v + (H") 2, (B.95)
as = — (1 — 20)0max (H)U)v + (H") 2. (B.96)
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Thus, for a;,a, € A"

lar — azlls = 2(1 — 20)omax(H)'U). (B.97)
Note that
@y — aslls < V2. (B.98)
Thus,
21t — 20)omax (HT)TU) = 20(5—_(;‘? < V2. (B.99)
Hence,
Oumin(H ) > V2(u — 20). (B.100)
0

The following lemma states an important property of H the optimal solution of problem

(2.5).

Lemma B.5. If max; || Z; |2 < ¢ and H s the optimal solution of problem (2.5), then we

have
P(H, X)"? < D(Hy, Xo)"/* + 36/ (B.101)

Proof. First note that X = WyH + Z and the rows of WyH| are in conv(H). Thus,

since max; || Z; |2 < 0, we have

max 2(X;,_, Ho)l/2 < max

i<n

(Xo— WoH,)

= max||Z; || <. (B.102)

N 1PN
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Hence, H| is a feasible solution for the problem (2.5). Therefore, we have
2(H,X) < 9(H,, X). (B.103)

T
Letting &; = arg mingean |H; — X Ta|,, we have

— T —~T
2(H,X) = Zafﬁ% IH,; — X a3 (B.104)
i=1
- T
=> min || H; - Xl — Z a3 (B.105)
a; EA” ”
i=1
! ~T ~T
=3 min <||H2. ~ X2 —2<ZTai,Hi —XOTaZ-> + ||ZTai||§) (B.106)
a;EAT ” ”
=1
" —T —T
=3 (I, - XTalt - 2(Z"a, H, - X&) +1127@l}) . (B107)
=1

Using the fact that (by triangle inequality) | Z7 é&ll2 < (max; || Z;,||2) |éull, < 6, we have

—~ "L aT 5 T 5
9(H,X) 2y (IH,, - XTall} - 201 H, ~ X]al2) (B.108)
=1
> U? - 25\/rU (B.109)

—T —
where U? =37 [|[H; — X 6yl|3. In addition, since U > 0, 2(H, X) > 0,
P(H, X) > (U = 26\/rU)ysn5 /5 (B.110)

Note that for U > 20+/r, the function U? — 26+/rU is increasing. Hence, since

- 1/2
U > (Z min |[H, — XOTang) — 9(H, X,)"?, (B.111)
=1
we have
D(H, X) > (U? = 26\/rU)ysns s > 2(H, Xo) — 20/T2(H, X)"/2. (B.112)
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Therefore, letting (x) := max{z,0} be the positive part of =, using the fact that for all

x,a > 0 we have (2% — ax)}r/z

> x — a, we have

2(H,X)"? > (.@(H,XO) — 26\/77.@(H,X0)1/2) > 9(H, X,)"? —26+/r. (B.113)
+

In addition,

P2(H,, X Z min ||(Ho);. — X{o; — Z7 a2 (B.114)
a;EA™

< ~ XTq Taylls)” .

Zanggn{ll Hy);. — Xgoul2 + |1 Z7 ail|of (B.115)
2

< - X/ Tay .

Z{;%&H (H,);. Xoang—l—o{?EaAXnHZ ang} (B.116)
1/2 2

< — X a2 .
< (Zaﬂggl I(Ho);, Xoaz||2> +0V/r (B.117)
< (D(Ho, Xo)'? + 53/7)". (B.118)

Hence,

P(Hy, X)'? < 9(H,, Xo)V/* + 64/ (B.119)

Combining equations (B.113), (B.119), and (B.103), we get
P(H, X)"? < 9(Hy, Xo)"* + 36\/T. (B.120)
This completes the proof of lemma. m

Lemma B.6. Let X be such that the uniqueness assumption holds with parameter o > 0,

and conv(X) has internal radius at least > 0. In particular, we have zo + UB,_;(u) C
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conv(Xy) for zg € R%, and an orthogonal matric U € R™=Y  Finally assume that

max;<p || Z; |2 < 0. Then for H the optimal solution of problem (2.5), we have

A2 (H, Ho)''? + 2(Ho, H)'/?) < 2(1 + 20) |r¥/26k(Po(H)) + Yamax(ﬁ —120)| + 36"

(B.121)

where Py : RY — RY is the orthogonal projector onto aff(Hy) (in particular, Py is an affine

map).

Proof. Let H be such that conv(X) C conv(ﬁ). The uniqueness assumption implies
P(H, X)Y? > 9(Ho, X)Y* + o(2(H, Hy)"* + 2(H,, H)'?). (B.122)
Note that Lemma B.5 implies
P(H, X)"? < D(Ho, X)) + 363/ (B.123)
Therefore,
P(H, Xo)'? > 9(H, X)"/? = 30\/r + a(2(H, Ho)'> + 2(H,, H)'/?) . (B.124)
Hence,
o(2(H,Ho)"? + 2(Ho, H)'?) < 9(H, X,)"* — 2(H, Xo)"* + 36\/r.  (B.125)

In addition, for a convex set S, by triangle inequality we have

" 1/2
[Z D(ﬁi,n S)] -

n

Z (D(ﬁ“ 3)1/2 _ D(ﬁi,-a 5)1/2>2] 1/2.

=1

n 1/2
zmﬁi,.,a] .
=1

(B.126)
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In addition, note that for € R?, S C R?, D(x,S)"/? = inf,cs ||z — z||o. Hence, Using

triangle inequality, for any x,y € R¢, z € S,
e =zl < lly — zll2 + [z — yll2. (B.127)
Taking infimum over z € S above and rearranging terms, we get
D(z,S8)"? — D(y,9)"* < ||z — yllo- (B.128)
Similarly, by replacing the roles of x,y above we conclude that for all ,y € R¢, S C R?
|D(z, S)"* — D(y, $)"?| < ||z — yllo- (B.129)
In particular, we have
ID(H,_,$)"? — D(H,_,S)"?| < |H;. — H;_||». (B.130)

Therefore, using (B.126) we have

n 1/2 n
ZD@,@] —[zaai,.,a]

1/2

" 1/2
=1

(B.131)
Hence,
\D(H,X)"? — 2(H,X,)"?| < |H - H||r (B.132)
and
|2(H, Ho)'"* — 2(H, Ho)"*| < |H — H]|r. (B.133)
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In addition, similarly to the proof of Lemma B.5, we can write

~T
9(Hy, H Zamem |(Ho)i. — H aylf? (B.134)
/\T — —~
= Z min |(Ho)i, — H a; — (H — H) a3 (B.135)
o; EAT
< i . — ; — H) } ,
_;a?elgr{H(HO)u- H ail;+[[(H — H) ail| (B.136)
r T . L 2
<3 { i 1)~ B e+ s | el (B.137)
1/2 2
< me I(Ho) —H 2| +rmax|Hi — Hill s (B.138)
- acAr i€[r] " "
- . N 2
< (.@(HO, H)Y/? + \/Fm&[uf | H;,. — Hi,,||2) : (B.139)
1e|r
Thus,
\2(H,o, H)"? — 9(H,, H)"?| < \/sz[aa]( |H;. — H, ||, (B.140)
€T

Therefore, combining (B.125), (B.132), (B.133), (B.140), we get
o(2(H, Hy)'" + 2(Ho, H)'*) < (1+a)|H — Hl|r

+ oz\/Fm?}]( Hﬁz - /ﬁZHQ + 304/ (B.141)
i€lr

Now, we would like to bound the terms Hﬁ - /ﬁHF, max;c(,| Hﬁl - EI\ZHQ Note that
using the fact that H is feasible for Problem (2.5), we have

2(X; H)<68. (B.142)
Thus by triangle inequality,

D((Xo)i, H)'? < | X — (Xo)ill2 + 2(X,., H)V* < 26, (B.143)
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In addition, we know that (Xy); € aff(H), where aff(H|) is a » — 1 dimensional affine
subspace. Therefore, conv(X,) C aff(H) and, by convexity of B;(24, /ﬁ), we get

conv(X o) C By(26, H) N aff (H,). (B.144)
First consider the case in which ﬁl € aff(Hy). for all 7 € {1,2,...,r}. By a perturbation

argument, we can assume that the rows of H are linearly independent, and hence aff (ﬁ) =

aff(H,). Consider Q € R"™*¢ defined by

Qi =1+, if i=je{l,2,...,r}, (B.145)

é“:__éi’ if i#je{l,2,...,r}, (B.146)
"

Qi =0, if je{r+1,r+2,...,d} (B.147)

where ¢ = 2rdy. Note that for every y € By(25¢; E,.4) Naff(E, ), we have 2(y, E, 4)*/? <
2dp. In addition, since y € aff(E, 4), (y,1) = 1. Hence, for y € B4(20p; E,.4) N aftf(E, 4),

we can write
y=m+zx (B.148)

where w € conv(E,4), x € RY (1,x) = 0, ||z|]2 < 200. It is easy to check that for this y

we have
y=>Y BQ, (B.149)
i=1
where 3 € R” is such that fort=1,2,...,r,
r—1 &

=" )b — B.150
b r—l—i—f'r’(ﬂ—i_x)—i_r—l—i—fr ( )
Further, note that since w € conv(E, ), m; > 0 and z; > —|z|2 > —2Jy, we have

7 + x; > —200. Hence, for i € {1,2,...,1},

—2(50(7” - 1) +€ 250

> = > 0. B.151
fi 2 r—1+¢&r r—1+4+&r — ( )
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In addition,

r—1 !
Z/BZ_ —1—|—§7‘+T—1+§r (Z(”ﬁxz‘)):l' (B.152)

i=1
Therefore, every y € By(20o; E, 4) Naff(E, 4) can be written as a convex combination of

the rows of é Hence,
Ba(200; E,.4) N aff(E, 4) C conv(Q). (B.153)

Let H = E,. ;M, M € R™? Since aff(ﬁ) = aff(H,), by taking H = QM, we have

conv(H) D [Upeconv(m, ) M "Ba(280; )] N aff(H) (B.154)
[ wecons iy Ba( 2000 (M); )] N aff(H) (B.155)
D By(26; H) ﬂaff(Ho) (B.156)

provided that g = 6 /omin(M) = 5/0mm( ). Hence, using (B.144) for this dy, conv(X ) C
conv(H). Note that for @, we have HQZ —€;|l2 < 2rdy. Thus,

1Q — E,.qllr < 2r°/%5. (B.157)
Therefore, there exists H € R™*? such that conv(X ) C conv(f{/) and

IH — H|lp = ||(Q — Er.g)M||r < 252600 max (M) = 20800 max(H) = 2r*5x(H),
max |H;. —H, ||, = max 1(Q; — €)Mz < 2r8o0max (M) = 2S00 max(H) = 2rér(H).
E

i€[r]
Now consider the general case in which aff(ﬁ) # aff(Hy). Let H' € R™? be such that
H; is the projection of ﬁl onto aff(Hy). Assuming that the rows of H' are linearly
independent, aff(H') = aff(H,). Note that since conv(X,) € aff(Hj), for every point
x € conv(X,), D(x, H)? < 9(x, H)Y? < 25. Thus,

(XO)Z',. € Bd(25, H/) N aff(H’) (B158)
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Therefore, using the above argument for the case where aff (ﬁ) = aff(H,), we can find H

—~

such that conv(X,) C conv(H) and

|H — H'||p < 27°6k(H), (B.159)
max |H;. — H' ||, < 2réx(H). (B.160)
i€lr i

Hence, for every i = 1,2,...,r,

|H;. — H; |2 < ||[H;. — H; |2+ | H; — H;|
o (B.161)
S QT(SI{(HI) + ||P0(HZ7) — Hi7_||2
where P is the orthogonal projection onto aff(H). We next use the assumption on the
internal radius of conv(X) to upper bound the term ||P0(/I§Z) - ﬁZHQ Note that since
conv(X) C Bg(24, ﬁ), letting H = H — 1z, for some orthogonal matrix U € R¥™"",
r’ =r —1, we have
max min |[Uz — I_{TaH% = max min ||[Uz— (ﬁ —1z)7al3 (B.162)
|z]|2<p (@,1)=1,a>0 [|z]|2<p (a,1)=1,a>0

: 72 2
< max min |[|[Uz+zo— H a3 <46°. (B.163)

= Jzll2<n (a1)=1.a20

Now, using Cauchy-Schwarz inequality we can write

max min |[Uz— H a|?< max min ||[Uz— H' a|? < 45> (B.164)
lzll2<p [lall2<1 llzll2<p (a,1)=1,a>0

Note that,

min Uz - H'a|f} = maxmin {||z||§ —2 <z, UTPITa> + <a, (HH' + pI)a> - p}
al|2<1 pZ a

(B.165)
_ 2_ [ E (T iy’ -1f _
- %gg{uzyb <HUz, (HH" + pI) HUz> p} (B.166)
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Hence, using (B.164)

i max {)\max(I ~UTH"HH" + 1) HU) - p} < 462, (B.167)

p

In particular, for p = 0 we get

[P Amax(I— UTH (HH" ) 'HU) < 462, (B.168)

—~

Taking H = ﬁEVT, the singular value decomposition of H, we have oyayx(H) = 0oy (H —
1z]) = max; ¥. Letting U'V = Q, we get

462

-
Iilzagi /\max (I - QQ ) S F (B169>
Letting ¢ = omin(Q), this results in
452
1—¢* < —. (B.170)
]

In addition, note that, by the internal radius assumption, for any z € R”, zg + Uz €

aff(H,). Further, since zo € aff(Hj),

max | Po(H,) = H |, = max|| Pu(Hy,) = H |l (B.171)
< max |[Pu(H'a) — H'al; (B.172)
< max |Py(H a) — H a; (B.173)
< max min Uz — H al? (B.174)
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where Py is the projector onto the column space of U. Note that,

max min ||[Uz — fITaH% = max {— <a,ﬂUUTﬂTa> + <a,ﬂFITa>} (B.175)

lall2<1 = lallz<1
= Ax(HH' — HUUTH") (B.176)
= )\max(E(I - QTQ)E) (B177>
< Umax(ﬂ)2)\max<1 - QTQ) (B178>
I 4 max -EI 252
< O (H)(1 — ) < % (B.179)
where the last inequality follows from (B.170). This results in
= = 20max(H)S  20max(H — 127
o |[Po(E,) — F |l < 27t )0 20ma(H = 120)0 (B.180)

i€(r] ’ il o]
Therefore, ||P0(ﬁ) - ﬁHF < 20max(ﬁ —120)dy/r/p. Hence, using (B.161) we get

20 max (H — 127)6

max |H,;. — H, ||, < 2réx(Po(H)) + : (B.181)
iE€lr 1%
DU 20 (H — 1216
\H — Hlp < 27265 Po(FD)) + 22ml Z0)0VT (B.182)
7!
Replacing this in (B.141) completes the proof. ]

B.4.2 Proof of Theorem 1

For simplicity, let 2 = a(@(ﬁ,Ho)l/z + @(Ho,ﬁ)1/2). First note that under the as-

sumption of Theorem 1 we have
zo+ UB,. (1) C conv(Xg) C conv(Hy). (B.183)
Therefore, using Lemma B.4 with H = H and 6 = 0, we have

1V2 < Omin(Ho) < Omax(Ho). (B.184)
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In addition, since zy € conv(H,) we have zo = H OTaO for some ag € A". Therefore,
||Z0H2 < O—max<H0)Ha0H2 < Umax(HO)- (B185)

Note that

—~

O (H — 127) < O (H) + O (120) = 0 (H ) + V7| 20 2. (B.186)

Therefore, using Lemma B.6 we have

amax(ﬁ)érl/Q N rd|zo||2
7 1

7 < 2(1 4+ 2a) <r3/25/<;(P0(f-I\)) + ) + 36112, (B.187)

In addition, Lemma B.2 implies that

Z(Hqo, H)'/? < @(1 V2D (B.188)

«

Further, let Py denote the orthogonal projector on aff(Hy). Hence, Py is a non-expansive
mapping: for z,y € RY D(Py(x),Py(y)) < D(x,y). Therefore, since conv(H,) C
aff(Hy), for any h € R?

P (Po(h), Hy) < D(Py(h), Po(Ileony(mo)(R))) < D(h, Weony(m1,)(h)) = Z(h, Hy).

(B.189)
Therefore,
9(Py(H),H,) < 7(H, Hy). (B.190)
First consider the case in which
< %_ (B.191)
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—~

Note that in this case § < p/2. Hence, using Lemma B.3 to upper bound oy,.(H),

—~

amax(Po(ﬁ)) and Lemma B.4 to lower bound oy, (Po(H)), by (B.190), we get

— — 7
Omax(H) < D(H, Ho)"? + 1200 (Hy) < — 20 max (H o),

P (EY — Omax(Po(H)) _ D(Po(H), Ho)Y? + 120, (H)
(Po(H)) = Tmin(Po(H)) = V21 — 26)

D(H, Ho)'/? + 120, (H) 7 1200 (H )

<

B V2(p — 26)

Replacing these in (B.187) we have

3296 N 720 max(H )0 N D125
alp—=20V2  (n=20)vV2  ap

max (Ho)0 0
+ /i 00, rlizollad | a5 7

2 <2(1 +2a)

Therefore,

V2(142a)r%25  2(1 + 2a)rt/?5
72 -~
a(p — 26) ap

120max(Ho)d  romax(Ho)d  7||20]|20
+
(1 —20)v/2 H

Notice that condition (B.191) implies that © — 20 > p/2 and

§2(1+2a){ }+3(5\/77

V2(1 4 2a)r3/%§ N 2(1 + 2a)rt/%6

<
a(p — 26) ap -

DN | —

Using the previous two equations, under condition (B.191) we have

9 < 4(1 4 2a)rd lf)rcrmax(Ho)

+ ||Z()||2:| —+ 35\/?
" 2

4(1 + 2a)r? [50max(H 3
A0+ 200 [Soma(Ho) | 2ol | 3
u 2 r 4(1 + 2a)r3/?
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(B.192)

(B.193)

(B.194)

(B.195)

(B.196)

(B.197)



Combining this with (B.188), and using the fact that 1+ 2« < 3, we have under condition
(B.191)

=5 12(1 + v2)r*k(Ho) (50max(Ho) | [|Zoll2 3p
ZL(Hy, H)'/? < max
(Ho, H)'™ < o 2 + r + 4(1 + 2a)r3/?
(B.198)
< 290 max (Ho )k (H)r®? 5. IEIE n 3p 5
ajp 2 romax(Ho)  4(1 4 2a)r3/20 . (Hp)
(B.199)
Note that using (B.184), (B.185) and since o > 0
[[2ol|2 SH 3
7 < < . B.200
Tomax(Ho) = 4(1 + 20)r3 20 ma (Ho) — 44/2 ( )
Therefore,
— 1200 max (H o)k (H o)/
S (Hy, H)? < 1200max(Ho)H(Ho)r 5 (B.201)
aj
Thus,
- 02 rd .
Z(Hy, H) < max N Zil5 (B.202)
where C, is defined in Theorem 1.
Next, consider the case in which
aj
5= Zilly< — B.203

Note that using (B.184),(B.185) and since 1 + 2« < 3, this condition on ¢ implies that

i min(Ho)
6 < . B.204
= 12r(1 + 2a) (57320 max (H o) + 2||z0||271/2 + 3p) ( )
In particular, condition (B.191) holds. Hence, using equation (B.197) we get
4(1 2 2 5 max H 3 min H
9 < (14 20)r° [ 50max(Ho) " 202 n 15 aomin(Ho) (B.205)

o 2 r 41+ 20)r3/2| == 6yr
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Further, note that since Py is a projection onto an affine subspace, for € R%, Py(x) =
—~ —~ —~T —~
Pyx + x; for some Py € R xy € RY. Hence, for any m € A", h = H w € conv(H),

we have

__ — T " ~ T
Po(h) :P0h+zc0:P0H 7T+CUOIZ7T1' (POH ei—i—mo)

i=1

= impo(ﬁi) € conv(Py(H)) (B.206)

where e; is the 7’th standard unit vector. Hence,

o~ o~

Po(conv(H)) C conv(Py(H)). (B.207)

Thus, for hy € R? an arbitrary row of H, we have

o~ o~ o~

PD(ho, Po(H)) = D(hg,conv(Py(H))) < D(hg, Po(conv(H)))
< D(ho, Po(IL, ) (ho))). (B.208)

In addition, using non-expansivity of Py, we have

o~

D(ho, Po(IL,, g (ho))) < D(hoIL, g (ho)) = D(ho,conv(H)) = 2 (ho, H).

(B.209)
This implies that
9(H,, Po(H)) < 2(Ho, H). (B.210)
Therefore, using (B.190), (B.210) and (B.205) we get
9 (Ho, Po(H))'"* + 2(Po(H), Ho)'* < 9(Ho, H)'* + 2(H, H,)'"
< Z  Tmn(Ho) (B.211)

Tovr

«
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Hence, in this case Lemma B.3 implies that

—~

Umax(H) S 2Umax(H0)7
—-= 7/'1(H0)

w(Po(H) < 20

Replacing this in (B.187), we have

4 H 2
2 < (14 2a)r'/? (77“5/{(H0) + L 0)5: \/FHZO‘M) + 307!/

N 40 max(Ho) + 2\/7_“||Zo||2>
1

< 36vF <8m(HO)

Hence, using (B.188) under assumption (B.203), we have

ZL(Ho, H)? < 3(1+ v2)k(H,)r (87%(Ho) + 4amaX<H0>: 2\/FHZOH2) g

UmaX(HO) + \/;||Z0H2 @
b M a *

< 120k(H ) max {T’I{(Hg)
Hence, for C? as defined in the statement of the theorem, we get
14 r

2(Hy H) < “Lmax |12,
6% i<n

This completes the proof.

C Proof of Proposition 4.2

The proof follows immediately from the following two propositions.

(B.212)

(B.213)

(B.214)

(B.215)

(B.216)

(B.217)

(B.218)

Proposition C.1. Let X € R"™? and D(z,y) = || — yl||3. Then the gradient of the

function w — P(u, X) is given by
VuZ2(u, X) =2(u — Heony(x)(w)) .
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Proof. Note that Z(u, X) is the solution of the following convex optimization problem.

minimize ||u — y||§ )

subject to y = XT7T7
w >0,
(m,1) = 1.

The Lagrangian for this problem is

E(y,ﬂ',p, :57 )‘) = HU - yHg + <pa (y - XTT{)> - <>"7T> +15(1 - <7Tv 1>)

The KKT condition implies that at the minimizer (y*, 7*, p*, p*, X*), we have

oL

— =0
oy ’

and therefore
p'=2u—-y")
and the dual of the above optimization problem is

. Lo ~
maximize — ZHpHQ + (p,u) + p,
subject to A >0,

Xp+pl+A=0.

(C.2)

(C.6)

Note that since (C.2) is strictly feasible, Slater condition holds and by strong duality

the optimal value of (C.6) is equal to f(w). Hence, we have written f(u) as pointwise

supremum of functions. Therefore, subgradient of f(wu) can be achieved by taking the

derivative of the objective function in (C.6) at the optimal solution (see Section 2.10 in

[IMN13]). Note that the derivative of this objective function at the optimal solution is
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equal to p* = 2(u — y*) = 2(u — eony(x)(u)) (Where we used Eq. (C.5)). Since the dual
optimum is unique (by strong convexity in p), the function u — Z(u, X) is differentiable

with gradient given by Eq. (C.1). O

Proposition C.2. Let u € R? and D(z,y) = ||z — y||3, and assume that the rows of
H, € R™4 are affine independent. Then the function H — 9 (u, H) is differentiable at
H with gradient

Vu?(u, Hy) = 2m(Meony(r1)(w) — )", T) = arg IreuAnT H}m - qu . (C.7)
Proof. We will denote by G' the right hand side of Eq. (C.7). For V € R™4 we have

7 (u,Ho + V) = min ||(Ho + V)T - ulf; . (C.8)

Note that (Hy+ V') has affinely independent rows for V' in a neighborhood of 0, and hence
has a unique minimizer there, that we will denote by 7ry. By optimality of 7y, we have
2 2
D(u.Hy+V)—D(u,Hy) =||[(Ho+ V) 7y —ul|, - ||(Ho+ V) 7o —ul, (C9)
< ||(Ho+ V)Tmo —ul, — ||(Ho + V) mo —ul, (C.10)
= (G, V) + |[Vmol5. (C.11)

On the other hand, by optimality of 7,

D(u, Ho+ V) = D(u,Ho) > ||(Ho + V) mry — |, — |(Ho+ V) 7y —all,  (C.12)
= 27y (Meon(rro) (W) —u)", V) + +|V7v 3 (C.13)
= (G, V) + 2((mv — m0) Meonv(rro) (w) — )", V) + [Vmy 3.
(C.14)
Letting R(V') = |2(u, Hy+ V) — P(u, Hy) — (G, V)| denote the residual, we get

R(V
IVIlr

~—

< [ Meonv(rro) (@) — wll2fmy = wolla + [V [ (v ll2 + lI7oll2) - (C.15)
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Note that my must converge to my as V' — 0 because m, is the unique minimizer for

V = 0. Hence we get R(V)/||V||r — 0 as ||V||r — 0, which proves our claim. O

D Proof of Proposition 4.1

We use the results of [BST14] to prove Proposition 4.1. We refer the reader to [BST14] for

the definitions of the technical terms in this section. First, consider the function
f(H)=\2(H,X). (D.1)

Note that using the main theorem of polytope theory (Theorem 1.1 in [Ziel2]), we can

write
conv(X) = {xz € R"|(a;,x) <b; for 1 <i<m} (D.2)

for some a; € R%, b; € R and a finite m. Hence, using the definition of the semi-algebraic
sets (see Definition 5 in [BST14]), the set conv(X) is semi-algebraic. Therefore, the function
f(H) which is proportional to the sum of squared ¢y distances of the rows of H from a
semi-algebraic set, is a semi-algebraic function (See Appendix in [BST14]). Further, the

function

n

g(W)=> T(w; € A" (D.3)

i=1
is the sum of indicator functions of semi-algebraic sets (Note that using the same argument

used for conv(X), A" is semi-algebraic). Therefore, the function g is semi-algebraic (See

Appendix in [BST14]). In addition, the function

WH, W)= | X - WH]|’ (D.4)
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is a polynomial. Hence, it is semi-algebraic. Therefore, we deduce that the function
V(H,W)=f(H)+g(W)+h(H,W) (D.5)

is semi-algebraic. In addition, since A" is closed, ¥ is proper and lower semi-continuous.
Therefore, W(H, W) is a KL function (See Theorem 3 in [BST14]).

Now, we will show that the Assumptions 1,2 in [BST14] hold for our algorithm. First,
note that since A" is closed, the functions f(H) and g(W') are proper and lower semi-
continuous. Further, f(H) > 0, g(W) > 0, h(H,W) > 0 for all H € R"™*¢ W € R™*".
In addition, the function h(H, W) is C?. Therefore, it is Lipschitz continuous over the
bounded subsets of R™*¢ x R"™". Also, the partial derivatives of h(H, W) are

Vah(H,W)=2W(WH — X), (D.6)
Vwh(H,W)=2(WH - X)H". (D.7)

It can be seen that for any fixed W, the function H — Vgh(H, W) is Lipschitz con-
tinuous with moduli Ly(W) = 2||WTW/||p. Similarly, for any fixed H, the function
W — Vwh(H, W) is Lipschitz continuous with moduli Ly(H) = 2|HH"||r. Note that

since in each iteration of the algorithm the rows of W* are in A”. Hence,
inf {L;(W"*): ke N} > A7, sup{Li(WF"): ke N} <Af (D.8)

for some positive constants |, A{. In addition, note that because the PALM algorithm is
a descent algorithm, i.e., U(H" W*) < W(H** W*!) for k € N, and since f(H) — oo
as ||H||p — oo, the value of Ly(H") = HH"“'HkTHp remains bounded in every iteration.
‘ R T
make sure that the steps in the PALM algorithm remain well defined (See Remark 3(iii)
in [BST14]). Hence, we have shown that the assumptions of Theorem 1 in [BST14] hold.

Finally, note that by taking 7% > max{

,5} for some constant ¢ > 0, we
F
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Therefore, using this theorem, the sequence {H i Wk} JeN generated by the iterations in

(4.7) - (4.9) has a finite length and it converges to a stationary point (H*, W*) of .

E Other optimization algorithms

Apart from the proximal alternating linearized minimization discussed in Section 4.2, we
experimented with two other algorithms, obtaining comparable results. For the sake of

completeness, we describe these algorithms here.

E.1 Stochastic gradient descent

Using any of the initializations discussed in Section 4.1 we iterate
HY = HO _5,GY . (E.1)

The step size v is selected by backtracking line search. Ideally, the direction G can
be taken to be equal to VZ,\(H (t)). However, for large datasets this is computationally
impractical, since it requires to compute the projection of each data point onto the set
conv(H®). In order to reduce the complexity of the direction calculation, we estimate
this sum by subsampling. Namely, we draw a uniformly random set S; C [n] of fixed size
|S¢| = s < n, and compute

G 2n

=5 3" 0 (Meonvany (1) — @) +2X (H — Heony(x) (H)) | (E.2)

1€St

o) =arg min ||H o — chTHQ . (E.3)

aEAT
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E.2 Alternating minimization

This approach generalizes the original algorithm of [CB94]. We rewrite the objective as a
function of W = (wi)i§n7 w; € A" H = (hi>i§7‘7 h; € R¢ and A = (ag)ggr, oy € A"

Z\(H) = min F(H, W, A), (E.4)

wW,A
r 3 r n
r;, — E U)igth + A E Hh[ - E Qi L
2
/=1 (=1 i=1

n 2
F(H,W,A) = ‘ . E.5
( ) ; 2 (E.5)
The algorithm alternates between minimizing with respect to the weights (w;);<, (this

can be done independently across i € {1,...,n}) and minimizing over (hy, ), which is
done sequentially by cycling over ¢ € {1,...,r}. Minimization over w; can be performed
by solving a non-negative least squares problem. As shown in [CB94], minimization over

(he, o) is also equivalent to non-negative least squares. Indeed, by a simple calculation

FE.W.A) = 0 [hy— o]+ b~ Y v z+ﬁ(H, W,A)  (E6)
=1

= fo(hg, 0, Hyy, W, A) + F(H, W A). (E.7)

where H 4y = (h;)izei<y, F'(H,W,A) does not depend on (hy, o), and we defined

wr =3, ©
=1

1 n
Vy = W wa {331 — Z wijhj} . (E9>
=1

jALG<r
It is therefore sufficient to minimize fy(hy, o3 H 2o, W, A) with respect to its first two
arguments, which is equivalent to a non-negative least squares problem. This can be seen
by minimizing fy(---) explicitly with respect to h, and writing the resulting objective
function.

The pseudocode for this algorithm is given below.
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ALTERNATING MINIMIZATION

Input: Data {x;}i<,, z; € R? integer r; initial archetypes {héo)}lgggr;
number of iterations T,

Output: Archetype estimates {héT)}lggST;

I: Forle{l,...,r}

2 Set aéo) = arg mingean ||h§0) — X aylls;

3: Forted{l,...,T}:

4 Set W' = arg miny, F(H'™', W, A1)

5: For ¢ € {1,...,r}:

6 Set h?),a?) = argming, o, fg(hg,ag;Hig,H;l, Wt,Atd,At;el);

7

8

End For;
~ (T)
Return {he }1SZST;

Here H_y = (h;)i<s, H~¢ = (h;)o<i<r, and similarly for A.

F Further simulation results

In this section, we evaluate the performances of the proposed method by comparing it with

a number of algorithms for non-negative matrix factorization under different settings.

F.1 Further comparisons with algorithms from the literature

Figures 2 to 7 extend the comparison of Figures 1, 4 and 5 to seven alternative reconstruc-

tion methods in the literature. Namely:

e No noise. Figures 2 and 3 repeat the experiment of Figure 1 for seven new methods.
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Trioctanoin

Spectra achieved by GNMF (F-norm formulation) Spectra Il by GNMF (KL { Spectra achieved by block coordinate descent
Original Spectra algorithm of Cai et al. (2011) algorithm of Cai et al. (2011) algorithm of Gillis and Kumar (2014)

5]
Relative Absorbance (Normalized)

w

0
1200 1250 1300 1350 1400 1450 1500 1550 1200 1250 1300 1350 1400 1450 1500 1550 1200 1250 1300 1350 1400 1450 1500 1550 1200 1250 1300 1350 1400 1450 1500 1550
‘Wavenumber (cm")

Figure 2: As in Figure 1 for three other methods.

e Low noise. Figures 4, 5 repeat the experiment of Figure 4 for the same seven new

methods.

e High noise. Figures 6, 7 repeat the experiment of Figure 5 for the same seven new

methods.

F.2 Simulations with non-Gaussian correlated noise

In order to show the robustness of the proposed method to the noise model, we have
repeated the experiments of Table 1 with dependent, non-Gaussian noise (see caption for
a definition of the noise model). In Table 1, we report the average reconstruction error

achieved by the same nine algorithms for non-negative matrix factorization. For each noise
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Spectra i by hi i i Spectra i by iplicatit Spectra achieved by method Spectra achieved by fast conical hull
Original Spectra least squares (HALS) of Cichocki et al. (2007) updates of Lee and Seung (2001) of Gillis and Vavasis (2014) algorithm of Kumar et al. (2013)
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Figure 3: As in Figure 1 for four other methods.
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ithm of Cai et al. (2011) algorithm of Cai et al. (2011) ithm of Gillis and Kumar (2014)
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Figure 4: As in Figure 4 for three other methods.
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Spectra achieved by hierarchical alternating ~ Spectra achieved by multiplicative Spectra achieved by method Spectra achieved by fast conical hull
Original Spectra least squares (HALS) of Cichocki et al. (2007) updates of Lee and Seung (2001) of Gillis and Vavasis (2014) algorithm of Kumar et al. (2013)
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Figure 5: As in Figure 4 for four other methods.
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Original Spectra i of Cai et al. (2011) algorithm of Cai et al. (2011) i of Gillis and Kumar (2014)

Caffeine

Sucrose

Lactose

Trioctanoin

0
1200 1250 1300 1350 1400 1450 1500 1550 1200 1250 1300 1350 1400 1450 1500 1550 1200 1250 1300 1350 1400 1450 1500 1550 1200 1250 1300 1350 1400 1450 1500 1550
Wavenumber (cm™)

Figure 6: As in Figure 5 for three other methods.
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Spectra achieved by Spectra i by iplicati Spectra achieved by method Spectra achieved by fast conical hull
Original Spectra least squares (HALS) of Cichocki et al. (2007) updates of Lee and Seung (2001) of Gillis and Vavasis (2014) algorithm of Kumar et al. (2013)
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Figure 7: As in Figure 5 for four other methods.
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level we run the various algorithms on 10 noise realizations for each noise level o. We show
in bold the smallest achieved error and the smallest error with data driven choice of the

algorithm parameters.

o 0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

Projected gradient [Lin07] 0.062 0.058 0.06 0.07 0.089 0.101 0.122 0.133 0.142 0.143 0.151
Multiplicative update[LS01] 0.069 0.062 0.069 0.078 0.092 0.114 0.125 0.136 0.145 0.143 0.15
Fast Anchor Words [AGH+13] 0.041 0.047 0.055 0.075 0.093 0.113 0.134 0.156 0.176 0.195 0.22
Block coordinate descent [GK15] 0.067 0.068 0.067 0.069 0.077 0.086 0.092 0.095 0.096 0.098 0.099
HALS [CZPAO09] 0.073 0.077 0.074 0.077 0.95 0.112 0.117 0.131 0.140 0.145 0.151
GNMF [CHHH11] (Frobenius) 0.065 0.081 0.095 0.102 0.111 0.121 0.131 0.140 0.143 0.143 0.15
GNMF [CHHH11] (KL) 0.066 0.075 0.081 0.087 0.099 0.121 0.128 0.138 0.141 0.140 0.151
Recursive method [GV14] 0.034 0.04 0.053 0.068 0.089 0.111 0.13 0.15 0.17 0.19 0.21
Conical hull [KSK13] 0.034 0.04 0.052 0.068 0.088 0.111 0.13 0.15 0.17 0.19 0.21
Our method ( oracle X) 0.005 0.015 0.039 0.06 0.081 0.091 0.102 0.113 0.122 0.132 0.14
Our method (data driven ) 0.006 0.021 0.041 0.067 0.094 0.108 0.124 0.134 0.147 0.161 0.178

Table 1: Risk £ (H, /I-T)l/ 2 for reconstruction of the 4 spectra in Figure 1 under dependent,
non-gaussian noise using some construction methods in different noise magnitudes. The
trivial estimator H = 0 achieves Z(Hy, ﬁ)l/z = 0.231. For this table I have generated the
dataas X = WoH ,+pQZ where Z;;, 1 <1i,j < nareii.d Laplace (0, 1) random variables
and Q € R™" is a circulant matrix with first row equal to [1,0,_(n,11)/2 , PL(n,—1)/2) and
p=(c/v/2)(1+ (ny —1)p?/2)~1/2. In these simulations, I have taken p = 0.5, n; = 21. For

the data driven row, parameter A\ is chosen as in Section 4.3 with ¢y = 1.2.

F.3 Simulations with other ground truth signals

We repeated the synthetic datasets experiments of Section 4 with using four other spectra
as the ground truth signals. In these experiments we have used the reflection spectra
of chalk, Maltose, Acetaminophen and baking soda from the NIST Chemistry WebBook
dataset [LM]. For these signals we have d = 107 and we generate n = 250 data points

as in Appendix A. We have also used different parameters to generate weight vectors in
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Figure 8: As in Figure 1 for four other ground truth spectra.

this case. Dirichlet parameters are chosen to be equal to one (instead of 5), the number of
weight vectors with cardinality equal to 2 is equal to 12 and the number of weight vectors
with cardinality equal to 3 is equal to 8. Other weight vectors have cardinality equal to
4. The recovered spectra of different algorithms in the noiseless and noisy settings are
reported in Figures 8 to 16.

In Table 2, we report the average reconstruction error achieved by the same nine algo-
rithms for non-negative matrix factorization on this dataset. For each noise level we use

10 noise realizations for each noise level o.
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Figure 9: As in Figure 2 for four other ground truth spectra.
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Figure 10: As in Figure 3 for four other ground truth spectra.
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Figure 11: As in Figure 4 for four other ground truth spectra.
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Spectra achieved by GNMF (F-norm formulation) Spectra achieved by GNMF (KL formulation) Spectra achieved by block coordinate descent
Original Spectra algorithm of Cai et al. (2011) algorithm of Cai et al. (2011) algorithm of Gillis and Kumar (2014)
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Figure 12: As in Figure 4 for four other ground truth spectra.
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least squares (HALS) of Cichocki et al. (2007) updates of Lee and Seung (2001) of Gillis and Vavasis (2014) algorithm of Kumar et al. (2013)
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Figure 13: As in Figure 5 for four other ground truth spectra.
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Figure 14: As in Figure 5 for four other ground truth spectra.
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Figure 15: As in Figure 6 for four other ground truth spectra.
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Figure 16: As in Figure 7 for four other ground truth spectra.
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o 0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01

Projected gradient [Lin07] 0.061 0.062 0.061 0.063 0.075 0.085 0.097 0.100 0.106 0.114 0.119
Multiplicative update [LS01] 0.064 0.064 0.064 0.069 0.075 0.086 0.092 0.099 0.110 0.115 0.119
Fast Anchor Words [AGH+ 13] 0.045 0.041 0.056 0.075 0.094 0.119 0.140 0.161 0.183 0.208 0.231
Block coordinate descent[GK15] 0.089 0.089 0.085 0.086 0.083 0.091 0.095 0.088 0.092 0.092 0.093
HALS [CZPAO09] 0.0601 0.059 0.064 0.067 0.073 0.089 0.095 0.100 0.109 0.115 0.120
GNMF [CHHH11] (Frobenius) 0.057 0.081 0.089 0.109 0.121 0.133 0.123 0.125 0.123 0.125 0.123
GNMF [CHHH11] (KL) 0.066 0.078 0.092 0.097 0.107 0.115 0.123 0.126 0.132 0.131 0.136
Recursive method [GV14] 0.031 0.039 0.054 0.074 0.093 0.117 0.138 0.159 0.183 0.205 0.229
Conical hull [KSK13] 0.031 0.039 0.054 0.074 0.093 0.117 0.138 0.159 0.183 0.205 0.229
Our method (oracle ) 0.002 0.007 0.014 0.023 0.040 0.049 0.068 0.064 0.068 0.072 0.076
Our method (Data driven \) 0.003 0.009 0.014 0.027 0.052 0.06 0.075 0.087 0.095 0.114 0.133

Table 2: Risk ‘,?(Ho,ﬁ)l/2

for reconstruction of the 4 spectra in Figure 8 using some

reconstruction methods in different noise magnitudes. The trivial estimator H = 0 achieves

Z(H,, /ﬁ)l/Q = 0.237. For the data driven row, parameter \ is chosen as in subsection 4.3
with ¢ = 1.2 in {0.001, 0.002, 0.005, 0.007,0.01,0.03,0.05,0.07,0.1,0.2,0.3,0.5,0.75, 1,2, 5}.
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