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Summary

SURFACE Plasmon Amplification by Stimulated Emission of Radiation (Spaser) is

the future of nano-electronics and nano-optics based applications such as nano-

scopy, nano-lithography, and nano-optoelectronics powered information processing. Spaser,

being the nanoplasmonic counterpart of laser, shares many common structural compo-

nents of a laser resonator. Essentially, very much similar to a laser, a spaser is made by

coupling a nanoparticle (acting as a resonator cavity) to a gain (active) medium, where

photons are replaced by surface plasmons (SP). A spaser compensates the optical losses in

the metal by the gain in the active medium, where the resonating eigenmodes of the plas-

monic nanosystem provides localize, intense, and coherent electric fields. Nanoparticles

comprising noble metals, like gold and silver, are usually used as resonators. However,

owing to diverse tunable physical properties of graphene, the use of 2D materials such as

graphene and molybdenum disulfide as the resonator could be of great practical interest.

These 2D materials based plasmonic nanolasers have shown immense potential in nu-

merous applications, owing to their exotic features of ultra-speed operation, electric field

enhancement, miniaturized design and strong near-field confinement. In order to prac-

tically realize these exciting features, further analysis of both steady state and dynamic

responses are much required for graphene and molybdenum disulfide based spasers.

Particularly, in terms of plasmonic quality factor of the resonator, threshold gain require-

ments, plasmonic modes and mode energies, energy level shifts and pulsed operation

characteristics. This research aimed at investigating these issues based on analytical and

numerical techniques in order to analyse the behaviour of realistic graphene and molyb-

denum disulfide based spasers, and developing a set of simple design guidelines for

futuristic plasmonic devices and applications.
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Chapter 1

Introduction

H IGH speed ultrathin nanodevices play a significant role in designing miniatur-

ized electronic devices [1–3]. These electronic devices consist of active and pas-

sive electronic components. Active components are electronic devices with gain or di-

rectionality. Unlike passive components, active electronic components have an active

region, require a control signal and a minimum voltage or current to perform functions,

such as controlling the flow or direction of current. The operating speed of an electronic

circuit depends on the delays associated with passive components, and delays occur in

active components, such as transistors [4]. However, those limits to reduce the delays

have reached their thresholds. Electronic-based systems have reached to their maximum

operating speeds, limiting bandwidth and acting as a bottleneck in most of the designs.

Therefore, technology such as photonics are essential to maintaining Moore’s law. Pho-

tonics is a promising technology for solving this problem and it has been used to design

electronic devices that operate at tera-hertz speeds. This technology can also be used to

design systems that replace the operation of transistors in optical systems.

The role of the transistor as an active device in electronic systems is replaced by a

laser in photonics. Since a laser can work at tera-hertz speeds, it is possible to create

ultra-fast opto-electronic devices. However, the use of lasers increases the critical dimen-

sions of the devices, making the setup bulky and inefficient for nano-scale applications.

This emphasises the requirement of accomplishing nano-scale active devices based on

photonics. Therefore, the ability to manipulate light at the nanoscale level enables many

different applications, including, but not limited to, building efficient optical intercon-
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2 Introduction

nects, sources, amplifiers, modulators and sensors. To this end, significant progress in

the field of nanophotonics has been made over the past two decades [2–5].

The wavelength used in most of these technologies is in the order of micrometers.

Thus, the fundamental diffraction limit has intervened to constrain the advantages of

scaling below the subwavelength dimensions. With sophisticated nanofabrication tech-

niques, feature sizes approaching tens of nanometers are being designed reliably, and

light can be confined to an unprecedented small volume, enabling strong lightmatter in-

teraction [5]. The solution involves using a hybrid particle state between electrons and

photons, which is known as ‘surface plasmon’ (SP), to operate at a nanoscale [6, 7].

Surface plasmons (i.e collective oscillation of electrons), have received much attention

over the past two decades, due to their significant properties, such as smaller mode vol-

ume, strong mode confinement, and tight localisation [8–16]. SPs can be generated in a

metal dielectric surface where the real part of the complex permittivity of the plasmonic

metal is negative and relatively small compared to its imaginary component. However,

this oscillation can not be sustained due the Joules losses associated with the plasmonic

metal. Therefore, gain must be introduced to achieve continuous generation of SPs.

Similar to lasers, surface plasmon amplification through stimulated emission of radi-

ation (spaser) was introduced by Stockman and Bergman in 2003 [6]. A spaser is not only

a loss compensator; it can be used as an optimal source of coherent SPs, an SP amplifier,

and an SP modulator which can interconnect with other plasmonic nano-circuitries.

A spaser, as the nanoplasmonic counterpart of a laser, shares many common struc-

tural components. It is made by coupling a nanoparticle (resonator) with a gain (active)

medium. In a spaser, photons are replaced with SPs and the cavity is replaced with a

nanoparticle. This compensates for the optical losses in the metal by overlapping gain in

the active medium with the SP eigenmodes of the plasmonic nano-system and provides

localised, intense, and coherent optical fields [17–19]. The operation of a spaser requires
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non-radiative energy transfer from the gain medium to the resonator [6,19–21] (more de-

tails are discussed in Chapter 2).

Spasers have been the subject of intensive research over the past ten years and this

research has demonstrated that they are well suited for room and low temperature elec-

tronics [19,22,23]. While theoretical models offer comprehensive insight into the physics

of spasers, they usually do not provide options such as dynamic and transition analysis in

addition to studying device performance. For this reason, a framework for analysing the

steady state and dynamic responses of a spaser configuration is essential [24]. Advanced

simulation tools are therefore necessary for further analysis and optimisation of these de-

vices. Many theoretical models of spasers have recently been developed including a V-

shaped metallic structure surrounded by quantum dots [6], an electrically pumped spaser

made of silver and gold nanoparticles that works at extreme quantum limits [17], an elec-

trically pumped bowtie spaser [25], a silver nanoparticle coupled to an externally driven

three level gain medium and a quasi-classical model [26]. An experimental demon-

stration of stimulated SP emissions using a spherical gold nanoparticle surrounded by

dye-doped silica was the first practical realisation of the spaser [27]. Spasers can be

categorised according to their features and the materials used. Furthermore, spasers

are classified by confinement as one-dimensional [28], two-dimensional [29] and three-

dimensional [30]. According to the pumping method, they can also be further divided

into two categories, optically pumped spasers [22] and electrically pumped spasers [17].

In addition, the energy transition between the gain medium and the resonator, and

the different types of gain mediums and resonators have been analysed in recent stud-

ies [19,22]. The ability to use quantum dots, rare earth ions, carbon nanotubes and quan-

tum well structures as the gain medium is considered in most of the studies. Moreover,

using graphene and molybdenum disulde as the resonator in spasers instead of metallic

nanoparticles such as gold and silver; is an emerging trend because of its enhanced op-

erational characteristics, low threshold gain requirements, a high plasmon quality factor

(Q) and easy tuning capabilities [19,31,32]. The possibilities, such as larger tuning range,
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tight localisation of output and more efficient output are raised due to the desirable dis-

persion relationships of graphene and molybdenum disulfide [5, 33, 34].

Graphene, a two-dimensional form of carbon in which the atoms are arranged in a

honeycomb lattice, offers many of the advantages of carbon materials including mechan-

ical strength and flexibility, and chemical and thermal stability [22, 33, 35–43]. A striking

feature of graphene is that; doping has a strong effect on its optical properties [5,33,34,44].

Due to the high electron mobility of graphene, doped graphene demonstrates plasmonic

properties and a high quality factor [33, 34]. In addition, graphene provides an opportu-

nity to obtain coherent optical fields of high concentration and intensity because of the

unprecedented tight localisation of local plasmonic fields [5, 22, 33, 34, 44–46]. Spasers

made of graphene are important in the field of nanoelectronics. Therefore, experimental

creations of graphene-based nano devices with improved characteristics are prevalent.

Nano-fabrication techniques for fabricating graphene have also been improved. Conse-

quently, it is important to analyse the improved performances of graphene-based spasers.

Regarding the unique electronic properties of the most widely studied two-dimensional

material graphene, researchers are seeking similar or better properties in other layered

materials which could eventually be integrated into the current nano-electronic technol-

ogy. In the past silicon was the most important element used in semiconductor tech-

nology, but it has recently been replaced with graphene in optical electronics due its

better optical properties [33, 34]. Therefore, the prospect of a replacement counterpart

for graphene such as molybdenum disulfide [31, 47–55], Plasmene [56] or Black Phos-

phorus [57, 58], is intriguing from a physical point of view for possible integration into

nanoelectronic devices.

Since MoS2 is the strongest contender for graphene replacement in electrical and opti-

cal applications, it is worth modelling and analysing the characteristics of a device made

of MoS2 to increase efficiency. Due to the large tunability ranges such as the high doping

(ultra-doping) range, large free charge carrier mobility and direct bandgap, plasmons in
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MoS2 have recently received increased attention over graphene [32, 59, 60]. Furthermore,

details about the optimum design parameters of MoS2 based spasers are essential to de-

veloping ultra-speed nano-optical devices with increased efficiency. Although, materials

such as graphene are appealing, chipmakers would likely prefer a two-dimensional alter-

native that would allow them to continue using similar materials without contaminating

their fabrication process [31, 56]. Thus, it is necessary to characterise the designs based

on graphene, in addition to other two-dimensional plasmonic materials. However, due

to the lack of appropriate approaches, little is known about the characteristics of two-

dimensional nano-resonator-based spasers. Improving the performances of spasers re-

quires a comprehensive understanding of the on-going processes. Therefore, this study

analysed characteristics of active nanoplasmonic sources based on graphene and molyb-

denum disulfide to fill the knowledge gaps.

1.1 Aims of the research

1. Model and analyse characteristics of a simple graphene spaser.

Much research has been conducted to analyse the performance of graphene spasers.

Since, the operational characteristics of a graphene spaser depend on its geomet-

ric and material parameters, it is essential to analyse how geometry and material

parameters affect the operational characteristics of a spaser. In addition, it is neces-

sary to analyse the localised plasmon modes that can be supported by a particular

resonator given its degenerated modes. This can be analysed by implementing a

theoretical model for a graphene spaser.

2. Analyse continuous wave (CW) operation of spasers.

By improving the developed theoretical model, a comprehensive study can be per-

formed on how the material and geometrical parameters affect the CW operation

of the spaser. An analytical model is required to be derived to determine the plas-

monic modes, the mode energies, the threshold gain required for its continuous
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operation, the quality factor and the efficiency of the device.

3. Study ultra-fast dynamics of spasers.

A spaser can be used not only as a coherent plasmonic source, but also as an SP

modulator or amplifier. Using a spaser as an amplifier or modulator requires an

analysis of dynamic behaviour of the system in addition to continuous wave op-

eration. These characteristics are based on both the resonator and the gain system

and must be analysed extensively to obtain an improved and an accurate model.

This model can be used to analyse the performance of the spasers and enhance its

ability to use spasers in many different potential applications.

4. Design optimisation of spasers.

The operating characteristics of a spaser, such as plasmonic modes and mode

energy, the Q-factor, and the electric field output, depend on its geometric and

material parameters. It is important to study how to improve the performance

of a spaser with different geometries and materials for different spaser configu-

rations. These conditions can be analysed through a comprehensive analytical

model, aided by detailed numerical and graphical simulations.

5. Examine the potential for materials to be used as a resonator for spasers.

Graphene is a material that has better optical characteristics than other materials

used for plasmonics, such as noble metals. Other two-dimensional materials such

as molybdenum disulfide can also be used as a replacement for graphene with bet-

ter optical properties than graphene. Therefore, an analysis must be performed to

determine resonator-gain medium interactions for different spaser configurations

using different plasmonic materials. This analysis would improve output and op-

erational characteristics of spasers.

6. Study the applicability of spasers to biomedical applications.

Previous work on spasers has shown that using spasers in cancer treatment can
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be an ideal alternative to chemotherapy. the current spaser designs are primarily

based on heavy metals, such as gold, silver, and doped graphene. Furthermore,

most of the other two-dimensional plasmonic materials must also be doped to

achieve plasmon resonance in commercially useful wavelengths. This reduces the

applicability of current spaser designs in biomedical applications such as chemother-

apy. Therefore, use of non-doped non-toxic materials are a better choice for these

applications and an analysis must be implemented to identify designs made of

non-doped materials.

7. Implement a set of comprehensive design guidelines for two-dimensional res-

onator based spasers.

Considering the operational characteristics, the optical properties and the fabrica-

tion constraints of the device, designing a comprehensive set of guidelines to im-

plement spasers with improved performance, considering geometric constraints

is the final step in this research. This step would provide a set of comprehensive

design guidelines to design and optimise spasers.
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1.2 Thesis Outline

Thise thesis consist of eight chapters and two appendices. The chapters are organised as

follows:

Chapter 1 introduces the topic of the research, briefly discussing recent advancements

and trends associated with spaser technology. This chapter provides the details of the

motivation and the aims, followed by the objectives of the current research.

Chapter 2 presents the background theory of the spaser, including its design and com-

ponents, how it works, major operational characteristics, and a description on the evolu-

tion of spasers.

Chapter 3 provides derivations of analytical equations associated with the quantum

mechanical model of a simple spaser configuration, including the motion equations asso-

ciated with it. In addition, this chapter demonstrates the necessary equations for analysing

operational characteristics of the designs. The ability to use two-dimensional plasmonic

materials, such as graphene and MoS2, as plasmonic materials in spaser setups is de-

scribed in Chapter 4. This chapter presents permittivity models that are associated with

each plasmonic material with derivations of equations. Moreover, it provides details of

the developed framework to analyse two-dimensional resonator based spaser configura-

tions.

Chapter 5 illustrates the configuration and the operational characteristics of an electri-

cally pumped, circular graphene spaser with a quantum cascade well as the gain element.

This chapter also discusses the ultra-fast dynamics of graphene based spasers, while con-

sidering different types of graphene, mono-layer graphene and bilayer graphene, which

demonstrates the dynamics of an un-doped graphene based spaser. Design considera-

tions of all the spaser configurations, their tuning capabilities and optimum configura-

tions are extensively described in the later sections of this chapter.

Furthermore, Chapter 6 reports a detailed study on a spaser that is based on Molyb-
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denum disulfide. This provides design guidelines along with a comprehensive analysis

of a vertical cavity surface emitting laser (VCSEL) pumped, circular, MoS2 based spaser.

Design guidelines for building spasers based on their applicability and output char-

acteristics are presented in Chapter 7. This chapter also includes a discussion of potential

real world applications of the proposed designs.

Finally, Chapter 8 concludes this thesis by presenting a summary of the major out-

comes and vital contributions of this research towards active plasmonic nano-sources

followed by a discussion of suggested future work.





Chapter 2

Theory of spasers

ASPASER, a non-diffraction limited configuration can be used as a coherent surface

plasmon (SP) source, amplifier, or modulator. Unlike a laser, its critical dimen-

sions are much smaller than half of its operating wavelength (≪ λ/2), and is typically, in

the order of a few nanometres to hundreds of nanometres (from ∼ 10 nm to ∼ 100 nm).

Moreover, miniaturised nanoplasmonic systems in the nanometre scale (e.g. hundreds of

nanometres) are being developed with plasmonics. A spaser, as the nanoplasmonic coun-

terpart of a laser, shares many common structural components with a laser resonator.

Similar to a laser, a spaser is made by coupling a nanoparticle (resonator) to a gain (ac-

tive) medium; photons are replaced by surface plasmons (SP) and the cavity is replaced

by a nanoparticle [6, 61]. A spaser must compensate for the intrinsic optical losses in the

plasmonic resonator with energy received from an external source via its gain element,

which is then transferred non-radiatively to the resonator [6,19–21]. Some optical modes

of the resonator, which also overlap with the SP‘s eigenmodes of the plasmonic nanosys-

tem, survive this process and are responsible for the spaser field [17–19]. Further details

are provided in the following sections.

2.1 Design and components

A spaser consists of a nano-resonator, a gain medium, and a pumping source, which can

be either electrically or optically pumped. The schematic diagram of the components and

the basic operational principle of a simple spaser is shown in Figure 2.1. Plasmons are

generated on the surface of the nano-particle. A set of material parameters should be

11
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Figure 2.1: Main components and operation of the spaser.

satisfied for plasmons to exist on a nanoparticle:

Re(ϵm) < 0 , Im(ϵm) ≪ −Re(ϵm) , (2.1)

where ϵm is the complex permittivity of the nanoparticle which depends on it’s operating

wavelength. The most popular plasmonic materials used for spaser designs are gold, sil-

ver, aluminium and graphene. This thesis introduces the use of a new potential material

for spaser designs as an alternative to graphene, molybdenum disulfide (MoS2). In terms

of the dimensions of the nanoparticle, the size of the resonator can be a few nanometers

to few hundreds of nanometers. The size of the nanoparticle is limited by its non-locality

radius lnl = VF/ω where, VF is Fermi velocity of electrons in the metal and ω is plasmon

frequency, which is approximately one nm for noble metals such as gold and silver. The

wavelength of the generated SPs depends on the size of the particle and further details

are described in Chapter 4. To overcome losses associated with the plasmonic resonator,

an active medium containing excited atoms must be placed near the resonator.

The most commonly used active mediums are quantum-dots, rare earth-ions, dye-

molecules, nano-wires, quantum-wells and carbon nanotubes. Excited atoms in the ac-

tive medium transfer energy non-radiatively to the plasmonic resonator and generate

sustainable SPs. As the excited atoms are reduced to their ground state, releasing their

energy to the plasmonic resonator, a continuous pump source is required to excite the

atoms and provide continuous gain. Thus, an external pumping source is required to

achieve continuous operation of the spaser. The pumping source excites the atoms. Two
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main pumping mechanisms used in spaser designs are optical and electrical pumping. A

laser that matches the frequency with the absorption of the active medium can be used

as the optical pumping source, and a quantum well can be powered electrically via elec-

trodes similar to semiconductor lasers.

2.2 Operation principles of a spaser

The concept of achieving plasmonic gain in a nanoparticle by stimulated emission was

introduced by Bergman and Stockman in 2003 [6]. In plasmonic gain, the excited active

medium of the spaser transfers energy non-radiatively to a closely positioned resonator

to excite its localised plasmonic modes. Bergman and Stockman claimed that the SPs that

initially existed in the system stimulate the active medium and multiply the number of

generated SPs which is known as spasing. These systems generate intense, coherent and

localised plasmonic fields that can be confined to a nanometric scale. During the oper-

ation of a spaser, electrons undergo several transitions. The energy flow diagram of a

simple spaser configuration is shown in Figure 2.2.

Gain Medium

Excitons Plasmons

Nanoparticle

e-h pairs

Nonradiative 

energy 

transfer

Figure 2.2: Energy transitions of a spaser.

Due to energy provided externally either by optical pumping or electrical pumping,

an electron shifts to its higher energy state (blue arrow) and emanates back to a transi-

tional state (yellow arrow) becoming an exciton. These excitons release energy and return

to ground energy level emitting energy to the plasmonic resonator (red arrows). The non-

radiatively transmitted energy generates plasmons in the nanoparticle and these excited
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plasmons that are already in the resonator stimulate the gain medium and start a feed-

back mechanism to sustain the spasing phenomenon.

2.3 Background theory

A nano-system made of metal or semiconductor inclusions entrenched in a dielectric host

was analysed by Stockman et. al. [21], which demonstrates that, the plasmonics modes

[Ek(r)] of the resonator can be derived from,

∇ · [Θ(r)− Sn]∇Ek(r) = 0 , (2.2)

where Θ(r) = 1 inside the inclusions and 0 outside the inclusions and is called the char-

acteristics function. Moreover, the SP mode frequency ωn that satisfies S(ωn) = Sn, S(ω)

is the Bergman‘s spectral index, which has the following form:

S(ω) = [1 − ϵm(ω)/ϵd]
−1 (2.3)

where, ϵm(ω) is the wavelength dependent complex permittivity of plasmonic material

and ϵd is the permittivity of the surrounding dielectric. These SP frequencies are complex,

ω = ωn − iγn, with the real frequency ωn and relaxation rate γn. The SP lifetime is one

of the major parameters for the continuous operation of the spaser. For weak relaxation,

(γn ≪ ωn), ωn satisfies the relationship of:

Re[s(ωn)] = sn , (2.4)

and the amplitude of the spontaneous decay rate of SPs (γn) at frequency ωn is de-

rived by:

γn(ωn) = Imϵm(ωn)

[
∂Reϵm(ωn)

∂ωn

]−1

. (2.5)
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A spaser is considered as a simple harmonic oscillator that has a Hamiltonian (H) of:

H = ∑
n

h̄ωn

(
a†

nan +
1
2

)
, (2.6)

where a†
n and an are plasmon creation and annihilation operations respectively and h̄ is

the reduced Planck’s constant. Moreover, the threshold gain (gth) required for spasing at

frequency ω was studied and has the following form,

gth =
ω

c
√

ϵd

Re[s(ω)]

1 − Re[s(ω)]
Im[ϵ(ω)] , (2.7)

where c is the speed of light, ϵd is the permittivity of the surrounding dielectric, and s(ω)

is the Bergman’s spectral index.

2.4 Insight in to the history of spasers

2.4.1 Theoretical work on spasers

The work of Bergman and Stockman constitutes the initial theoretical discussion of spasers.

Their initial design consisted of a V-shaped, nano sized metallic inclusion with an active

medium (QDs). The proposed V-shaped spaser is shown in Figure 2.3.

(a)

Figure 2.3: a) Spaser made of V-shaped metallic inclusion surrounded by quantum dots.
b) Electric field output of the system for energy h̄ωn = 1.18 eV [6].

The V-shaped metal particle is surrounded by two-level quantum emitters. This
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spaser does not emit light as it transfers energy to the metallic nanoparticle non-radiatively

and is transformed into the quasi-static electric field energy of SPs.

Over the past decade, there has been increased interest in spasers due to their un-

precedented properties. As described in Section 2.1 little analysis has been done on elec-

trically pumped spasers. An electrically pumped plasmonic semiconductor nanolaser

based on a metallic bowtie structure is described in reference [25] and shown in Fig-

ure 2.4. In the design, the curvature effect of the bowtie tips provides added field en-

Figure 2.4: Electrically pumped bowties spaser design powered by a) Quantum dots b)
Multiple quantum wells (MQW) [25].

hancement between the bowtie gap and further reduces the modal volume. Hence, the

size of the active region can be reduced, significantly decreasing the threshold operating

current. In addition, the field enhancement, which occurs because of the small modal

volume at the gap may overcome the material and radiation losses by increasing both

spontaneous and stimulated emission rates thus making the spasing action possible.

An investigation into surface plasmon amplification in a silver nanoparticle coupled

to an externally driven three level gain medium was conducted by Konstantin et al. [62].

They demonstrated that, quantum coherence significantly enhances the generation of

SPs. Surface plasmon amplification by stimulated emission of radiation was accom-

plished in the absence of population inversion on the spasing transition. This process

decreased the pumping requirements of the design. Additional degrees of freedom for

the control of quantum dynamics were achieved with this scheme using a coherent drive.

Several models have been developed over the past two decades to analyse the perfor-
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mance of spasers, including an exact solvable quasi-classical model for a spaser [26]. A

medium with nonlinear permittivity and negative losses was used as the gain medium

and the main features of the spaser were demonstrated within the study. A self-oscillating

state (spasing), arising without an external driving field if the pumping exceeds some

threshold value was considered in this analysis. Synchronization of a spaser by an exter-

nal field within the Arnold tongue, and the possibility of compensating for Joules losses

(when the pumping is below threshold) were also analysed and described in this study.

A few possible applications of spasers have been analysed in recent studies and a set

of nano-antennas made of spasers was theoretically analysed by Zhong et al. [63]. The de-

vice was made of a plasmonic nano-antenna embedded with an active medium and the

model was treated semiclassically. The model was incorporated with four-level atomic

rate equations including the classical oscillator model for the active medium. A large

Purcell factor and low absorption loss leading to a low threshold spaser, are advantages

of nano-antennas made of spasers. Operating characteristics, including enhancement of

the local electric field, gain, the saturation phenomenon and the lasing threshold were

discussed using the developed theory.

Furthermore, a theoretical model for electrically pumped spasers was analysed by

Dabing Li and Mark Stockman [17]. The design used quantum wires to provide energy

to the active medium, and the analysis investigated extreme quantum limits. Gold, sil-

ver, and aluminium nanoparticles were considered for the analysis and silver particles

produced productive output with a lower current threshold and higher mode energies

compared to the other materials considered.

2.4.2 Experimental realisations of spasers

An experimental demonstration of stimulated SP emission using a spherical gold nanopar-

ticle surrounded by dye-doped silica has been recorded as the first practical implemen-

tation of the spaser [27]. the design is shown in Figure 2.5.

A gold nanoparticle with a 44-nm diameter and a dye-doped silica shell were used
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Figure 2.5: a) Schematic of the first experimental realization of spasers made of silver
nano particle surrounded by dye-doped silica. b) Normalized electric field output of the
spaser [25].

in the assembly, which allowed the proposed design to overcome the losses associated

with localised surface plasmons by inserting gain media, producing a spaser. This device

can support photonic modes at a wavelength of 531 nm due to optocoupling of surface

plasmon oscillation, and this is the first and smallest experimental nanolasers operate at

visible wavelengths.

A spaser that is made by inserting a gold-film plasmonic waveguide between opti-

cally pumped InGaAs quantum-well gain media is demonstrated in reference [64]. This

device supports transverse magnetic plasmon waves with gain narrowing. Furthermore,

it produces a mirror feedback provided by cleaved facets in a one mm long cavity fabri-

cated with a flip-chip approach. This spaser is readily applicable to electronic operations

on an integrated microchip.

Martin et al. [28] demonstrated lasing in metal-insulator-metal (MIM) waveguides

filled with electrically pumped semiconductor cores, with core width below the diffrac-

tion limit. Furthermore, these waveguides propagate a transverse magnetic (TM), which

is referred to as gap plasmon mode. Hence, losses in sub-wavelength MIM waveg-

uides can be overcome to create small plasmon mode lasers at wavelengths near 1500nm.

Transverse electric (TE) modes were supported in approximately 310 nm wide semicon-

ductor cores at room temperature.

An experimental demonstration of nanometre-scale plasmonic lasers, which gener-
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ated optical modes that are one hundred times smaller than the diffraction limit, is pre-

sented in [29]. The design is a nanolaser made of a hybrid plasmonic waveguide. This

nanolaser consists of a high-gain cadmium sulphide semiconductor nanowire which is

separated from a silver surface by a five nm thick insulating gap. Due to strong mode

confinement of the laser, an emission enhancement of the nanowire’s exciton sponta-

neous emission rate up to six times was observed . In addition to these conditions, a

lower lasing threshold was achieved. Lower operating threshold of the laser was clar-

ified by the direct measurements of an emission lifetime. Down-scaling of the lateral

dimensions of both the device and optical mode were demonstrated due to the lack of a

cut off for the plasmonic modes. The schema of the design is shown in Figure 2.6:

Figure 2.6: Schematic diagram of the two dimensionally confined spaser from [29].

Ren-Min et al. [30] presented a room-temperature semiconductor sub-diffraction-limited

laser. This system was designed by adopting total internal reflection of surface plasmons

to mitigate the radiation loss. Furthermore, strong light confinement with low metal

losses were achieved using hybrid semiconductor-insulator-metal nanosquares. High

cavity quality factors, approaching 100, along with strong λ/20 mode confinement were

reached, leading to enhancements of spontaneous emission rates by up to 18-fold. Single-

mode lasing was achieved by controlling the structural geometry due to the reduced

number of cavity modes. The electric field of this spaser was confined to all three dimen-

sions.
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2.4.3 Spasers made of graphene

Graphene is a promising material that has extraordinary optical properties in addition to

properties such as mechanical strength and thermal stability. Graphene is a two dimen-

sional form of carbon. thus, it contains properties that are inherent to carbon. Further-

more, doping would affect the optical properties of graphene, such as frequency depen-

dent optical conductivity [5, 33, 34, 44]. Due to the high electron mobility of graphene,

doped graphene demonstrates plasmonic properties with high quality factors [33, 34].

Graphene provides an opportunity to obtain coherent optical fields of an extremely high

concentration and intensity because of the unprecedented tight localisation of local plas-

monic fields [5, 22, 33, 34, 44–46]. Therefore, much research has focused on graphene

spasers to improve performance.

The amplification of SPs in a doped graphene nanoribbon was proposed in refer-

ence [65]. Due to the non-radiative excitation by emitters, the plasmons in the THz region

could be generated in a doped graphene nanoribbon. The active medium was modelled

as a two-level quantum generator. Furthermore, the minimal population inversion per

unit area, needed for the net amplification of SPs in a doped graphene nanoribbon was

obtained. The dependence of the minimal population inversion on the surface plasmon

wavevector, the graphene nanoribbon width, and the doping and damping parameters

that are necessary to amplify surface plasmons in an armchair graphene nanoribbon were

studied in the analysis.

In addition, a spaser based on carbon was proposed by Rupasinghe et al. [22]. A

square graphene flake was used as the resonator and a carbon nanotube was used as

the gain element. This theoretically demonstrated the ability to transfer energy non-

radiatively from an excited carbon nanotube to a graphene sheet . Localised plasmon

modes, mode energy alterations, the quality factor and the threshold gain required for

continuous spasing were analysed. The plasmon generation rate was also examined un-

der this analysis. The schematic diagram of the design is shown in Figure 2.7.
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Figure 2.7: Schematic diagram of the proposed spaser made of an optically pumped car-
bon nanotube located above a square graphene nanoflake resonator [22].

There are several materials that can be used as a gain medium for a spaser, such as

quantum dots, quantum wells, rare earth ions, and carbon nanotubes. A spaser pow-

ered by a quantum cascade well was theoretically modelled by Apalkov and Stockman

in 2014 [19]. The schematic diagram of the proposed graphene nanospaser is shown in

Figure 2.8. The design supports plasmons with a higher quality factor because of the in-

Figure 2.8: Schema of a graphene quantum cascade nanospaser: monolayer graphene
nanopatch on top of a stack of quantum cascade wells and electrodes for electric pump-
ing [19].

herent properties of graphene. In addition, it has more advantages than other nanolasers,
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because of the features of its quantum-cascade-well structure, such as its thermal and me-

chanical stability and ease of tuning. The device can be operated in the Mid-IR range and

may be an ideal nanoscale optical source in optoelectronics.



Chapter 3

Quantum mechanical model of a
spaser

AQANTUM mechanical model of a simple spaser based on a circular resonator is

discussed in this chapter. A simple spaser configuration consists of two main

subsystems, a plasmonic subsystem and a gain subsystem. Here, the gain subsystem is

treated quantum mechanically and the plasmonic subsystem is treated quasi classically.

3.1 The Hamiltonian of a spaser

The Hamiltonian of a spaser consists of three components: the Hamiltonian of the gain

system (Hg), the plasmonic system (Hpl), and the interaction Hamiltonian (Hint).

H = Hg + Hpl + Hint(t) , (3.1)

The Hamiltonian of the two-level gain medium can be expressed in bra-ket notation as:

Hg = h̄ ∑
j=1,2

ωjg | jg⟩⟨jg | . (3.2)

In addition, the corresponding Hamiltonian of the plasmonic system can be expressed

as:

Hpl = h̄ ∑
n

ωpln â†
n ân , (3.3)

where, â†
n, and ân are SP creation and annihilation operators respectively. To calculate the

emissions under resonance excitation, it is sufficient to explicitly consider the interaction

23
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operator Hint. The interaction Hamiltonian can be obtained as follows [1, 21],

Hint = ∑
p
−Esp(rp)d(p) , (3.4)

where, rp is the position of pth gain chromophore and d(p) is dipole moment of the two-

level system associated with the pth chromophore.

3.2 Motion equations

The motion equations of the spaser can be derived considering their interaction picture

Hamiltonian. The relationship between the population inversion of the gain medium

and the corresponding density matrix elements associated with the energy transitions

between gain and plasmonic subsystems are obtained using the density matrix formalism

related to laser physics [21]. Hence, the plasmon creation operator is explained by:

ânp = a0npe−iωt , (3.5)

where, a0np is a slow varying amplitude and the number of SPs generated per SP mode

is obtained from Nnp = |a0np|2. Then, considering the ρ(p) as the density matrix of a

pth chromophore and using Liouville’s equation dρ
dt = i

h̄

[
p̂, Ĥ

]
, the motion equations

associated with the configuration are explained. Standard rotating wave approximation

(RWA) is also considered. In this procedure, high frequency oscillations were omitted

and the resonance between the gain system and the resonator was taken into accounted

for. A rate constant, a polarization relaxation time (Γ12) is introduced and population

inversion between the excited level and the ground level is considered as n21 = ρ22 − ρ11.

Therefore, the equation of the motion for the non-diagonal element of the density matrix

(ρ12) is derived as the following equation:

dρ̃12

dt
= −[i∆12 + Γ12]ρ̃12 + in21Ω12 (3.6)
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where, Ω12 is the single plasmon Rabi frequency and ∆12 = ω − ω12. The single plasmon

Rabi frequency has the following form.

Ω12 = −Enpd(p)
12 ∇φnp(rp)/h̄ . (3.7)

By careful design, d12 can be made real, resulting in a real value for Ω12.

Similarly, by considering the Liouville’s equation above, a motion equation for the

population inversion (n21) is derived using the diagonal elements of the density matrix

(ρ11 and ρ22).
dñ12

dt
= −4i(ρ̃12Ω12)− γ2(1 + ñ21) + g(1 − ñ21) , (3.8)

where, g is the pump rate of the external source which pumps the atoms from the ground

state |1⟩ to the excited state |2⟩ and γ2 represents the decay rate for the |2⟩ → |1⟩ transi-

tion. By adding the SP relaxation rate γnp, the motion equation for the stimulated emis-

sion of the SPs is obtained as:

da0np

dt
= (i∆np − γnp)a0np + i ∑

p
ρ̃12Ω12 (3.9)

where, ∆np = ω − ωsp. γnp is a frequency dependent parameter that also depends on the

material of the resonator and can be calculated from its permittivity as described in the

equation 2.5

3.3 Continuous wave (CW) operation

Considering equations (3.6)-(3.9), the equations for the continuous wave (CW) operation

of the spaser can be obtained as follow:

(γnp + Γ12)
2

γnpΓ12[(γnp + Γ12)2] ∑
p

∣∣Ω̃12
∣∣2 n21 = 1. (3.10)
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n21 =
g − γ2[

g + γ2 +
4Nnp|Ω̃12|2

(Γ12+γnp)

∆2+(Γ12+γnp)2

] . (3.11)

Moreover, the spasing frequency ωsp can be derived by:

ωsp =
γ21ωsp+Γ12ωnp

γnp + Γ12
(3.12)

Given the population inversion (since, n21 ≤ 1) of the spaser and the motion equa-

tions described by equations 3.6 with 3.8, a condition for continuous spasing can obtained

as [18, 21],
(γn + Γ12)

2

γnΓ12[(ω12 − ωsp)2 + (γn + Γ12)2] ∑
k
|Ω12|2 ≥ 1 , (3.13)

at resonance ω12 = ωsp, therefore, a necessary condition for spasing in a spaser can be

obtained accordingly. The necessary conditions for each design that is considered in this

thesis are described extensively in Chapter 5 and Chapter 6.

The number of SPs generated per unit time is another important parameter of a

spaser. A design can be optimised to achieve higher SP generation rate according to

the required specifications. Furthermore, the plasmon excitation rate of a spaser can be

obtained from the following equation [22, 24],

ℜpl,k = αω2
sp

γ2p

γ2
2p + (ω12 − ωsp)2

| d(L)
13 |2

n

∑
j=4

| d(K),j12 |2 . (3.14)

where, α is the normalisation constant, and d(K),j12 is the dipole matrix element that cor-

responds to the energy transition between the gain system and plasmonic nano-resonator.

d(L)
13 is the corresponding matrix element for the transition between the pump and the

gain system.



Chapter 4

Two-dimensional resonator-based
spasers

TWO dimensional materials such as graphene and molybdenum disulfide have re-

ceived attention from the researchers and opto-electronics industry during the past

decade due to their optical properties. As described in Chapter 1, plasmonic properties of

a spasers are based on its nano-resonator materials parameters and mainly on the wave-

length dependent complex permittivity. Compared to other plasmonic materials such as

gold and silver, doped graphene and molybdenum disulfide show improved plasmonic

properties due to their desirable dispersion relation. Doping can also be used to tune the

plasmonic characteristics of the materials unlike gold and silver.

4.1 Two-dimensional plasmonic materials

In addition to graphene and molybdenum disulfide, black phosphorus is an alterna-

tive plasmonic material with numerus plasmonic applications, such as ultra-thin nano-

circuitries and on-chip designs. These two-dimensional materials can be used in plas-

monic applications effectively since they can interconnect with other optical intercon-

nections owing due to their two-dimensional geometry. In this chapter, the plasmonic

characteristics of graphene and MoS2 and their applicability to spaser designs are de-

scribed.

27
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4.1.1 Graphene

Graphene, a two-dimensional form of carbon in which the atoms are arranged in a hon-

eycomb lattice, offers many advantages such as mechanical strength, chemical stability

and thermal stability [22, 33]. The most striking feature of graphene is that doping has

a strong effect on the optical properties [5, 33, 34, 44]. Due to the high electron mobility

of graphene, doped graphene possesses plasmonics properties with high quality factors

[33, 34]. Moreover, graphene provides the opportunity for obtaining coherent optical

fields of extremely high concentration and intensities because of the unprecedented tight

localisation of local plasmonic fields [5, 22, 33, 34, 44–46].

A circular graphene flake with a finite radius accommodates coherent, localised plas-

mon modes due to the properties of graphene [33, 34]. The plasmonic properties of

graphene are based on its frequency dependent optical conductivity, which can vary

widely at different infrared frequencies (0.75µm - 10µm). These properties are derived

from both intraband and interband contributions. At low doping limts (i.e. 0 < EF ≪

h̄ω), the interband transitions contribute significantly at higher frequencies. At high

doping levels (i.e. h̄ω ≪ EF), intraband transitions become dominant [34, 66]. There-

fore, it is necessary to consider intraband and interband contributions when estimating

the dynamic optical conductivity of graphene. In this study, both of the transitions were

considered to analyse the model, using the Kubo formulas:[34, 66]

σintra(ω) =
ie2

0|EF|
πh̄2(ω + iτ−1)

, (4.1)

where e0 is the charge of an electron, EF is the Fermi energy, h̄ is the reduced Planck’s

constant, ω is the angular frequency of the mode and τ is the intrinsic relaxation time of

carriers at 300 K with an experimentally measured value of 4 × 10−13 s [67]. Interband

conductivity is also approximated as [66, 68],

σinter(ω) =
ie2

0
4πh̄

ln
(

2|EF| − (ω − iτ−1)h̄
2|EF|+ (ω − iτ−1)h̄

)
. (4.2)

These expressions are the Drude model for graphene.
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From equations (4.1) and (4.2), two-dimensional (2D) graphene conductivity is ob-

tained as follows:

σ2D(ω) = σintra(ω) + σinter(ω) , (4.3)

σ3D(ω) = σ2D(ω)/d . (4.4)

Equation 4.4 is used to obtain the conductivity of a three-dimensional graphene flake,

where d is the thickness of the flake. Then, the permittivity of the material can be obtained

with:

ϵ(ω) = ϵ0

(
1 +

iσ3D

ωspϵ0

)
, (4.5)

where ϵ0 is the permittivity of the vacuum and ωsp is the wavelength of the correspond-

ing SP mode. The conductivity of graphene structures is dependent on the thickness of

the layers.

This study considered two main graphene structures, mono-layer graphene (MLG)

and bi-layer graphene (BLG). MLG can be formed by a single layer of graphene or two

identical layers of graphene without considering energy binding between two layers (i.e.

avoiding tunnelling effects) [69]. BLG is formed using two perfectly aligned and tightly

bonded graphene layers (layer thickness is less than the MLG); tunnelling between two

layers also has been considered [69]. the conductivity of MLG has a similar form to

that explained in the previous section and is further explained by from the equations

described in the following sections.

4.1.1.1 Mono-layer graphene (MLG)

Although, graphene is typically an atomic thick layered material. double layer graphene

can be designed by using two identical graphene single layers that act separately without

having any interactions between layers (thickness of the layers ≈ 0.46 nm). This scenario



30 Two-dimensional resonator-based spasers

+ζ

-ζ

E(k)

k

+ζ

-ζ

E(k)

g(E)

E
F

E
F
<ζ

-ζ

E(k)

g(E)

E
F

E
F
>ζ

a) b) c)

Figure 4.1: a) E-K diagram of Mono-layer graphene with allowed transitions. b) Energy /
transition diagram when the Fermi level is lower than the energy gap between two layers
(EF < ς). c) Energy / transition diagram when the Fermi level is higher than the energy
gap between two layers (EF > ς).

is modelled by the bulk graphene conductivity formula and derived as:

σMLG(ω) =
ie2

0
πh̄

{
|EF|

h̄(ω + iτ−1)
+

1
4

ln
[

2|EF| − h̄(ω − iτ−1)

2|EF|+ h̄(ω − iτ−1)

]}
, (4.6)

corresponding energy diagrams are shown in Figure 4.1. This figure demonstrates that,

there is no possible allowed transitions when the Fermi level stays in the middle of the

energy gap (intrinsic graphene). When the material is sufficiently doped, either electro-

chemically or electrostatically, the system provides a set of allowed transitions as illus-

trated by the green arrows in the diagram. Thus, intrinsic mono-layer graphene does not

provide plasmon resonance at zero doping.

The real component and imaginary components of the complex permittivity of MLG

with respect to wavelengths from 600 nm to 3000 nm for different doping levels are

shown in Figure 4.2 and figure 4.3 respectively. These figures demonstrate that for high

doping limits, graphene satisfies the necessary condition of existing plasmon resonance

at low wavelengths. lower doping limits, such as 0.1 eV, plasmon resonance can ob-

tained at higher wavelengths (>2000 nm). However, At the zero doping level, mono-

layer graphene acts as an insulator.
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Figure 4.2: Real values of complex permittivity of mono-layer graphene with respect to
wavelength for varying doping levels.

0.1 eV

0.3 eV

0.4 eV

0.8 eV

MLG

0

0.3

0.6

0.9

1000 1500 2500
Wavelength [nm]

R
el

at
iv

e 
P

er
m

it
ti

v
it

y
 (

Im
ag

in
ar

y
)

2000

Figure 4.3: Imaginary values of complex permittivity of mono-layer graphene with re-
spect to wavelength for varying doping levels.
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Figure 4.4: a) E-K diagram of bi-layer graphene with allowed transitions. b) Energy /
transition diagram when the Fermi level is lower than the energy gap between two layers
(EF < ς). c) Energy / transition diagram when the Fermi level is higher than the energy
gap between two layers (EF > ς).

4.1.1.2 Bi-Layer Graphene (BLG)

Similar to MLG, an equation for precisely aligned BLG can be obtained and was recently

demonstrated in reference [69].

σBLG(ω) =
ie2

0
2πh̄

{
|EF + ζ|+ |EF − ζ|

h̄(ω − iτ−1)

}
+

ie2
0

8πh̄

{
ln
[

2|EF + ζ| − h̄(ω − iτ−1)

2|EF + ζ|+ h̄(ω − iτ−1)

]
+ ln

[
2|EF − ζ| − h̄(ω − iτ−1)

2|EF − ζ||+ h̄(ω − iτ−1)

]}
. (4.7)

The conductivity of the BLG is a composition of its monolayer characteristics deviated

from the difference of the energy gap between tightly bonded layers (σMLG(ω − ς) and

σMLG(ω + ς)). The layer thickness of BLG typically stays around ≈ 0.36 nm.

In Figure 4.4, allowed transitions in intrinsic BLG (green arrows) are visible, indi-

cating that plasmons can be generated on the surface without doping the material. This

condition is important because some of the spaser applications, such as biomedical appli-

cations, required to have non-toxic compounds. For that reason, the plasmonic resonator

can not be doped. Therefore, the introduction of BLG is an ideal solution for creating

bio-friendly spaser designs.
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Figure 4.5: Real values of complex permittivity of bi-layer graphene with respect to wave-
length for varying doping levels.
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Figure 4.6: Imaginary values of complex permittivity of bi-layer graphene with respect
to wavelength for varying doping levels.
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The real component and imaginary components of BLG‘s complex permittivity with

respect to wavelengths vary from 600 nm to 3000 nm for different doping levels are

shown in Figure 4.5 and Figure 4.6 respectively.

According to Figures 4.2 - figure 4.6, in contrast to MLG, BLG has a random pattern

of permittivity regarding doping limits due to the energy separation between BLG lay-

ers [69].

The permittivity equations above were used to model the graphene based spaser de-

signs described in this thesis. Plasmon resonance frequency has non linear relationship

with its geometrical parameters. In the graphene flakes considered in this study, the res-

onance frequency was tailored by varying the doping level and the radius of the flake.

Resonance wavelengths of the resonators were found by modelling graphene in COM-

SOL Multiphysics and CST Microwave Studio. The resonance wavelengths obtained for

different resonators can be found in Appendix A

4.1.2 Molybdenum disulfide

Molybdenum disulfide (MoS2) has emerged as one of the biggest contenders for a graphene

alternative with many unique optical and electrical properties [1–3]. Unlike graphene,

MoS2 consists of massive electrons. Therefore, the mobility of the electrons is lower

than that of the electrons in graphene. However, MoS2 can accommodate many elec-

trons within the layers and can achieve improved optical properties. Having a bandgap

is another advantage of using MoS2 (graphene does not have a bandgap).

Many experiments have been conducted to obtain the characteristics of the dielec-

tric properties of MoS2 and analyse the optical responses of MoS2 layers at IR and the

visible wavelengths. These experiments show that, the complex permittivity of MoS2

can be modelled by a Lorentz-Drude model [32, 70, 71] and obtained from the following
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equation [32]:

ϵ(ω) = ϵ′ + iϵ′′ = ϵb −
ω2

p

ω2 + iγω
, (4.8)

where, ϵb is the surrounding permittivity, ωp is the plasma frequency, γ is the electron de-

cay rate of the material and ω is the operating angular frequency. The plasma frequency

can be calculated by ωp =
√

Ne2/(ϵ0m∗
e ) and γ is calculated from γ = 1/τ = ne2/(σm∗

e ),

where, τ is the scattering time of an electron, σ is the conductivity of the material which

depends on the doping level of the material and m∗
e is the effective mass of the carriers.

4.1.3 Other potential materials

Silver and gold are the most frequently used materials for making nano-resonators of

spaser designs owing to their plasmonic properties. Although the most frequently used

geometry is the sphere, shapes, such as rods, shells, and rectangular prisms can also be

used in spaser designs. In addition to two-dimensional materials such as graphene and

MoS2, the design can be made of two-dimensional generic material such as plasmene,

an artificial graphene analogue from plasmonic nanoparticles [56]. Black Phosphorus is

also a potential plasmonic material [57, 58, 72–75]. Therefore, this study can be extended

to Black Phosphorus based nano-resonators to improve performance. Unlike graphene,

Black Phosphorus consist of a band gap and has more potential plasmonic applications

than spasers.

4.2 Equations of a circular spaser

A circular resonator has different characteristics than other shapes such as square and

rectangular resonators in terms of the resonant frequency, SP mode energy and electric

field amplitude (explained in Section 4.2.1). Due to their shape, circular resonators pro-

vide higher mode confinement at the middle of the resonator and higher electric field

amplitude than widely studied square resonators. A circular resonator with a finite ra-

dius supports a set of localised plasmon modes and can be derived with the eigenmode

(equation 2.2) and Bergman’s Spectral Index (equation 2.3) described in Section 2.3. Con-
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sidering the resonator surface and the surrounding, for both the values of characteristic

function Θ(r), the equation (2.2) simplifies to ∇2Ek(r) = 0, which is the Laplacian [76].

For cylindrical coordinates, the Laplacian becomes:

1
ρ

∂

∂ρ
(ρ

∂Ek

∂ρ
) +

1
ρ2

∂2Ek

∂ϕ2 +
∂2Ek

∂z2 = 0 . (4.9)

Given the appropriate boundary conditions for a circular resonator with a finite radius,

plasmon modes of the resonator can be obtained if the electrical field have the following

form in a cylindrical coordinate system:

Ek =



Ez+

Eρ+

Eϕ+

Ez−

Eρ−

Eϕ−



=



Enp Jn(kρρ) cos(nϕ)e−kzz,

− kz
k2

ρ
Enp

∂
∂ρ [Jn(kρρ)] cos(nϕ)e−kzz, z ≥ 0

nkz
k2

ρρ
Enp Jn(kρρ) cos(nϕ)e−kzz,

Enp Jn(kρρ) cos(nϕ)ekzz,
kz
k2

ρ
Enp

∂
∂ρ [Jn(kρρ)] cos(nϕ)ekzz, z < 0

− nkz
k2

ρρ
Enp Jn(kρρ) cos(nϕ)ekzz.

(4.10)

where each mode is characterized by two letters (n, pϵZ+). Enp is the amplitude of the

electric field towards the z-direction, kz is the wave vector towards the z-direction, and

Jn is the nth order Bessel function of the first kind.

Researchers have recently found that edge modes appear when the width of a graphene

sheet is relatively small compared to its length (e.g. nanoribbons) but not in geometries

such as circles and squares as clearly described in [77–79]. In addition, the radial compo-

nent of the electric field is negligible compared to other components (described below)

and it does not excite significant electric fields at the edges of the graphene flake due to

reflections at the boundary. Therefore, edge modes in the circular graphene sheet can

be discarded safely. Since, Ek vanishes at the edge of the circle, by applying appropriate

boundary conditions, kρ = χnp/R, where χnp is the pth solution of Jn(χnp) = 0 is ob-

tained, where R is the radius of the circular flake.
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By considering realistic parameters, the values of k2
ρ in equation (4.10) are in the range

of 1014 − 1015 and the values of kz are estimated to be in the range of 106 − 109 m−1, de-

pending on the operating wavelength of the device. Therefore, the magnitude of the

radial component of the electric field (Eρ) is relatively small compared to other compo-

nents. Moreover, due to the azimuthal symmetry of the design and the deployment of the

cylindrical coordinate system, the Eϕ component vanishes. Thus for greater insight and

clarity, only the Ez component of the electric field can be considered as an approximate

representation of the electric field in the device.

The quantised plasmonic field can be obtained by considering plasmon creation (â†
k)

and annihilation (âk) operators of the dipole SPs described in Section 3.2. Thus, the elec-

tric field operator can be defined as:

Ê = ∑
k

Ek(â†
k + âk) . (4.11)

Using the Brillouin expression for the mean field energy in a dispersive medium [19] and

the form of electric field defined in equation (4.10), the unknown electric field amplitude

Enp of the npth plasmonic mode was determined as,

h̄ωsp

2
=

1
8π

∫
v

∂Re[ωϵ(ω)]

∂ω

∣∣∣∣
ωsp

|Ek|2dV , (4.12)

which yields,

Enp =

 4h̄ωspkz

∂Re(ωϵ(ω))
∂ω

∣∣∣∣
ωsp

∫ R
0 ρJn(

χnpρ
R )dρ


1/2

(4.13)

where
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∫ R

0
ρJn(

χnpρ

R
)dρ =



R2

2 [J0(χnp)2 + J1(χnp)2], n = 0

R2

2χnp
[χnp J(n−1)(χnp)2−

2nJ(n−1)(χnp)Jn(χnp)+ n ≥ 1

χnp Jn(χnp)2)] .

(4.14)

R is the radius of the resonator and χnp is the pth root of the nth Bessel function of the first

kind.

4.2.1 Comparison of square and circular graphene flakes

Thise study focuses on circular resonator based designs. In addition to the commonly

studied spherical design, the most commonly considered two-dimensional design is the

square shape. In this study, circular geometry was chosen to obtain an analytical model

for analysing the performances of the design. The two-dimensional spasers can be made

of any shape in addition to a square or circle. However, due to fabrication constraints,

some of the complex shapes are not applicable to spaser designs. An analysis was con-

ducted to compare the electric field output and mode energy variation of two types of

graphene spasers (square and circular) with different conditions for the fundamental

modes of the resonators.

Following the same steps used for the circular resonator and considering appropriate

boundary conditions for the square resonator, the electric field distribution (Es) of the

square resonator can be expressed as,

Es =

 Emn sin(mπx/L) sin(nπy/L)e−kzz, z ≥ 0

Emn sin(mπx/L) sin(nπy/L)ekzz, z < 0
(4.15)

where L is the side length of the graphene flake, m and n are positive integers, and x and

y vary from −L/2 to L/2. Using equations 4.12 and 4.15, the unknown amplitude Emn
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Figure 4.7: Analysis of variation of output electric field intensity of the circular spaser
(blue) and square spaser (red) geometries: a) Variation of the electric field intensity with
area of the flake for fermi energy 0.8 eV. b) and c) Electric field intensity with the variation
of spaser mode frequency from Mid-IR to Near-IR and fermi energy of the flakes from 0.1
eV to 0.9 eV respectively for circular resonator of 30 nm radius (R) and square resonator
with side length (L) of 30

√
π nm (A = 900π nm2). d) Electric field intensity distribution

for varying fermi energy from 0.1 eV to 0.9 eV for resonators with diameter (D) and side
lenght (L) of 60 nm.
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of equation (4.15) can be derived as,

Emn =

 16πh̄ωspkz

L2 ∂Re[ωϵ(ω)]
∂ω

∣∣∣∣
ωsp


1/2

(4.16)

The SP mode wavelength of a resonator is dependent on geometry and size of the res-

onator [22]. The mode frequencies of both resonators were determined by the COMSOL

Multiphysics Eigenmode Solver (see Appendix A for the results).

Figure 4.7 a) illustrates the electric field distribution of the fundamental mode of the

resonators which are presented in equations (4.13) and (4.16) with the variation in the

area of the flakes, while maintaining the Fermi energy of the flakes at 0.8 eV. For both

resonators, the output electric field intensity decreases when the area increases. For areas

that are considered, the electric field amplitude of the circular resonator (blue color line)

is higher than the square resonator.

Another important factor that must be considered when designing nano-circuitries is

the packing density of the proposed device. The device should provide more efficient

outputs with smaller dimensions. Figure 4.7 shows an analysis of the electric field dis-

tribution of the resonators. Figure 4.7 b) shows the variation of electric field distribution

with mode frequency. Here, equal area scenario (A = 900π nm2) for a circular flake with

a 30 nm radius and a square flake with a side length of 30
√

π nm was analysed for mode

frequencies varying from the Mid-IR range to the Near-IR range. Electric field amplitude

increases exponentially with the spaser mode frequency. Variation of the electric field

distribution of both the resonators for varying fermi energy from 0.1 eV to 0.9 eV, and for

equal area and equal dimension scenarios is shown in Figure 4.7 c) and Figure 4.7 d). In

Figure 4.7 d), a circular resonator with a 60nm diameter (D) was selected for comparison

with a square resonator that has a side length (L) of 60 nm. For both cases, electric field

increases when Fermi energy increases and the rate of electric field amplitude decreases

when fermi energy increases. For all four cases, the circular resonator provides more
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electric field intensity than the square resonator.

The results of the simulations demonstrate that the circular resonator supports higher

mode energies than the square resonator with similar dimensions. Therefore, the circular

resonator provides higher electric fields as shown in the Figure 4.7. Higher energy den-

sity in the middle of the circular resonator [5, 80] is also a reason for the higher outputs.

In addition to electric field amplitude, other resonator characteristics, such as plasmon

generation rate and number of SPs generated per spasing mode primarily depend on the

SP mode energy. Therefore, the design which provides higher SP mode energy provides

higher output in all the aspects. Moreover, for both of the flakes, the mode energy decays

when the size of the flakes increases. Since the circular graphene resonator provides more

energy and higher electric field intensity, it is useful for designing ultrafast nanocircuits.





Chapter 5

Graphene based spasers

H IGH-speed, ultra-thin nanodevices are integral to the development of miniatur-

ized electronic devices [1–3]. Due to many advances in micro fabrication technol-

ogy throughout the past two decades, it is now possible to fabricate ultra-thin structures

that operate in the quantum regime [2, 3]. Since the operating wavelengths of these de-

vices are much higher than their physical dimensions, they must work in the plasmonic

regime to overcome limitations imposed by diffraction artefacts [2, 3, 81, 82]. A spaser is

an ideal concept for overcoming those issues mentioned. In this chapter, in contrast to

widely analysed quadrilateral resonators, details of two-dimensional, circular, resonator

based spasers are analysed and described. This chapter also proves that the proposed ge-

ometry provides higher outputs compared to square and rectangular shapes, providing

adequate results based on simulation and analytical studies. This chapter also provides

details, such as continuous wave (CW) and dynamic responses of spaser designs based

on mono-layer and bi-layer circular graphene resonators.

5.1 Circular graphene spaser

After the experimental discovery of two-dimensional gated graphene in 2004 by Novoselov

et al. [83–87], miniaturised opto-electronic designs took a revolutionary step towards

realising efficient, strong, ultra-fast designs due to the surprising optical properties of

graphene described in Section 4.1.1. The use of graphene in spaser designs creates op-

portunities to design ultra-thin, ultra-fast, nano-scale opto-electronic circuits. This sec-

tion describes an electrically pumped, quantum cascade well powered spaser made of

43
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Figure 5.1: Schematic diagram proposed circular spaser made with a circular graphene
patch resonator that has an electrically pumped, quantum cascade well gain medium.

circular shaped doped mono-layer graphene (MLG).

5.1.1 Spaser Model

5.1.1.1 Design

The design that was adopted for the circular graphene spaser in this study is shown in

Figure 5.1. The design consists of a circular graphene nanopatch resonator which sup-

ports a set of plasmon modes powered by a quantum cascade well (active medium) [88–

90]. The electrodes were included to pump energy to the gain medium and a circular

graphene patch was selected for the properties, such as ease of fabrication and to obtain

analytical expressions for comparing the design with simulation results. The nanofab-

rication of such graphene disks have been demonstrated experimentally [91], which al-

lows the number of geometric parameters to be trduced without loss of generality. For a

given radius, R, the resonator supports a number of localised surface plasmon (SP) modes

with different wavelengths as shown in Figure 5.2. Those modes spatially and spectrally

overlap with the intersubband transitions of the active element and experience different

amounts of gain. The SP mode, which is in resonance with intersubband transitions of

the gain medium, receives the maximum gain and becomes the dominant mode of the
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spasing field.

Consequently, transitions between the subbands of the active medium generate co-

herent plasmons in the circular graphene sheet since the stimulated emission occurs in

the resonator. The coherence of the produced plasmons is an imperative characteristic of

the device. The required degree of coherence depends on the application; optoelectronic

applications typically require higher spatial and temporal coherence [92]. Furthermore

coherence properties of light confined in subwavelength structures can be found in the

literature [93, 94]. This analysis there can be readily extended to the current scenario,

demonstrating that both temporal and spatial coherence of the field can be maintained

provided stimulated emission occurs inside the cavity. The graphene structure positively

contribute to sustain coherence attributes in the cavity as discussed in references [34, 95].

The wavelength of the generated plasmons depends on the emission wavelength of

the intersubband transitions of the active medium. To obtain a specific mode with cor-

responding wavelength, it is necessary to change the flake radius, the Fermi level of the

flake and the wavelength of the transitions of the gain medium. The tunability of the

proposed design is discussed below.

5.1.1.2 Spaser modes and degeneracy

A circular graphene flake with a finite radius of 30 nm - 100 nm accommodates coherent,

localized plasmon modes due to the properties of graphene [33,34]. The plasmonic prop-

erties of graphene are based on its wavelength and dependent on optical conductivity,

which can be varied widely at infrared wavelengths (0.75 µm - 10 µm). It derives its prop-

erties from both intraband and interband contributions. Furthermore, the wavelength

dependent, complex permittivity of MLG can be obtained from equations 4.5 and 4.6.

Modes of the resonator also can be found using the SP eigenvalue equation (equation 2.2).

Considering appropriate boundary conditions for a finite circular graphene sheet
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Figure 5.2: Normalized electric field distribution of the six lowest energy modes sup-
ported by the circular graphene flake.

with a thickness of 0.46 nm, (derivations provided in the Section 4.2), localised plasmon

modes can be derived by assuming that the electrical field has the following form in a

cylindrical coordinate system:

Ek =


Ez+

Ez−

 =


Enp Jn(kρρ) cos(nϕ)e−kzz,

Enp Jn(kρρ) cos(nϕ)ekzz,

(5.1)

where each mode is characterized by two letters (n, pϵZ+). Enp is the amplitude of

the electric field towards the z-direction, kz is the wave vector towards the z-direction

and Jn is the nth order Bessel function of the first kind.

The normalized electric field distribution of the modes is obtained from equation (5.1)

and corresponding SP resonance wavelengths are found numerically with the use of

three-dimensional conductivity of the graphene sheet. The localised SP mode frequency

which is supported by a resonator is dependent on the shape and size of the resonator

[22].

Since graphene plasmons affect strong inherent, coherent plasmonic wave localisa-

tion and extreme light confinement [34], the circular graphene nano resonator supports

a series of localised plasmon modes as shown in Figure 5.2. These modes can be excited
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from an external source as described in following sections of this chapter. Since the gen-

erated plasmon modes are localised plasmon modes, they can be characterized in similar

manner to dielectric disk resonator modes [22,96]. Figure 5.2 shows the normalized elec-

tric fields of the six lowest energy modes supported by a circular MLG nanoflake with

30 nm radius. The letter ”M” represents the word mode,the first letter represents value

of n, and second letter represent the value of p. Figure 5.2 demonstrates that, due to the

symmetry of the flake, M11, M21, M31, and M12 are twice as degenerated, while carrying

the same mode energy [21, 24].

5.1.1.3 Quantum cascade well

The emission wavelength of the quantum cascade well is essentially determined by quan-

tum confinement, which depends on the thickness of the material and independent of

their band gap [81,97–103]. Based on the latter property, the emission wavelength can be

tuned over a wide range using the same material with different thicknesses. Moreover,

the thermal stability of the quantum well structure provides a tremendous advantage for

the design and operation [81, 89].

Figure 5.3(a) shows the energy profile of the conduction band of the quantum cas-

cade well and it is made of low-bandgap material (GaInAs) inserted between layers of

a higher-bandgap semiconductor (AlInAs) [88]. The horizontal lines indicate the low-

est energy subbands and the location of the energy level depends on the thickness of

the well. When the thickness of the hetero-structures is reduced to a nanometre scale,

quantum effects arise in the structure and separating the subbands. When the thickness

is reduced, the subband energy separation increased and this process is called bandgap

tailoring [104–108]. However, due to fabrication and operational constraints, a quantum

cascade well can provide emissions in the range of IR wavelengths. In the active region

of the quantum cascade well, electrons can undergo cascaded energy levels by emitting

energy to the circular graphene nanoflake resonator. The schematic diagram of the in-

tersubband transitions of quantum well is shown in Figure 5.3(b). The emission occurs

between quantised energy level for electrons E1 and E2 or for holes H1 and H2. These
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Figure 5.3: (a) Schematic diagram of the conduction band energy profile of the quantum
cascade well. (b) Schema of a quantum well and the intersubband transition between
lowest energy levels of electrons, E1 and E2, or for holes H1 and H2 in the well.

quantized energy levels can be changed by adjusting the thickness of the well through

altering the deposition time of the material [81, 89, 109]. The energy levels of an electron

can be determined using the following equation,

En =

(
h̄2π2

2m∗L2
w

)
n2 , (5.2)

where Lw is the thickness of the layer, n is an integer corresponding to the energy level

and m∗ is the effective mass of electrons in the well. Then the energy difference (E21)

between the lowest (E1) and the first excited states (E2) of the intersubband transition can

be obtained as,

E21 = E2 − E1 =
3h̄2π2

2m∗L2
w

. (5.3)

With realistic parameters, Ga0.47In0.53As has an effective bandgap of 0.75 eV and m∗ =

0.041m0, where m0 = 9.1 × 10−31 kg is the mass of an electron [110]. The active medium

of the design is treated quantum-mechanically and SPs are treated quasi-classically. Con-

sidering the quantum mechanical model of the spaser, when the system has a stationary
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Figure 5.4: Tunability and operating characteristics of circular graphene spaser: Electric
field intensity distribution of six lowest energy modes supported by circular flake against
(a) radius of the flake with Fermi energy of 0.8 eV, (b) Fermi energy of the flake for a flake
of 30 nm radius, (c) plasmon quality factor distribution over the Fermi energy of the flake
from 0.1 eV to 0.9 eV, (d) threshold gain required for continuous spasing for the spaser
mode energies from 0.1 eV to 1.0 eV.

number of SPs per spasing mode (continuous wave (CW) regime), the necessary condi-

tion for spasing can be found using the method described in Section 3.3

5.1.2 Results and Discussion

5.1.2.1 Analytical model

The circular spaser models described in Chapter 3 and Chapter 4 are used to analyse and

derive the corresponding operational characteristics of the proposed design.

5.1.2.2 Operational characteristics and their tunability

The circular graphene flake supports a set of SP modes with different frequencies as de-

fined in equation (5.1). The normalized electric field distribution and the first six spaser
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modes supported by the circular graphene flake are presented in Figure 5.2. For a spe-

cific radius of the flake, the nano-resonator supports a series of spaser modes as described

in Section 6.2.2. There is an associated frequency for each mode. Based on these mode

frequencies which are found numerically, and equation 5.1, the tunability of the modes

electric field intensity supported by the flake is shown in Figure 5.4(a) as a function of the

flake radius (R). For a given radius of the flake, it is possible to obtain different electric

field amplitudes by changing the gain of the system. This gain depends only on the di-

electric properties of the system and spasing wavelength, and not on the geometry of the

system or the distribution of the local fields of the spasing mode [21]. Since the permit-

tivity of graphene can be altered by changing the Fermi level of the flake, the electric field

of the proposed device can be tuned according to the requirement shown in Figure 5.4(b).

Figure 5.4(b) illustrates electric field intensity distribution with the Fermi energy of the

flake. The spaser mode energies are seen to vary over a wide range from Mid-IR to Near-

IR permitting flexibility in spaser design. These variations can be tailored over a wide

range by varying spaser geometry such as the size, shape, and material parameters of the

flake [22, 24, 91].

In a conventional, non-diffraction limited setup, optical resonances can occur by pe-

riodic exchange of energy between electrical and magnetic fields [111, 112]. However,

when a cavity is formed for sub-diffraction operation (e.g. to make a spaser), the ability

of the magnetic field to store the full amount of energy contained in the electric field fails,

disrupting its ability to self-sustain a resonance condition [113,114]. The remedy is to use

kinetic energy on free electrons interacting with the field, restoring the energy balance

for self-sustained oscillations. Spasers take advantage of this mechanism, but the ki-

netic energy is lost from the system commensurate with the rate of electrons scattering in

metal [114–116]. The solution is to introduce gain either using optical or electrical pump-

ing to restore the energy loss through electron scattering [6, 117, 118]. Another approach

is to design materials with less loss (i.e. low electron scattering rates) and high free carrier

densities [119]. Both methods are feasible because none of the fundamental physical laws

provide tight constraints on these processes. A radically different approach is to consider
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A cluster of strongly coupled spasers making up a system that collectively suppresses the

Purcell effect and reduces the threshold gain requirements [120]. The design in this stydy

avoids some of the issues associated with three-dimensional, conventional metals by us-

ing two-dimensional graphene with that can sustain plasmon resonances with a higher

quality factor (Q) compared to metallic cavities and stronger field confinement. As a re-

sult, the losses associated with the proposed spaser design can be compensated using the

quantum cascade well structure described here. The condition for continuous spasing

depends on the Q factor of the generated plasmons which can be estimated by [21]

Q =
ω

2
∂Re[ϵ(ω)]/∂ω

Im[ϵ(ω)]
. (5.4)

Figure 5.4(c) shows the impact of the akes Fermi energy for the quality factor of the plas-

mons generated by the flake. Doping would improve the quality factor of the plasmons

generated by the circular graphene resonator, which provides improved spaser perfor-

mances with lower losses.

It is important to analyse amount of threshold gain (gth) required for continuous op-

eration of the spaser. The threshold gain depends on the spaser mode wavelength and

flake properties, which are functions of spaser geometry and material parameters. The

amount of gain required for spasing is [21],

gth =
ω

c
√

ϵd

Re[s(ω)]

1 − Re[s(ω)]
Im[ϵ(ω)] (5.5)

The threshold gain has a unit of ”cm−1”. The amount of threshold gain required to in-

crease spaser mode energy from 0.1 eV to 1.0 eV for different Fermi levels is illustrated

in Figure 5.4(d). There is exponential growth in the required gain with increasing spaser

mode energy. For lower Fermi energy values the proposed spaser requires higher thresh-

old gain than for higher Fermi energies. Moreover, the device should satisfy the neces-

sary condition given in equation 3.13 for spasing in CW regime. The corresponding Rabi
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Figure 5.5: Minimum quality factor required for spasing against (a) Fermi energy of the
graphene flake and (b) spaser mode energy.

frequency is presented in reference [19]:,

Ω12 = Enpd12e−kzℓ , (5.6)

where d12 is the intersubband envelop dipole matrix element and must be a real quan-

tity. This element can be made real by taking proper design considerations. ℓ is the

characteristic distance between the graphene layer and the quantum well. According to

reference [19], for the cascade well structure Σk|Ω12|2 reduces to,

Σk|Ω12|2 =
h̄ωspqk2

0

ϵ0ϵr
|d12|2e−2kzℓ , (5.7)

where q is the plasmon wave vector that can be calculated from the following equa-

tion [34],

q(ω) = 2πh̄2ϵ0ϵrω(ω + iτ−1)/(e2
0EF) , (5.8)

where, e0 is the charge of an electron and k0 is an effective Fermi wave vector of the

quantum cascade well structure. Since ω12 = ωsp at the resonance, the condition for

spasing in equation 3.13 simplifies to,

2πh̄3ω2
sp(ω + iτ−1)k2

0

e2
0EF

|d12|2e−2kzℓ ≥ γΓ12 . (5.9)

Equation (5.9) introduces a condition of the plasmon polarization relaxation rate. Since,

Q = ωsp/(2γ) a condition of Q for spasing can be derived as follows:,
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Q ≥ Qmin =
e2

0EFΓ12

4πh̄2ωsp(ωsp + iτ−1)k2
0|d12|2

e2kzℓ. (5.10)

The realistic parameters of the gain medium are d12 = 2.5e0 nm, ℓ ≃ 6.5 nm and

k0 = 0.1 nm−1 [19]. For the quantum wells, there will be inhomogeneous broadening

of intersubband transitions due to fluctuations in the well thickness and interface rough-

ness. Thus, Γ12 = 3.6 meV [19] was used for the structure. Figure 5.5(a) illustrates the

minimum quality factor required for spasing in the CW regime for the condition derived

in equation (5.10) for Fermi energy variation from 0.1 eV to 0.9 eV. After 0.15 eV, the re-

quired Qmin increases when EF increases. The required Qmin is less than 0.2 For the entire

span, which is well below the Q value of the generated plasmons. Furthermore, the Qmin

required for CW spasing of the corresponding mode energies from 0.1 eV to 1.0 eV for

different Fermi levels are shown in Figure 5.5(b). There is an exponential variation of the

Qmin versus the SP mode energy and, for less Fermi energies, such as 0.1 eV, the system

requires higher Qmin threshold than for higher Fermi energy values at higher mode ener-

gies. Since the Q values of the device stay above ten for low Fermi energies (Figure 5.4(b),

at low Fermi energies such as 0.1 eV, the device can operate in the Mid-IR range For high

Fermi energies greater than 0.6 eV, it is possible to operate within the Near-IR range.

The analysis of spaser characteristics determined that the proposed spaser is highly

tunable and can be optimized to achieve more efficient output with more energy. The fun-

damental mode energy can be altered from 0.1 eV to 0.7 eV and other modes can provide

more energy while producing electric field intensity of up to 35 × 107 V/m for a flake

with a 20 nm radius and an EF = 0.8 eV. The spaser mode frequencies can be tailored

over a wide range from Mid-IR to Near-IR by changing the radius (R) and Fermi energy

(EF) of the flake. The active medium can be set to particular emission wavelength by

changing the thickness of the sandwiched layers of GaInAs and AlInAs without chang-

ing the materials, as with conventional lasers. The thickness of the layers can be changed

according to equation (5.2) by varying the deposition time of the materials. These struc-

tures are thermally stable compared to other active mediums [89, 90]. Furthermore, this

design supports SPs that have higher quality factors than noble metals such as gold and
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silver, which reduces loss. Due to higher mode confinement in the center of the resonator

because of its circular-shape [80, 121], the design provides higher spaser mode energies

and electric field intensities in a compact setup compared to previously reported designs.

In addition, the circular graphene spaser satisfies the necessary conditions for spasing in

the CW regime. The major tuning parameters of the spaser provide flexibility of design

by considering fabrication methods.

Using common techniques of nanofabrication, the proposed graphene circular spaser

can be experimentally constructed. Nanofabrication of graphene disks(with a minimum

radius of 20 nm) and quantum cascade well structures that supports Mid-IR to Near-IR

frequencies have been experimentally demonstrated [89,91]. In addition to tunability and

ease of fabrication, the proposed design has additional advantages such as mechanical

strength and thermal stability due to the exceptional properties of the quantum cascade

well structure and graphene. Therefore, this design is useful as an active device when

designing ultrafast nanocircuits. Moreover, it can be used in on-chip circuits because the

spaser is powered electrically using electrodes unlike those that are optically powered

with bulk lasers. Therefore, possible applications of the circular graphene spaser range

include ultrafast nanodevices, on-chip circuits, and high-temperature tunable electronic

devices.

5.1.3 Conclusion

In this chapter,a circular spaser made of a graphene resonator and powered by a quantum

cascade well is proposed and discussed. The operational characteristics and tunability of

the device are demonstrated. Performance can be improved by controlling the dielec-

tric properties, size of the flake, and adjusting the emission wavelength of the quantum

cascade well structure by changing the thickness of the heterostructures . The design sup-

ports a series of modes with different mode energies. Due to the shape of the resonator,

the device supports SP energy modes with degenerated modes of same energy and can

be tuned over a wide frequency range from Mid-IR to Near-IR. The proposed electrically

pumped circular graphene spaser can be fabricated using current nanofabrication meth-
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ods. The circular graphene resonator allows, the proposed design to delivers a higher

quality factor, high electric field intensities, and corresponding higher spaser mode ener-

gies in a compact setup compared to previously reported designs. In addition, mechan-

ical and thermal stability are other advantages of the device. This design is an efficient

source for intense, coherent optical fields, and because of the size and operating speed

of the device,it has numerous potential applications including nanoscopy [122,123], high

speed nano-processors [124] and nano-optoelectronics [125].

5.2 Ultra-fast dynamics of graphene spasers

The previous section provided the operational characteristics of an MLG based spaser

working in the steady state mode (CW operation). A graphene spaser can be used in the

CW mode and as an amplifier or a modulator. The following sections describe the ultra-

fast behaviour of a spaser based on MLG. The effect of changes in the gain system to the

plasmonic nano-resonator is also considered in this analysis. Since the device is powered

by optically pumped quantum dots, the spaser is an optically pumped configuration.

Device Setup

This work considers, both the continuous wave and dynamic responses of an MLG based

spaser. A schematic diagram of the proposed spaser design considered in this work

is shown in Figure 5.6. The setup consists of a circular graphene flake, quantum dots

and a VCSEL. Gain is introduced to the system by embedding quantum dots inside of

a dielectric material over the flake. These quantum dots are pumped optically with a

VCSEL as shown in the schema. Two electrodes are provided to power the VCSEL. Due

to energy conservation laws and the conditions for exciting plasmons on a surface, the

interaction with the laser beam from the VCSEL with the graphene resonator [126] is

assumed to be negligible. Considering the operation of the spaser, the excited atoms

provide energy non-radiatively [127–129] to the resonator and generate SPs accordingly.

The process starts due to the spontaneous noise of the plasmonic system [18]. Since the

stimulated emission occurs, a coherent SP output can be achieved from the graphene res-
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onator [93, 94]. The design considerations of each component are described in following

subsections.

Electrode

VCSEL

Quantum dots

Bragg

stacks

Dielectric 

medium
Graphene flake

Electrode

Figure 5.6: (a) Schematic of the proposed spaser based on a circular graphene flake
pumped by a VCSEL.
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Figure 5.7: (a) Spaser mode energy variation of the six lowest energy modes with re-
spect to the radius of the flake. (b) Electric field amplitude variations obtained in equa-
tion (4.13) according to the variation of the flake radius.

MLG circular graphene resonator and its plasmon modes

Similar to the previous design described in the first half of this chapter, the newly pro-

posed spaser design is also equipped with a circular shaped graphene flake. A circular

geometry was chosen for the higher mode confinement in the middle of the resonator,
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and for the ease of coupling it with the VCSEL and many other optical interconnec-

tions [7, 130]. Since, the shape of the resonator remained the same, this spaser supports

the same set of SP modes shown in the Figure 5.2. SP mode energy variations with re-

spect to the radius of the flake are shown in Figure 5.7 a) and the electric field amplitudes

obtained from the equation (4.13) are shown in Figure 5.7 b). Both SP mode energy and

electric field amplitude have an inverse relation to the radius for the radius span consid-

ered in this study. SP mode energies that vary in wavelength from Near-IR to Mid-IR

(1.7µm - 10µm) can be obtained from this device [7]. Furthermore, the resonator can

achieves an electric field amplitude in the order of ∼ 107 -∼ 108 with maximum electric

field amplitude of 1.3 × 108 at the flake radius of 30 nm. The electric field amplitude of

a spaser strongly affects the dynamic performances of the setup and is described in the

spaser characteristics subsection.

Active medium

Gain must be introduced to the system to achieve continuous operation of the spaser by

overcoming the losses of the nano-resonator. When spaser is operating, the gain is equal

to the losses of the resonator. In the proposed design, semiconductor quantum dots or

dye molecules can be used as the active medium. and in this study, quantum dots were

used. These quantum dots were embedded in a dielectric slab over the graphene flake

to provide energy to produce SPs in the flake. Here, a typical value of the density of

chromophores is considered as ρ0 = 6.5 × 1024 m−3 which is realistic for PbS quantum

dots that support IR emissions [131, 132]. However, this study can be extended to any

type of gain chromophores. Graphene based quantum dots can also can be considered

as a potential active medium for this spaser design. If a set of quantum dots does not

cover all of the operational wavelengths considered for the nano-resonator, several types

of quantum dots with different sized can be used along with a matched pump. A quan-

tum dot can be tuned to provide emissions at different wavelengths by changing its size.

More details of how to tune gain mediums are provided and described in Section 7.1.

A two-level gain system is considered in this analysis and a third level is introduced



58 Graphene based spasers

to achieve gain in the system [6, 21]. However, an assumption can be made as, the third

level decays rapidly in to the second level and there is no considerable population in

the third level compared to second and ground levels during the operation of the spaser.

Therefore, the system satisfies the equation E2 − E1 = h̄ω where, E1 and E2 represent the

energy of the ground state and excited state respectively and ω is the angular frequency

of the transition.

The following realistic parameters are considered in this study to analyse the per-

formance of the setup. The dipole matrix element corresponds to the transition from

|2⟩ → |1⟩, d12 = 3.1233 × 10−8e0, a polarization relaxation rate of Γ12 = 2.42 × 1012 s−1

and a decay rate of γ2 = 4 × 1012 s−1 [18, 21].

VCSEL pump

To achieve continuous operation, the active medium must to be pumped optically or

electrically. A pump laser was used to pump the active medium optically since the active

medium is quantum dots. A VCSEL was used as the pump due to the peculiar optical

and geometrical properties [133–139]. VCSEL provides a circular output beam unlike

other semiconductor lasers where as other semiconductor lasers tipically provide ellipti-

cal optical beam due to waveguiding and scattering effects [140]). Hence, the output can

be easily coupled with the circular nano-resonator with higher efficiency. To achieve less

mirror loss (≈ 40cm−1) in the cavity, in a conventional laser, the cavity length is in the

order of few hundreds of microns. However, the reflectivity of the mirrors (R) is much

higher than normal lasers because of the Bragg stacks (the VCSEL is a variation of the

distributed Bragg reflector or (DBR) laser) Using 20 to 30 periodic layers of high refrac-

tive indexed layer next to low refractive indexed layers, a reflectivity up to 0.998 can be

achieved. Hence, the cavity length can be reduced to a few nanometres. Furthermore, in

bulk, an array of VCSELs can be fabricated easily with the epitaxial growth method.

When a laser is operating,the gain (γ) = scattering loss (αscatter)+mirror losses (αmirror).

There is an inverse relationship between the length of the cavity and the mirror losses and
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the length with respect to loss can be calculated with:

αmirror =
1
2l

ln
(

1
R1R2

)
(5.11)

where, R1 and R2 are the reflectivity of the mirrors at the two ends and l is the length

of the laser cavity. Due to the Bragg stacks of the VCSEL, reflectivity of 0.998 can be

achieved. Therefore, for a loss of 40cm−1, the cavity length can be reduced to a few hun-

dred nanometers (≈ 200nm).

Results and Discussion

In this work, as the first regime of operation,the characteristics of the spaser in the CW

(steady state) mode were studied nd the results obtained from equations (3.10) and (3.11)

are shown in Figure 5.8. Although a spaser can start from different arbitrary initial SP

populations (Nnp), it comes to a stationary number of SPs in a very short time. The spaser

was pumped continuously over the entire period and performance of the spaser after

reaching the CW mode (in hundreds of femtoseconds) was analysed. Figure 5.8 (a) shows

the number of SPs generated per each mode versus the gain of the system when the spas-

ing mode energy was 206.78 meV (ω/2π=50 THz). Similarly, Figure 5.8 (b) depicts the

number of SPs generated when the mode energy was 248.14 meV (ω/2π=60 THz). The

generated SPs can reach more than 900 for the higher modes with a spasing frequency

of 50 THz at a higher gain of 12 × 1012 s−1. However, for higher frequencies, as shown

in Figure 5.8 (b), there is a noticeable deduction in the number of generated SPs. though

it reaches 250 when the gain is 12 × 1012 s−1. In contrast to the laser, in a spaser, the SP

population only reaches 1000 at 50 THz even with a higher gain of 12 × 1012s−1; lasers

provide a population in the order of ∼ 1000. The reason for low population was the

smaller mode volume compared to the laser [18]. Figures 5.8 a) and b) imply that, just

after the threshold gain, the curve has a linear relationship with the gain. The slope of

the number of SPs generated per spasing mode with respect to the gain of the system de-

clines for higher values of gain and reaches a constant, showing a horizonal asymptote.
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Six different spaser designs are considered to obtain different transversal mode energies

(i.e. M01, M12, etc). In addition, Figures 5.8 (c) and (d) illustrate variation in the number

of SPs generated with respect to the flake radius, from 35 nm to 95 nm (generates SPs in

Mid-IR to near-IR wavelengths) for different gain values of 5 × 1012 s−1 and 8 × 1012 s−1

respectively. In this scenario, the electric field and the mode frequency vary according to

the flake radius as shown in figure 5.8 (c) and (d). Thus, electric field affects the single

plasmon Rabi frequency (Ω12) and the number of generated plasmons increase when the

radius increases, but not linearly. Due to the low SP mode energy, M01 provides the high-

est SP population and it achieves 1000 at a radius of 82 nm when the gain is 8 × 1012 s−1.
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Figure 5.8: (a) No of SPs generated per each mode with respect to gain when the SP
mode energy is 206.78 meV. (b) Same as (a) when SP mode energy is 248.14 meV. (c) No
of SPs generated per mode Vs flake radius while providing constant gain of 5 × 1012 s−1.
(d) Same as (c) when the gain is 8 × 1012 s−1.

The CW mode of operation was analysed in the time domain using the results ob-

tained by solving equations 3.6 to 3.9. A pump with a finite gain larger than the threshold

gain (in the order of ∼ 1012 s−1) began pumping the system at t = 0. while an arbitrary
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SP population (Nnp) was introduced to the system. For numerical analysis, only the fun-

damental mode of the nano-resonator is considered. Figures 5.9 (a), (b) and (c) show the

SP population variation on a log scale with respect to the time for different gain values

and SP mode energies (lines with different colours represent different initial SP popula-

tions (Nnp) introduced to the system from an external system.). Comparing Figure 5.9

(a) and Figure 5.9 (b)indicate, that, for a lower gain value of 5 × 1012 s−1, the system

reaches a steady state within 400 fs and for higher gains, such as 8 × 1012 s−1, the system

reaches a steady state within 300 fs. This occurs because of the strong feedback from

the spaser which is a typical behaviour the spasers. However, this effect is high com-

pared to the silver based resonators described in referance [18]. Even after SP mode the

energy increases to 248.14 meV and the system becomes stable within 400-500 fs. The

output characteristics of the proposed design indicates that the gain signicantly affects

the dynamic responses of the system. Figures 5.9 (d), (e) and (f) illustrate the population

inversion of each case shown in Figure 5.9 (a), (b), and (c) respectively. In each case pop-

ulation inversion changes rapidly and becomes stable at a value close to zero (≈ 0.001).

This effect also occurs due to the strong feedback of the design compared to the existing

spaser designs (i.e. resonators based on gold and silver [18, 21]).

The performance of the system under a pulse pumping condition was then analysed.

The gain medium population is inverted at t = 0 to saturate the higher energy levels of

the active medium using a short pump pulse of 100 fs. Simultaneously, at t = 0 plas-

mons are injected to the system from an external nano-plasmonic circuit. In response, the

spaser provides an amplified pulse of SP population. This scenario is illustrated in the

Figure 5.10. Figure 5.10 (a) shows the analysis of the SP population when the spaser is

pulse pumped from t = 0 to t = 100 fs and operating at an SP mode energy of 206.78 meV

(50 THz). Figure 5.10 (b) shows the SP population for the same pulsed pump conditions

explained above at an SP mode frequency of 60 THz. Figure 5.10 (a), shows that, despite

the initial population introduced at t = 0, the spaser generates a series of SP pulses that,

exceed a threshold of Nnp ∼ 80. The underlying reason for this rapid depletion of the

inversion is the strong feedback of the spaser as described above, where the energy is



62 Graphene based spasers

-2

0

2

4

0.1 0.5 0.9
Time [ns]

L
o

g
1
0
(N

n
p
)

Gain= 5x1012 s-1    

SPEnergy=206.78 meV   

-2

0

2

4

0.1 0.5 0.9
Time [ns]

L
o

g
1
0
(N

n
p
)

Gain= 8x1012 s-1    

SPEnergy=206.78 meV   

-2

0

2

4

0.1 0.5 0.9
Time [ns]

L
o

g
1

0
(N

n
p
)

Gain= 5x1012 s-1    

SPEnergy=248.14 meV   

-0.5

0

0.5

0.1 0.5 0.9
Time [ns]

n
2

1

Gain= 5x1012 s-1    

SPEnergy=206.78 meV   

-0.5

0

0.5

0.1 0.5 0.9
Time [ns]

n
2

1

Gain= 8x1012 s-1    

SPEnergy=206.78 meV   

-0.5

0

0.5

0.1 0.5 0.9
Time [ns]

n
2

1

Gain= 5x1012 s-1    

SPEnergy=248.14 meV   

(a) (b)

(c) (d)

(e) (f)

Figure 5.9: (a) The number of SPs per mode in log scale with time when the gain is 5 ×
1012s−1 and mode energy is 206.78 meV. (Different colours represent different initial no of
SPs). (b) Same as (a) when the gain is 8× 1012s−1 and mode energy is 206.78 meV.(c) Same
as (a) when the gain is 5 × 1012s−1 and mode energy is 248.14 meV. (d) Variation of the
population inversion (n21) with respect to time when the gain is 5 × 1012 s−1 and mode
energy is 206.78 meV. (e) Same as (d) when the gain is 8 × 1012 s−1 and mode energy is
206.78 meV. (f) Same as (d) when the gain is 5 × 1012 s−1 and mode energy is 248.14 meV.

dissipated in the graphene resonator of the spaser. The characteristics duration of this

pulse is 50 fs, which is defined by the depletion of the population inversion controlled

by the energy transfer and SP relaxation rate [18, 21]. The lower population (in purple)

later produces an amplification. which impliesthat the spaser functions as a convertor of
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pulse amplitude to time delay [18].
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Figure 5.10: Variations in the number of SPs pver time after making the gain 0 and at
100fs (a) when mode energy is 206.78 meV and (b) when mode energy is 248.14 meV.

Figure 5.11 shows the modulated output of the spaser for the sine wave at frequency

of 10 THz. Four different spaser configurations are considered with different SP mode

energies. Figure 5.11 (a) shows the output number of SPs generated over time when the

SP mode energy is 82.71 meV (20 THz). Figure (5.11) (b), (c) and (d) show the SP popu-

lation for SP mode energies 206.78 meV (50 THz), 248.14 meV (60 THz) and 413.57 meV

(100 THz) respectively. For each of the case, the system becomes stable after 350 fs. In

addition, for lower SP mode energies, variation in the amplitude of the modulated SP

population is relatively small compared to higher SP mode energies. In all cases, the

system decreases the number of SPs and then settles and oscillates at approximately 40

surface plasmons per spasing mode. The total electric field variation can be obtained

from equation (4.11). which implies that the design can be used as a SP amplitude modu-

lator in nanoplasmonic circuitries. Due to the design of the VCSEL, the VCSEL electrodes

can be used to input the signal to the system. The VCSEL output will then vary according

to the input wave The graphene nano-resonator also provides SP variation according to

the input wave. Thus, the system works as a electronic signal to a SP modulator.
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Figure 5.11: Variations in the number of SPs generated on log scale (a) When the SP mode
energy is 20 THz (b) 50 THz (c) 60 THz and (d) 100 THz respectively.

Conclusion

In this section, the continuous wave and dynamic operation of a spaser is analysed. Pos-

sibilities of a spaser operating as a coherent SP source, an amplifier, or a modulator are

demonstrated. Due to the inherent feedback of the spaser, a conventional amplifier was

not achieved from the spaser. However, it can be used as an amplifier before it reaches the

steady state (<300 fs). It also works as a pulse amplitude to time delay modulator for a

very small initial population and as an SP amplitude modulator. Although several analy-

ses have been conducted on the function of a spaser as an amplifier [18,21]. previous de-

signs used a spherical resonator made of silver or gold. Due to the spherical setup, pump-

ing is not easy and the efficiency is much lower. Moreover, coupling such a system with

plasmonic nano-circuitry is difficult. The proposed design consists of a two-dimensional

resonator, Therefore, gain mediums can be placed over the flake and pumped easily and

efficiently compared to existing designs, In addition to two-dimensional geometry, the

circular shape provides enhanced coupling between the VCSEL and the system. In con-
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trast to the conventional lasers, the VCSEL has smaller dimensions and the output beam

of the VCSEL matches with two-dimensional circular configuration. Quantum theory

based on optical Bloch equations is used to analyse the dynamics of the proposed design.

Furthermore, the gain medium is treated quantum mechanically and the plasmonic sys-

tem is considered quasi-classically. This same semi classical approach is also used in laser

physics. Therefore, this approximation appears reasonable and reliable considering the

output characteristics of the spaser [18].

First the CW operational regime of the spaser is considered. In the CW mode of oper-

ation, this spaser provides many SPs and makes the output electric field intensity higher

than existing devices. Moreover, due to the plasmonic properties of graphene, the spaser

poses higher mode energies, a higher quality factor, and a lower threshold gain [7]. The

relationship between the gain and the number of plasmons is provided in addition to the

dependency of the SP population on the radius of the flake. The design can be tuned ac-

cording to number of SP outputs (intensity), considering the required gain, the SP mode

energy, the electric field output, the threshold gain, and the plasmon quality factor. The

device can easily be tuned and it has wide range of tuning values (e.g. plasmon reso-

nance, mode energy, SP population, and electric field intensity) compared to the designs

made of noble metals.

The main results of this analysis is associated with the ultra-fast behaviour of the

spaser as shown in the Figure 5.9. Within the transient regime, the design works as an

amplifier, considering the results from Figure 5.10, the system works as a pulse ampli-

tude to time delay modulator. The system can also be used as a SP amplitude modulator

as shown in the Figure 5.11. From the given information, optimum parameters for con-

structing a spaser can be selected considering the application. These design considera-

tions are described in Chapter 7

In conclusion, given the geometrical aspects and design considerations, the device

can be fabricated with the epitaxial growth method. The geometry provides optimal cou-
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pling between the pump and active medium. Moreover, the two-dimensional geometry

opens the applicability of this design to various nano-plasmonic applications without

being restricted to ultra-fast optoelectronics in on-chip circuits, nano-lithography, and

nano-scopy. This analysis provides a detailed framework for understanding the design

procedures of a circular graphene spaser for different types of applications including a

coherent SP source,an SP amplifier and an SP modulator.

5.3 Spaser made of un-doped graphene

One of the drawbacks of the previously described spaser designs is that the plasmonic

nano-resonator must be doped to achieve plasmon resonance at IR - visible wavelengths.

since the mono-layer intrinsic graphene does not provide plasmon resonance. In the

MLG, layer separation is high and there is not tunnelling between electrons in layers.

These layers act as two different atomic thick graphene layers. However, researchers

have found that tightly bonded graphene layers can provided plasmon resonance in in-

trinsic graphene. This scenario is described in the Section 4.1.1.2. The design of the spaser

is similar to the previous design considered in this chapter, except that the plasmonic

nano-resonator is replaced by a circular bi-layer graphene flake. Therefore, the proposed

spaser is an optically pumped, quantum dot powered circular graphene assembly.

5.3.1 Results and discussion

The frameworks for analysing the steady state and dynamic responses of the circular

spasers as described in the Chapter 3 and Chapter 4 were used to analyse the performance

of the proposed design. Un-doped graphene was considered for the analysis, though bi-

layer graphene can be doped and tuned over a wide range of wavelengths varying from

IR to NIR. Similar to MLG, the conductivity of BLG also depends on the doping level and

the operating wavelength. By considering the intraband and interband contributions of
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graphene, the complex conductivity of the BLG can be derived as follows:

σBLG(ω) =
ie2

0
2πh̄

{
|EF + ζ|+ |EF − ζ|

h̄(ω − iτ−1)

}
+

ie2
0

8πh̄

{
ln
[

2|EF + ζ| − h̄(ω − iτ−1)

2|EF + ζ|+ h̄(ω − iτ−1)

]
+ ln

[
2|EF − ζ| − h̄(ω − iτ−1)

2|EF − ζ||+ h̄(ω − iτ−1)

]}
. (5.12)

. where all the symbols the same meanings as described in the previous sections.

The steady state responses of the design, incuding, the electric field amplitude, the

SP mode energy, the Q-factor, and the threshold gain are illustrated in the Figure 5.12.

Figure 5.12 (a) shows the spaser mode energy variation with respect to the flake radius.

Similar to the previous designs, a flake radius spanning from 30 nm to 100 nm is con-

sidered in this analysis. By varying the radius of the flake, spaser mode energy can be

tuned of varying from 0.1 eV to 0.6 eV. According to Figure 5.12(a) when the radius of

the nano-resonator becomes smaller, it supports higher spaser mode energies a larger

radius. Figure 5.12 (b) shows the tunability of electric field amplitude of the resonator

with respect to the flake radius. This resonator supports higher electric field amplitudes

at 11 × 108 V/m. Furthermore, Figure 5.12 (b) demonstrates that the electric field of the

nano-resonator can be tailored by changing the radius. The electric field can also be tuned

by varying the doping level of the flake as described in previous sections. Figures 5.12 (c)

and (d) illustrate the threshold gain requirement of each mode and the Q-factor variation

of the modes respectively. The proposed design requires less threshold gain than MLG,

Gold and Silver. The minimum Q-factor is 10 when the flake radius is 100 nm and it

can be increased by more than 50 by reducing the resonator radius to 30 nm. The res-

onator radius can not be reduced to a few nanometres due to the non-local effects of the

quantum objects.

A study is was conducted to analyse dynamic responses of the propose spaser design

in the time domain. Figure 5.13 shows the characteristics of the design in time domain

under the continuous pumping condition with a gain of 6 × 1012 s−1. Lines in different

colours represent different initial populations injected into the system at t = 0. Fig-

ures 5.13 (a), (b) and (c) Show the number of surface plasmons generated for the funda-
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Figure 5.12: Steady state responses of first six lowest energy modes of the bi-layer
graphene based spaser. a) Spaser mode energy variation with respect to the radius of
the flake. b) Electric field amplitude versus the flake radius. s) Threshold gain require-
ment of each mode with respect to the flake radius. c) Q-factor variations of each mode
for the varying flake radius.

mental mode when the spaser is operating with a mode energy of 0.09 eV, 0.17 eV and

0.28 eV respectively. As BLG supports lower mode energies compared to doped MLG,

this proposed spaser provides ∼ 900 SPs per spasing mode regardless of the spaser mode

energy which is considerably higher than highly doped MLG. Spaser mode energies sup-

ported by the BLG based spaser can be used effectively in biomedical applications. Due

to the strong feedback of the spaser, this design is less applicable as an amplifier, but can

be used as a coherent, intense, localised surface plasmon source since these are important

characteristics that are required for biomedical applications.

The proposed design also can also be used as an SP modulator. Three different spaser

configurations are considered with flake radius of 30 nm, 50 nm, and 100 nm. A pulse

lasting in 100 fs and a sine wave of 10 THz are given to the systems and analysed the

output characteristics of the designs. The results are illustrated in the Figure 5.14. Under
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Figure 5.13: Variation the number of SPs generated on a log scale (a) When the SP mode
energy is 20 THz (b) 50 THz (c) 60 THz and (d) 100 THz.

pulse pumping, at = 0, the spaser is continuously pumped for 100 fs and the pumping

stops the after 100 fs. Figure 5.14 (a) shows the output response of the spaser under pulse

pumping condition when the spaser is operating at 0.09 eV. Figure 5.14 (b) and (c) also

show the output response of the spaser under the pulse pumping condition when the

spaser is operating at 0.17 eV and 0.28 eV respectively. When the spaser is operating

at 0.09 eV (lower SP mode energy), the number of plasmons in the system increases to

values in the order of ∼ 106. However, when the spaser is working in higher spaser mode

energies, such as 0.17 eV or 0.28 eV, the number of SPs generated approaches to ∼ 1000

(1047 exactly) for both cases and the rapidly declines to zero (requires more than 750 fs)

immediately after removing the pump. Figures 5.14 (d), (e) and (f) show the output

responses correspond to sine wave modulation. In all three spaser configurations, the

systems oscillates around 700 surface plasmons per spasing mode. Moreover, for the

initial populations ranging from 1 to 100, the SP population rapidly declines in the first

100 fs and then begins to increase after 120 fs.
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Figure 5.14: Variations of the number of SPs generated on a log scale (a) when the SP
mode energy is 20 THz (b) 50 THz (c) 60 THz and (d) 100 THz.

5.3.2 Conclusion

This analysis provides the steady state and transient responses, such as SP mode energy,

electric field amplitude, Q-factor, and number of SPs generated per spasing mode of a

bi-layer graphene base spaser. The most unique finding is that the design provides plas-

mon resonance at zero doping. Therefore, the proposed device can be used effectively

in biomedical applications. Spasers made of bi-layer, non-doped graphene can be used

as an alternative to chemotherapy owing due to their surprising properties. such as the

design made of un-doped graphene, higher output tightly confined and localised output.
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Since the size of these spaser is a few hundred nanometres, a set of spasers can be used

to cover a cancer cell. Moreover this device works in IR wavelengths and, the spasers

can be powered externally from the outside of the body using a strong pump laser that

matches the injected spasers. The proposed design is not only applicable in biomedicine,

but also to opto-electronics circuits, nano-lithography, and nano-scopy.

5.4 Summary

This chapter describes three different spaser designs based on graphene. All the de-

signs are based on a circular shaped nano-resonator and the first design is an electrically

pumped spaser made of mono-layer graphene and powered by a quantum cascade well.

Due to the surprising properties of graphene and the quantum cascade well, such as

thermal and mechanical stability, higher outputs, ease of fabrication and ease of tuning,

the device demonstrates higher and more efficient outputs compared to existing spaser

designs based on graphene and noble metals. This section also presents the operational

characteristics of the proposed spaser design. These details can be used to analyse a sim-

ilar spaser setup or design a high power spaser since the framework provided is general

and supports analysis of two-dimensional resonator based spasers.

The second configuration is an optically pumped spaser made of mono-layer graphene

and quantum dots are powered by a VCSEL. This design is analysed and the operational

characteristics are described using the framework developed and presented in Chapter 3.

This study demonstrates the applicability of a graphene based spaser as a coherent SP

source, an SP amplifier, and an SP modulator.

The third spaser configuration is also an optically pumped spaser, but the nano-

resonator is replaced by a bi-layer graphene nano-resonator. The shape of the resonator

is the same and this particular design provides spasing without doping the resonator.

Therefore, this design has applications in opto-electronics and in biomedicine. A spaser
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made of bi-layer graphene only supports SP mode energies varying from 0.09 eV to

0.28 eV (Far-IR to Mid-IR) and these values are slightly lower than MLG. However,

spasers based on BLG provide higher electric field amplitude than designs made of MLG,

which is an important characteristic to consider making when biomedical instruments.

The major problems with using spasers in biomedicine are heavy metals such as gold

and silver, which are not good for the human body and two-dimensional materials that

must be doped to achieve plasmon resonance at commercially useful wavelengths. To

address this problem, the proposed design is non-toxic and provides plasmon resonance

at IR wavelengths with a higher electric field amplitude, which are optimal outputs that

are necessary for biomedical applications.



Chapter 6

An MoS2-based spaser

TWO-dimensional (2D) materials have gained popularity regarding potential real-

world applications, and molybdenum disulfide (MoS2) has emerged as a contender

for graphene alternative with many unique optical and electrical properties [1–3]. These

materials are well suited for ultra-thin nanodevices. Due to recent advances in nano

fabrication technology that has emerged during the last decade, it is possible to design

ultra-fast and ultra-compact nanodevices that work in a quantum regime [1, 2]. The crit-

ical dimensions of the devices are much smaller than the operating wavelength of the

device and must overcome the limitations imposed by the diffraction limit [1]. A de-

sign which has critical dimensions in nanometre scale and can provide an electric field

with the use of amplified surface plasmons is called as a spaser. This chapter, provides

design details followed by a comprehensive analysis of an optically pumped, quantum

dots powered, MoS2 nano-resonator based spaser.

6.1 Introduction

Although much research has been done on spasers, the results depend on the model and

most of the studies focus on spasers made of noble metals [6, 27]. Although graphene

is the most well frequently studied two-dimensional material, it is useful to model and

analyse the characteristics of a device made of MoS2 to enhance the efficiency. Further-

more, the optimal design parameters of an MoS2 based spaser are essential to realising

ultra-speed nano-optical devices. In this analysis, a circular spaser made of MoS2 is con-

73
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sidered for analytical tractability. A set of comprehensive design guidelines is provided

to select the spaser’s output mode energy with a particular mode and the output electric

field intensity by varying the design parameters.

In this study, an MoS2 spaser is analysed which is powered by quantum dots that op-

erate in the range spanning the visible and infrared (IR) wavelengths (775 nm to 5 µm). A

highly doped MoS2 flake is used to obtain SPs at lower wavelengths [32]. Since the radius

of the nanopatch is finite, localised surface plasmon modes are considered. Localised SP

modes that are supported by the device are identified and the plasmon excitation rate

and the electric field output of the device are analysed. In addition, the tunability of the

electric field output, plasmon excitation rate, spaser mode energies and threshold gain

requirements for continuous spasing are demonstrated.

This chapter is organized as follows: in Section 6.2.1,Section 6.2.2 and Section 6.2.3,

design details of the spaser are provided regarding spaser modes and their degeneracy.

Construction details and design considerations are also provided and can be used to fab-

ricate the active medium and tune the proposes spaser design. Section 6.2.4 address the

major results of the analysis with a detailed analytical model of the device and followed

by a comprehensive analysis of the operating characteristics and tunability of the MoS2

spaser.

6.2 Results and Discussion

6.2.1 Design of the spaser

The spaser proposed in this study consists of a circular, highly doped molybdenum disul-

fide resonator and a ring of quantum dots (QDs). The model described in this work is

shown in Figure 6.1(a). To provide gain, gain chromophores (QDs) are placed on top of

the two-dimensional MoS2 resonator, maintaining a gap between the ring and the flake

as illustrated in the Figure 6.1(a). Although any type of gain chromophores (described
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in the Chapter 7) can be used to make this spaser. Here, semiconductor QDs are consid-

ered as the gain chromophores here. It is possible to replace the QDs with dye molecules

which have a higher packing density than semiconductor QDs [18]. A spaser can be pow-

ered either optically or electrically. In this study, optical injection was used via a vertical

cavity surface emitting laser (VCSEL) as shown in the schematic diagram. Due to the

two-dimensional circular shape of the VCSEL and the higher power output, a VCSEL is

used to excite the QDs of the proposed design [133].

(a)
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2
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QDs

VCSEL

(b)
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M
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Figure 6.1: (a) Schematic diagram of proposed circular spaser made of highly doped
MoS2 circular resonator with optically pumped a ring of quantum dots. (b) Normalized
electric field distribution of first six lowest energy SP modes of the resonator.
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Excited electrons in the QDs provide energy to generate coherent plasmons in the

MoS2 resonator.Furthermore, the MoS2 circular resonator supports a set of modes similar

to the graphene SP modes, as shown in Figure 6.1(b). These eigenmodes overlap with the

emissions of the QD and produce spasing and doping of MoS2 is required to obtain SPs at

lower wavelengths. The large separation between the MoS2 layers provides an ideal place

to accommodate the guest species. Through a process known as intercalation, the guest

species such as alkali metal ions (Li+,Na+ and K+) can be accommodated within the

separation and can be achieved via electrochemical doping [32, 141]. Intercalation causes

changes in the host materials’ electronic structure [141] and Li intercalation was used

to obtain higher carrier density (changes plasma wavelength of the MoS2 nanopatch).

Lithium intercalated MoS2 is denoted as LixMoS2 and recent researches have shown that,

a charge carrier density of Nn = 16.84 × 1027 m−3 can be achieved via Lithium inter-

calation (Li1.000MoS2) [32, 141]. A charge carrier density Nn of 8.85 × 1027 m−3 can be

achieved with Li0.500MoS2 intercalates and Li0.625MoS2 intercalates can have a charge car-

rier density of 12.94 × 1027 m−3 [32].

6.2.2 MoS2 resonator and degeneracy modes

A circular MoS2 nano-resonator is considered, with a radius spanning from 30 nm to

100 nm. The SP modes of the nanoresonator (ω + iγ) are obtained from ∇ · [Θ(r) −

Sn]∇Ek(r) = 0 , where Θ(r) is equal to 1 inside the inclusions and to 0 outside referred

to as the characteristics function [6]. Moreover, the eigenfrequency of the resonator ωsp,n

satisfies S(ωsp,n) = Sn where S(ω) = [1 − ϵm(ω)/ϵd]
−1 is Bergmans’ spectral index.

Here, ϵm(ω) is the permittivity of the plasmonic metal and ϵd is the permittivity of the

surrounding dielectric [6, 18, 21]. The SP modes of the resonator are found numerically

using the commercial software COMSOL Multiphysics.

Recent work has shown that highly doped MoS2 flakes support localised plasmon

modes within the visible to IR wavelengths range (380 nm to 5000 nm) [32, 141]. Within

this range, by considering the circular boundary conditions, the electric field distribution
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of the flake is assumed to have the following form in a cylindrical coordinate system [7]:

Esp =


Ez+

Ez−

 =


Enp Jn(kρρ) cos(nϕ)e−kz+ z, z ≥ 0

Enp Jn(kρρ) cos(nϕ)ekz− z, z < 0.

(6.1)

where each mode is characterized by two letters (n, pϵZ+). Enp is the amplitude

of electric field towards the z-direction, kz+ is the wave vector towards the positive z-

direction, kz− is the wave vector towards the negative z-direction and Jn is the nth order

Bessel function of the first kind.

The resonator supports a set of localised surface plasmon modes that can be excited

externally as describe in the following sections. The obtained modes of the resonator and

their normalized electric field distributions are shown in Figure 6.1(b). Due to the geom-

etry of the resonator (i.e. sphere, disc, rectangle, etc.) the degenerated modes can be seen

in the resonators. These degenerated modes resonate at the same frequency and carry

same amount of spaser mode energy [24]. In Figure 6.1(b) shows that, M11, M21, M31 and

M12 have degenerated twice as much due to the shape of the resonator.

The operating wavelength of these modes depend on the frequency dependent per-

mittivity of the MoS2 flake. Recent researches has been done to obtain the characteristics

of the dielectric properties of MoS2 to analyse the optical responses of MoS2 layers at

IR and the visible wavelengths. These studies have shown that the complex permittiv-

ity of MoS2 can be modelled with a Lorentz-Drude model [32, 70, 71]. and the complex

permittivity can be derived from equation 4.8

The spatial decay of the electromagnetic field away from the MoS2 layer is determined

by the decay rates kz+ , kz− and follow the dispersion relation of:

kz+ =

√
k2 − ϵ1

(ωsp

c

)2
, (6.2)

kz− =

√
k2 − ϵ2

(ωsp

c

)2
, (6.3)
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where, k(ω) is the plasmon wave vector which can be obtained using the following equa-

tion.

k(ωsp) =
ωsp

c

√
ϵrϵm(ω)

ϵr + ϵm(ω)
, (6.4)

where, ϵr and ϵm(ω) are permittivities of the surrounding material and meta material

respectively. For realistic wavelengths considered in this work, the wavelength of the

light in vacuum is much smaller than the plasmon wavelength (k ≫ ω2/c2). Thus, the

dispersion relation can be approximated as follows:

kz+ ≈ kz− ≈ k(ωsp) =
ωsp

c

√
ϵrϵm(ω)

ϵr + ϵm(ω)
, (6.5)

6.2.3 Active medium and the operation of the spaser

The characteristics of the active medium determine the strength of the interaction of

electron-hole (e-h) recombination with the SP modes of the resonator. In addition, strength

of the e-h recombination determines the amount of amplification that each SP mode re-

ceives. The quantum mechanical model of the proposed design considering the degen-

erated modes is shown in Figure 6.2. Here, A three level gain medium and plasmons

with degenerated modes are considered here. The total system consists of n-states and

the first three states are for denote states of the gain medium and the fourth to nth states

denote states of the plasmons and degenerated plasmons. | 1g⟩ and | 2g⟩ represent the

γ
pl

γ
pl

γ
pl

1
g>

2
g>

3
g>

4
pl> 5

pl> n
pl>γ

3

γ
2

Figure 6.2: Quantum mechanical model of the spaser with n-states considering degener-
acy modes of the resonator.
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ground and excited states of the chromophore respectively. An assumption is made as SP

eigenmodes resonate with the transition | 2g⟩ 
| 1g⟩. To achieve gain in this two-level

system by population inversion, it is essential to introduce a third level | 3g⟩. However

this third level is pumped optically and population decays rapidly to the | 2g⟩. The ac-

tive medium receives energy via a VCSEL and electrons at ground state change to higher

states receiving the energy. Then,| 2g⟩ →| 1g⟩ the transition emits energy to the resonator

non-radiatively [127] and generate SPs. The generated SPs stimulate the process and pro-

duce spasing. Due to the properties of the proposed spaser assembly, both the temporal

and spatial coherence of the field can be maintained provided stimulated emission take

place inside the cavity [93, 94, 142]. The process can be further analysed by considering

the Hamiltonian of the spaser and the density matrix [143] elements for the interaction

between plasmons and the gain medium as described in Chapter 3.

6.2.4 Analysis of the performance

Only the six lowest energy modes of the spaser were analysed. Figure 6.3(a) and (b)

show the SP mode energy for the varying radius (R) of the resonator when Nn = 10.87×

1027 m−3 and Nn = 12.94 × 1027 m−3 respectively. The device emits an output spaser

mode energy variation from 0.10 eV to 1.60 eV displaying the ability to work from the

Mid-IR to the visible range. The spaser mode is reduced when the radius of the resonator

increases. The first mode (M01) can achieve a maximum spaser mode energy of 0.7 eV

when the radius is 30 nm and Nn = 12.91 × 1027 m−3 and the 6th mode (M12) delivers

a maximum SP mode energy of 1.60 eV which is in visible regime. It seems, that the

system can be set to provide SP mode energy from 0.10 eV to 1.60 eV by changing the

radius of the nano-resonator and doping level and setting the emission wavelengths of

the QDs accordingly. The electric field intensity output of the proposed spaser was then

analysed. According to equation (4.13), the output electric field intensity depends on the

material parameters (ϵ), geometry of the spaser (radius) and SP mode wavelength (ωsp).

Figure 6.3(c) show the electric field output of the spaser when the charge carrier density

of the resonator (Nn) is 8.85 × 1027 m−3. Electric field intensity variations for charge car-
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Figure 6.3: (a)-(b) SP mode energy output of the spaser with respect to the radius of the
nano-resonator when Nn = 10.87 × 1027 m−3 and Nn = 12.94 × 1027 m−3 respectively
. Electric field intensity of the spaser for varying resonator radius from 30nm to 100 nm
when (c) charge carrier density (Nn) is 8.85 × 1027 m−3, (d) Nn = 12.94 × 1027 m−3, and
(e) Nn = 16.84 × 1027 m−3. (the legend is common for the figures (a)-(e)). (f) Thresh-
old gain requirement for continuous spasing for different charge carrier densities of the
proposed spaser with spaser mode energy from 0.1 eV to 1.6 eV.

rier density from 12.94 × 1027 m−3 to 16.84 × 1027 m−3 are shown in Figure 6.3(d) and

Figure 6.3(e) respectively. Figure 6.3(c)-(e) illustrate that the proposed design can achieve

an electric field intensity higher than 15 × 108 Vm−1 when the radius (R = 30 nm) and
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at higher doping levels. The SP mode wavelength increases when the radius increases,

Therefore, to obtain higher SP mode energy and electric field intensity, a smaller radius

must be used by overcoming fabrication constraints. The proposed design made of MoS2

delivers a higher electric field output and SP mode energy with fewer critical dimensions

compared to the outputs of the currently proposed and designed spasers made of silver,

gold and graphene [6, 7, 19, 22].

It is essential to analyse amount of threshold gain (gth) required for continuous op-

eration of the spaser. The threshold gain depends on spaser mode energy and MoS2

nanopatch properties, which are functions of spaser geometry and material parameters.

The amount of gain required for spasing is [21],

gth =
ω

c
√

ϵd

Re[s(ω)]

1 − Re[s(ω)]
Im[ϵ(ω)] (6.6)

The threshold gain has a unit of ”cm−1” and ϵd is the permittivity of the surrounding di-

electric. The threshold gain requirements for continuous spasing to obtain spaser mode

energies from 0.10 eV to 1.6 eV for different charge carrier densities are shown in Fig-

ure 6.3(f). Higher charge carrier densities require lower threshold compared to lower

carrier densities. The device requires minimum threshold gain of 10.2 × 104 cm−1 to ob-

tain spaser mode energy of 1.60 eV when Nn = 8.85× 1027 m−3 and operate in the visible

wavelengths (highest SP mode energy considered in this work) which can be achieved

with semiconductor QDs [18, 21]

The performances of a spaser is also depends on the number of SPs that can be gener-

ated in a unit of time which is called the plasmon excitation rate. The plasmon excitation

rate of a spaser can be obtained from the following equation [22, 24]:

ℜpl,k = αω2
sp

γ2p

γ2
2p + (ω12 − ωsp)2

| d(L)
13 |2

n

∑
j=4

| d(K),j12 |2 . (6.7)

The plasmon excitation rates of the proposed spaser design are shown in Figure 6.4(a)

and (b). Figure 6.4(a) shows the normalized plasmon excitation rates of the six lowest en-
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Figure 6.4: Normalized surface plasmon excitation rate for the six lowest energy modes
supported by the device when the radius varyies from 30 nm to 100 nm and (a) when the
charge carrier density is Nn = 12.94 × 1027 m−3 and (b) when charge carrier density is
Nn = 16.84× 1027 m−3. (c) Quality factor of the generated plasmons when Nn = 12.94×
1027 m−3 Vs radius of the MoS2 nanopatch. (d) Minimum quality factor requirement for
continuous spasing for six lowest energy modes vs radius of the MoS2 2D resonator when
Nn = 12.94 × 1027 m−3.

ergy modes supported by the device, when the size of the resonator varies from 30 nm

to 100 nm at a charge carrier density of 12.94 × 1027 m−3. Figure 6.4(b) illustrates the

same for charge carrier density of 16.84 × 1027 m−3. These figures illustrate, at low ra-

dius values (which provide higher electric field intensities and mode energies), plasmon

excitation is higher than at high radius values. In addition, high modes provide higher

plasmon excitation rates compared to low modes. Considering the relationship in equa-

tion (6.7), a high electric field intensity and a high Q value are required to obtain a high

plasmon excitation rate. Therefore, it seems that excitation rate can be increased by in-

creasing the doping level and using a smaller resonator radius (R).

6.2.4.1 Condition for continuous spasing

The quality factor (Q) of the generated SPs is an important characteristic of the device

since a spaser may not operate due to high loss associated with surface plasmons prop-



6.2 Results and Discussion 83

agation. Surface plasmons are collective oscillations of electrons and the half-life of the

energy is stored as energy of the kinetic motions of electrons. Their magnetic compo-

nent is negligible compared to a conventional, non-diffraction limited setup where opti-

cal resonances occur through periodic exchange of energy between electrical and mag-

netic fields [111, 112]. The remedy is to use kinetic energy in free electrons interacting

with the field, restoring the energy balance for self-sustained oscillations. Furthermore

spasers take advantage of this mechanism but this kinetic energy is lost from the system

commensurate with the rate of scattering of electrons in metal [114–116]. The solution

is to introduce gain using optical or electrical pumping to restore the energy loss from

electron scattering [6, 117, 118]. Another approach is to design materials with less loss

(i.e. low electron scattering rates) but higher free carrier densities [119]. Moreover the

Q-factor measures the quality of the generated plasmons and higher Q yields low loss.

The Q-factor depends on the material parameters and the operating wavelength. It is

important to achieve a high Q value for efficient output. The Q value of the generated

SPs can be obtained from [21],

Q =
ω

2
∂Re[ϵ(ω)]/∂ω

Im[ϵ(ω)]
. (6.8)

Figure 6.4(c) shows the quality factor of the produced plasmons when the radius varies

from 30 nm to 100 nm at a charge carrier density Nn = 12.94 × 1027 m−3. It seems the

device can provide a Q-factor up to 27 which is a good value compared to the Q-factor of

the noble metals such as gold and silver. However, the Q-factor of the MoS2 resonator is

slightly lower than that of graphene due to the higher imaginary component of the com-

plex permittivity of the material. The design still provides a significant Q-factor, which

can be used effectively in nano-optical applications. A condition for the existence of spas-

ing is described below.

Considering the population inversion (since, n21 ≤ 1) of the spaser and the motion

equations described by equations (3.6) and (3.8), a condition of continuous spasing can
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obtained with, [18, 21]:

(γn + Γ12)
2

γnΓ12[(ω12 − ωsp)2 + (γn + Γ12)2] ∑
k
|Ω12|2 ≥ 1 , (6.9)

At resonance ω12 = ωsp, and, a necessary condition for the existence of spasing in a QD

powered optically pumped circular MoS2 spaser can be derived as follows,

4h̄ωspkz | d12 |2 e−2kzℓ(
ϵ0ϵb +

ω2
pϵ0(ω2

sp−γ2)

(ω2
sp+γ2)2

) ≥ γnΓ12 . (6.10)

where ℓ is the characteristic distance between the MoS2 layer and the QD ring. Equa-

tion (6.10) introduces a condition of the plasmon polarization relaxation rate. Since,

Q = ωsp/(2γ) a condition for plasmon quality factor (Q) for continuous spasing can

be derived by:

Q ≥ Qmin =

[
ϵb(ω

2
sp + γ2)2 + ω2

p(ω
2
sp − γ2)

]
ϵ0Γ12

8h̄(ω2
sp + γ2)2kz | d12 |2 e2kzℓ. (6.11)

The realistic parameters for the gain medium are d12 = 1.5 × 10−17 esu, ℓ = 6.0 nm

and Γ12 = 10 meV [18] for the design that is considered in this study. Figure 6.4(d) shows

the minimum Q required for existence of spasing. For all the modes considered, the Qmin

value is always less than one and well below the Q values of generated SPs. Therefore,

the device can work perfectly and effectively with a high quality factor, SP mode energy

and electric field intensity and with fewer geometric dimensions than the presently pro-

posed and designed spasers made of graphene and noble metals.

6.3 Comparison between MoS2 and graphene resonators

A spaser is a promising device that is essential to creating ultra-fast and ultra-compact

nano-devices [1,6]. Due to the properties of two dimensional materials such as graphene

and molybdenum disulfide (MoS2), it is possible to design highly efficient spasers [19].

In contrast to graphene [33], the large tunability of surface plasmon (SP) resonance and
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Figure 6.5: Schematic diagram of the spaser design used to compare spasers based on
graphene and molybdenum disulfide.

the ability to control free carrier density using ultra-doping makes MoS2 the material

of choice for spaser designs [32]. To evaluate the effectiveness of MoS2 compared to

graphene, a model based on a circular two-dimensional resonator powered by a quan-

tum cascade well (QCW) was used to derive performance characteristics.

To analyse the thresholds conditions of spasers based on graphene and MoS2, by con-

sidering the gain and the plasmon lifetime, necessary conditions for continuous spasing

are derived as follows:

Qmin =


e2

0EFΓ12

4πh̄2ωsp(ωsp+iτ−1)k2
0|d12|2

e2kzℓ, for graphene

[ϵb(ω
2
sp+γ2)2+ω2

p(ω
2
sp−γ2)]ϵ0Γ12

8h̄(ω2
sp+γ2)2kzk2

0|d12|2
e2kzℓ, for MoS2

(6.12)

where, k0, EF, τ, ωp, γ, ωp, ,d12 and ℓ are the effective Fermi vector of the active medium,

Fermi energy of the graphene sheet, relaxation time of the carrier of graphene, plasma

wavelength of MoS2, decay rate of MoS2 carriers SP wavelength, dipole matrix element of

transition from the first excited state to ground state of the gain medium and characteris-

tics distance between the active medium and the two-dimensional resonator respectively.

The proposed design is compared to a similar spaser design made of a circular graphene

resonator by means of the SP mode energy, the electric field intensity, the Q-factor and
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Figure 6.6: (a) Spaser mode energy comparison between MoS2 (continuous lines) and
graphene (dashed lines) resonators with respect to radius of the resonator. (b) Electric
field output ratio (Enp(MoS2)

/Enp(graphene)) of the MoS2 and graphene resonators. (c) Thresh-
old Q-factors (Qmin) of both type of resonators (MoS2 and graphene) normalized to spaser
mode energy output versus radius of the resonators.

the operating thresholds. From Figure 6.6(a),demonstrates that the spaser mode energies

of the first six modes of the MoS2 based resonator (continuous lines) are always higher

than those of the graphene resonator (dashed lines). The graphene resonator can work at

Mid-IR to Near-IR wavelengths and the MoS2 resonator can work in a wider and higher

energy range than the graphene resonator, from Mid-IR to the visible wavelengths. In ad-

dition to the spaser mode energy, the Figure 6.6(b) illustrates the electric field outputs of

the MoS2 and graphene resonators (Enp(MoS2)
and Enp(graphene)). The proposed design made

of MoS2 provides electric field intensity output that is 12 times larger than that of the

graphene resonator for the lowest energy mode. Higher energy mode provides an elec-

tric eld output that is 100 times (×100) large. The Q-factors of the two resonators are

shown in Figure 6.6(c) and the graphene resonator provides slightly higher Q than MoS2

resonator due to the massive electrons accommodated in MoS2 and the lower carrier mo-

bility [32,144]. Finally, Figure 6.6(d) shows the minimum threshold Q (Qmin) of the MoS2

and the graphene resonators normalized to their output spaser mode energy output. For

smaller resonator radius, ranging from 30 nm to 40 nm, Figure 6.6(d) illustrates that the

proposed design requires less threshold than graphene spaser. Higher modes require
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lower threshold compared to graphene for a higher radius of up to 95 nm. Therefore, the

proposed design provides efficient output compared to graphene due to the properties

of the MoS2 resonator.

6.4 Summary

A detailed comprehensive analysis of a spaser made of a circular molybdenum disul-

fide (MoS2) resonator powered by an optically pumped QD ring is described. Within the

model, an n-level quantum system is considered, including plasmonic and gain systems.

In addition, degeneracy modes of the design are considered. The Hamiltonian, density

matrix and motion equations of the spaser, SP mode patterns, output spaser mode en-

ergy, electric field intensity, plasmon excitation rate, Q-factor and operating thresholds

of the proposed design are comprehensively analysed and compared to similar existing

designs. The proposed design has a higher Q-factor than current spaser designs. Further-

more, the device supports higher mode energies (up to 1.60 eV), and can achieve electric

field intensities up to 15× 108 Vm−1 and higher plasmon excitation rates with fewer crit-

ical dimensions due to the properties of the MoS2 resonator. Thermal and mechanical sta-

bility are additional advantages of the proposed model and the device can be fabricated

with existing technologies. Using the analysis, the optimum parameters to consider when

designing a spaser in a particular application to obtain an effective output can be deter-

mined. Since this device produces efficient outputs, the proposed device has numerus

potential real world applications that are but not limited to nano-lithograpy, nano-scopy,

nano-sensing, ultra-dense and ultra-fast information storage, nano-optoelectronics, and

biomedicine.





Chapter 7

Design guidelines of spasers and
applications

DESIGN considerations of spasers are entirely based on their application. Depend-

ing on the application, a spaser can be tuned in terms of Surface Plasmon (SP)

mode energy, electric field output, the Q-factor, the number of SPs generated and the

SP generation rate. The design consideration of spaser components are described in this

chapter. In addition, this chapter provides a set of comprehensive guidelines on how to

tune spasers and describes their applications.

7.1 Spaser design guidelines

7.1.1 Designing the components of a spaser

7.1.1.1 Resonator

In contrast to the operation of a laser, a spaser, cavity is replaced by a nano-resonator. The

resonator must support SPs and should satisfy conditions to generate SPs on it. Materi-

als of interest are Gold, Silver, Graphene, Molybdenum Disulfide and Plasmene (Artifi-

cial graphene). Nano-resonators made of Gold and Silver are the most commonly used

resonators for spaser applications. Due to the limitations of tunability, two-dimensional

plasmonic materials such as graphene and MoS2 have received increased attention in

spaser designs. Their plasmonic properties has made them the top contenders for spaser

applications. The two-dimensional nature and the ease of tunability of SP resonance of

89
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those materials add significant value to these materials. As described in previous chap-

ters, a resonator with finite dimensions supports a set of localized plasmon modes. The

resonator size must vary in the range of tens of nanometres to hundreds of nanometres.

This size must avoid the non-local effects of the resonator. Non-local effects typically

occurs when the size of the resonator becomes smaller than a few nanometres ( ¡10 nm).

Therefore, it is safe to have a resonator size larger than 10 nm. A plasmonic resonator can

be tuned to operate in different SP mode energies by carefully changing the geometrical

parameters of the resonator. How to tune the resonator to achieve a particular electric

field amplitude is described below [145–150].

Table 7.1: Table of tunability of spaser mode energy with respect to its resonator type.

Material Shape SP Mode Energy (eV) Tuning Parameter

MLG

Circle 0.5 eV - 1.6 eV Flake radius
MIR-NIR (30 nm-100 nm)

Doping Level
Square 0.1 eV - 1.5 eV Length, Width

MIR-NIR (50 nm-200 nm)
Doping Level

BLG
Circle 0.06 eV - 0.6 eV Flake radius

MIR-NIR (30 nm-100 nm)
Doping Level

MoS2
Circle 0.1 eV - 2.3 eV Flake radius

MIR-Visible (30 nm-100 nm)
Doping Level

Silver

Sphere 1.4 eV - 3.0 eV Radius
NIR-Visible

Cube 2.5 eV - 3.0 eV Length, Width, Height
Visible

Rectangular Prism 1.38 eV - 3.1 eV Width, Length
NIR-Visible

Shell 2.4 eV - 3.5 eV Radius, Shell Thickness
Visible

Gold

Sphere 1.4 eV - 2.5 eV Radius
NIR-Visible

Cube 2.0 eV - 2.5 eV Length, Width, Height
Visible

Gold 1.3 eV - 1.8 eV Radius, Length
NIR

Shell 1.0 eV - 2.4 eV Radius, Shell Thickness
NIR-Visible
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Doping can be introduced to graphene and MoS2 electrically or electrochemically. A

common method for doping MoS2 is Li-intercalation which involves inserting Li ions in

between MoS2 layers to enhance the carrier concentration of the MoS2 flake. However,

more time is required to achieve a uniformly doped MoS2 flake using Li-intercalation

compared to the electrical gating method. According to the table 7.1, SP output mode

energy can be varied by changing the radius of the flake. Thus, flake dimensions play a

large role in plasmon resonance.

7.1.1.2 Active medium / gain system

Active medium provides energy non-radiatively to the plasmonic resonator for generat-

ing coherent SPs. Quantum dots, earth ions, dye molecules and quantum wells are of

interest for use as the gain medium of spasers. Likewise, for the resonator, choice of ac-

tive medium depends its application, SP mode energy, and type of material (threshold

gain). Moreover, quantum well emissions are based on interband transitions and quan-

tum cascade well emissions are based on intersubband transitions. Electron reusability is

an advantage of using quantum cascade wells instead of typical quantum wells. Instead

of varying the material similar to quantum wells, the emission wavelength of a quantum

cascade well can be varied by changing the thickness of the layers. However, emission

wavelengths of quantum cascade wells are limited in to IR wavelengths due to the limi-

tations imposed on intersubband transitions. If someone requires emissions in the visible

region, then a typical quantum well or other type of active mediums such as quantum

dots can be used. The emission wavelength of quantum dots can be tailored by varying

the size of the quantum dot. The details of the commonly used active mediums and their

tuning parameters are provided in the Table 7.2 [151–159].

7.1.1.3 Pump

There are two pumping methods as described in previous chapters: electrical pumping

and optical pumping. The most commonly used method is optical pumping. This the-

sis describes three optically pumped spaser designs and an electrically pumped spaser
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and the pumping method depends on the active medium used. The quantum well and

quantum cascade well can be pumped electrically via quantum nano-wires. In addition,

quantum dots, earth-ions and dye molecules can be optically pumped using a laser that

matches the absorption spectrum of the active medium. A VCSEL was introduced to

provide pumping to the system due to its critical dimensions and output characteristics

such as the shape of the beam and power output. It also provides accessibility to operate

spaser as an SP modulator.

Table 7.2: Table of tunability of emission spectrum with respect to its active medium.

Gain Medium Absorption Emission Tuning Parameter
Spectrum Spectrum

Quantum Well 0.2 eV -3.3 eV 0.1 eV - 3.2 eV Material
IR-Visible IR-Visible

Quantum Cascade 0.1 eV -1.3 eV 0.05 eV - 1.2 eV Layer Thickness
Well IR-Visible IR-Visible Material

Quantum Dots
InAs 1.1 eV -1.7 eV 0.9 eV - 1.5 eV Size

NIR NIR
CdSe 1.9 eV -3.0 eV 1.7 eV - 2.7 eV Size

Visible Visible
CdS 3.0 eV -4.5 eV 2.5 eV - 4.2 eV Size

Visible Visible
CdTe / CdSe 1.7 eV -2.3 eV 1.4 eV - 1.9 eV Size

Visible NIR-Visible Shell Thickness
Earth-ions 0.8 eV -4.5 eV 0.9 eV - 3.0 eV Compound

NIR-Visible NIR - Visible
Dye-Molecules 0.8 eV -4.5 eV 0.6 eV - 4.0 eV Compound

NIR-Visible NIR - Visible
Carbon Nanotube 1.0 eV -2.5 eV 0.5 eV - 1.5 eV Chirality

NIR-Visible NIR

7.1.2 Operational Characteristics

7.1.2.1 Q-Factor

The Q-factor of a resonator is an important characteristic of a spaser. Losses associated

with the plasmonic resonator are inversely proportional to the Q-factor of the resonator.

Therefore, a higher Q-factor indicates fewer losses which enables the device to work at
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lower power levels, increasing its efficiency. Therefore, it is essential to achieve highest

possible Q-factor to improve performance. The equation for the Q factor is defined as:

Q =
ωsp

2γsp
(7.1)

where, γsp is the plasmon decay rate with the following form:

γsp =
Im(ϵm(ω))

Re
(

dϵm(ω)
dω

) (7.2)

Considering equations 7.1 and 7.2, to achieve a high Q-factor, a material with a low imag-

inary component for complex permittivity should be used as the plasmonic resonator.

Due to the high mobility of graphene carriers, graphene resonators provide higher Q-

factors and due to slower mobility of the massive electrons accommodated in MoS2, MoS2

has a slightly lower Q-factor than graphene.

7.1.2.2 Threshold gain

Threshold gain is the minimum gain required for the existence of plasmons on the res-

onator surface. To minimize threshold gain, correct choice of material is essential. Due to

the properties such as high electron mobility, graphene requires less threshold gain than

other materials described in this thesis. The threshold gain of a resonator can be obtained

from the following equation.

gth =
ω

c
√

ϵd

Re[s(ω)]

1 − Re[s(ω)]
Im[ϵ(ω)] (7.3)

According to equation 7.3, the threshold gain depends entirely on the plasmonic mate-

rial. The imaginary component of the materials’ complex permittivity should be smaller

than the real component to achieve a lower threshold gain.
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7.1.2.3 Electric field amplitude

The electric field amplitude of the resonator is based on the size of the resonator and

the doping level. Resonators that support higher mode energies provides higher electric

fields and require a higher gain. Increasing the doping level can achieve higher electric

field output. This can be managed according to the application as a high electric field

output requires many SPs produced per mode, which requires a higher gain.

7.1.2.4 Rate of surface plasmon generation

The number of SPs generated per unit time depends on the interaction between the gain

medium and the plasmonic nano-resonator. This relationship can be obtained from equa-

tion 7.4

ℜpl,k = αω2
sp

γ2p

γ2
2p + (ω12 − ωsp)2

| d(L)
13 |2

n

∑
j=4

| d(K),j12 |2 . (7.4)

According to this equation, the SP generation rate primarily depends on the coupling

between the gain subsystem and the plasmonic subsystems. d(K),j12 is the dipole matrix

element that corresponds to the transition from the first excited state to the ground state.

A careful design should be considered to make the d(K),j12 a real quantity. d(L)
13 corresponds

to the energy transition from the pumping source to the gain element. The SP genera-

tion rate can be increased by improving the coupling between the pumping source and

the gain element, which can be achieved through careful selection of pumping sources

and gain elements. The details to select materials to make spasers are provided in the

previous section of this chapter.

7.2 Applications of spasers

As described in previous chapters, a spaser is a non-diffraction limited setup with critical

dimensions that are smaller than one micron, and the output is intense, coherent, and

tightly localized. Therefore, a spaser is a promising device that can be used in numerous

real world applications [160–165]. A spaser can be operated in two regimes: CW and
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dynamic. The mode of selection depends on the application as described in following

sections.

7.2.1 Continuous wave operation (CW mode)

When a spaser operates in CW mode, it provides coherent and intense output. Therefore,

it can be used for applications in nano-lithography and nano-scopy as well as in on-chip

circuits such as an SP source (i.e. quantum computing, lab-on-a-chip concept).

7.2.1.1 Nano-lithography

Nano-lithography [166–169] is a major branch in nano-scale fabrication process, meaning

the structures with at least one critical dimension are between 1 nm - 100 nm. However,

due to the bulky nature of lasers, spasers have become the top contender for lasers and a

better alternative to bulky designs made of lasers. The characteristics of two-dimensional

resonator based spasers match the requirements. The proposed spaser described in this

thesis provides higher outputs in terms of the electric field, SP mode energy, Q-Factor,

and number of SPs compared to existing models. Therefore, these designs are ideal for

nano-lithography.

7.2.1.2 Nano-Scopy

Nano-scopy [170–175] is fast growing technique for imaging ultra-small structures of a

nanometre scale [176]. The necessity of a highly localized device was the initial problem

that can be overcome with the application of spasers.

7.2.1.3 Lab-on-a-chip

Lab-on-a-chip is a concept that has received increasing attention over the past ten years

due to the technological development of nano-scale fabrication and non-diffraction lim-

ited assemblies [177–182]. This concept has primarily been considered for biomedical

applications. In most of the cases, for imaging purposes, a nano-scale coherent light or
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SP source is required, which can be achieved using a spaser. Due to their high tuning

capabilities, two-dimensional resonator based spasers have a large impact on the perfor-

mance of the device and its applicability in these applications. The output characteristics

and the circular shape of the design improve the applicability of the proposed spasers

due to the ease of coupling them with other nano-circuitries.

7.2.1.4 Quantum computing

The field of quantum computing [183–189] has emerged quickly over the past two decades.

This process requires nano-optical sources, amplifiers, modulators and switches since op-

tical devices work faster than the electronic designs. Laser is the optical counterpart to

the transistor operation in electronics. However, the laser has critical dimensions that

are larger than a few microns (> 5 µm) and the system becomes bulky. A possible al-

ternative is the use of spasers instead of lasers. Although, the packing density of square

resonators is high, circular resonators provide higher and more efficient output than the

square shape. Therefore, circular two-dimensional spasers would have a large impact on

the creation of quantum computers.

7.2.2 Spaser as an amplifier

Chapter 5 shows that the spaser work as an SP amplifier and is a loss compensator. Due

to the Joule losses associated with the propagation of SP fields are being disturbed. There-

fore, to achieve continuous operation, gain must be introduced in to the system with a

spaser. Thus, spasers can be used in association with SP waveguides to overcome losses.

Although, this process is energy consuming, the ultra-fast behaviour and small critical

dimensions compensate for that drawback. Optically or electrically pumped spasers can

be placed over the SP waveguide to achieve seamless operation.

Since the spaser is the nano-plasmonic counterpart of the laser, the operation of tran-

sistors can be replaced by spasers which require smaller critical dimensions than lasers.
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Therefore, the application of spasers as amplifiers is essential to creating ultra-fast, ultra-

thin nano-optical circuits.

7.2.3 Spaser as a modulator

Recent research have shown that two-dimensional materials such as graphene and MoS2

are ideal for designing SP waveguides [190–195]. However, to transmit data over waveg-

uides, electronic waves must be transformed to an SP form. This study demonstrates

the ultra-fast dynamics of the spaser and the applicability of two-dimensional spasers

as modulators (Pulsed / Sine wave). In addition to the modulation response, the two-

dimensional nature and shape of the designs make them easy to incorporate with other

plasmonic nano devices.

7.2.4 Applications in bio-medicine

Common methods of destroying cancer cells are radiotherapy and chemotherapy [196–

199]. However, due to localisation problems, it is difficult to target cancer cells, while

avoiding healthy cells. Thus, in addition the cancer cells, healthy and important cells in

the vicinity are destroyed during this process (highly critical in brain tumors). Therefore,

the method is inefficient. Not having a proper alternative is the main reason to continue

this method to destroy cancer cells. The development of an effective technique to treat

cancers is one of the major challenges that medical researchers have faced.

A spaser is a device that can provide a tightly concentrated electric field in the form

of localised surface plasmons. Spasers provide coherent oscillations of free surface elec-

trons and the use of plasmonic photothermal cancer therapy is described in the refer-

ences [200, 201]. The proposed designs in this research are small (30 nm to 100 nm) and

are ideal energy sources. Since body cell sizes range from 1 micron to 100 microns. 10

- 100 spasers can be used to cover a single cell. Moreover, due to the highly localised

nature of the spasers, the precise cancer cell can be targeted. Due to recent advances in

biomedical engineering, it is also possible to target cancer cells (using a drug delivery
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method). The largest problem has been designing a non-toxic, organic spaser assembly.

The use of heavy plasmonic metals can have strong effects on the body and all exist-

ing two-dimensional designs require doped resonators to achieve SPs on the resonator.

Therefore, the proposed un-doped graphene based spaser (described in the Section 5.3)

can be used as an optimal alternative to cancer therapies, such as chemotherapy and ra-

diotherapy.

The proposed spaser designs based on un-doped graphene can generate surface plas-

mons in the infra-red wavelengths and provide higher electric fields, making the setup

more compatible than existing spaser designs. Un-doped graphene based spaser sup-

ports electric field amplitudes higher than 11 × 108 V/m and can be tuned over a wide

range, varying from 0.1 eV to 0.62 eV. In the proposed method of treatment, a cluster of

un-doped graphene based spasers must be placed around the cancer cells and then the

cancer cells can be damaged by providing energy to the spasers. For continuous opera-

tion of these spasers, they must be pumped externally via a pumping source. Since, the

design operates in infra-red wavelengths, these spasers can be pumped externally via

pump lasers which can be penetrated through the body, making the process harmless to

the human body. The photons provided by the laser pump will then be absorbed by the

active medium of the spaser and the active medium will provide energy continuously to

the plasmonic nano-resonator to generate surface plasmons. In contrast to existing spaser

designs, the proposed spaser design provides tightly localised and coherent surface plas-

mons due to the inherent properties of graphene. The tight localisation of the design and

optimum external energy pumping, which is much smaller than current illumination

powers used in existing photothermal therapies, make it possible to generate coherent,

high, and tightly concentrated electric fields on spasers, causing selective destruction of

the cancer cells [201–205].



Chapter 8

Conclusions and future work

DUE to recent advances in the area of nano-electronics and studies on configura-

tions which are not limited by the diffraction limit, such as spasers, it is possible

to design ultra-thin, ultra-fast and efficient nanocircuits.

This chapter concludes this thesis by providing a summary of major findings and the

contributions made to the area of spasers throughout the author’s PhD. This chapter also

provides suggestions for future research as extensions of the current study.

8.1 Summary of contributions

With recent advances in the study of nano-scale optoelectronic circuits in the field of

plasmonics and numerous applications, the development of new design paths, theoreti-

cal models, and guidelines for optimising and engineering the designs are of interest in

various research disciplines. This could stimulate the practical realisation of new plas-

monic nano-circuits, making them easily customisable and tunable for delivering opti-

mal performances in diverse applications. This thesis presents a comprehensive study

on the design, modelling, and characterisation of active nanoplasmonic sources, partic-

ularly spasers made of two dimensional materials, such as graphene and molybdenum

disulfide. In addition, innovative design considerations for increasing the output and

tunability are provided and discussed.
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The findings of this research contribute to the existing knowledge on spasers in three

significant ways: deriving a quantum mechanical framework for analysing two-dimensional

resonator based spaser configurations, conducting a detailed analysis of different spaser

configurations made of two-dimensional plasmonic materials to achieve higher and more

efficient outputs. (including the work of pioneering a spaser based on molybdenum

disulfide, and providing a comprehensive set of guidelines to design and optimise spasers.

Pioneering a spaser design based on MoS2 is one of the significant achievements of

this research because there are many spaser designs based on graphene, but, the work ex-

plained in the Chapter 6 is the first spaser design made with a MoS2 resonator. This work

also extends the applicability of MoS2 to active plasmonic devices. Moreover, the pro-

posed design has paved the way towards many potential real-world applications based

on MoS2 with improved output characteristics compared to existing spaser designs based

on noble metals and graphene.

A summary of the contributions and findings to fulfill the research aims and objec-

tives of this thesis is presented below:

Implementing a quantum mechanical framework to analyse a two dimensional, nano-

resonator based spaser design.

Chapter 3 and Chapter 4 provide a framework by combining a quantum mechanical

model and a semi-classical model. The quantum mechanical model is used to analyse

the gain subsystem and the interaction between the gain system and the plasmonic sub-

systems of a spaser and the plasmonic subsystem is analysed using a semi-classical ap-

proach. This model can be used to analyse two dimensional resonator based spasers in

different operating modes, such as continuous wave operation and dynamic operation.

The spaser’s mode energy, electric field amplitude, Q-factor, threshold gain, and surface

plasmon generation rate can be analysed under the steady state operation of the spaser.

This framework can also be used to analyse variations of the number of surface plasmons



8.1 Summary of contributions 101

generated per spasing mode, population inversion of the gain system, amplifier response

and modulated responses of a spaser.

Developing and analysing the continuous wave operation of an electrically pumped,

quantum cascade well powered, mono-layer graphene based spaser.

First section of Chapter 5 provides a detailed analysis of a circular, shaped mono-layer

graphene (MLG) based spaser. The proposed design is an electrically pumped quantum

cascade well powered, circular MLG nano-resonator-based spaser. Due to the proper-

ties of MLG and the quantum cascade well, the proposed design has higher mechanical

and thermal stability which are the most important characteristics of nanoscale designs.

This circular nano-resonator-based spaser supports tightly localised plasmon modes due

to its geometry and the materials used. It also provides intense and coherent SP output

since stimulated emission occurs in the system. The design supports a set of localised

SP modes with higher energies and a higher electric field, and Q-factor; it requires less

threshold gain compared to existing spasers based on noble metals. The spaser can be

tuned over a wide range of wavelengths, varying from Mid-IR to Near-IR. The proposed

spaser can be used to generate electric field amplitudes as high as 35 × 107 V/m. In

addition, the resonator of the spaser can generate plasmons with higher quality factors

(e.g. 80). Due to these efficient and effective outputs, the proposed spaser design can be

integrated into many plasmonic nano-circuits. This work is reported in the “Journal of

Applied Physics” (2015)

Modelling and studying a quantum dots powered, optically pumped, circular, mono-

layer graphene spaser.

A spaser can be used as a coherent plasmonic source, as well as an SP amplifier and an

SP modulator. To determine the applicability of graphene based spasers as an amplifier

or modulator, an analysis was conducted as described in the second section of Chap-

ter 5. The system is analysed to determine the number of surface plasmons generated

per spasing mode and the population inversion of the gain system under several condi-

tions. Under the steady state condition, this system generates many SPs,(∼ 900) when



102 Conclusions and future work

the system is pumped by a laser with 8 × 1012 s−1. This value is large compared to the

small mode volume of the design. This design can only be used as an amplifier for a

short time (< 250 fs) due to the inherent strong feedback of the spaser as described in

this chapter. The proposed design also can be applied as pulse amplitude to the time

delay modulator. Thus, this spaser can be used to develop ultra-fast, ultra-thin optical

devices.

Realising a VCSEL pumped spaser based on un-doped bi-layer graphene (BLG).

The applicability of MLG based spasers in biomedical applications is declining due to

the requirement of doping to achieve plasmon resonance at IR wavelengths. Therefore,

existing MLG based spasers have less compatibility within biomedical applications, such

as cancer treatments. It is possible to achieve plasmon resonance at IR- wavelengths

using un-doped graphene, which is highly useful in biomedicine, due to the ability of

generating plasmons in un-doped condition of bi-layer graphene. The proposed spaser

geometry consists of quantum dots that can be pumped optically and the design was

analysed using the frameworks described in Chapter 4. This device was also analysed

in both of the operational regimes (continuous wave and dynamic) and the results are

described. According to the results, this device provides higher electric fields and SPs

than MLG, but BLG supports lower mode energies than MLG. These spasers can be used

to damage cancer cells as an alternative to chemotherapy. Chemotherapy may damage

nearby healthy cells that are in the close proximity to the cancer cells. A group of spasers

can be used to damage the cancer cells selectively; they can be pumped externally from

a pump laser, such that only the malignant cells are destroyed. Therefore, BLG-based

spasers have many potential real-world applications in the area of biomedicine



8.1 Summary of contributions 103

Designing and analysing the characteristics of a molybdenum disulfide nano-resonator-

based, two-dimensional spaser.

A spaser made with an MoS2 nano-resonator is analysed and described in Chapter 6. This

study is the first analysis of a spaser based on MoS2 to date. The proposed design sup-

ports higher spaser mode energies varying from Mid-IR to the visible wavelengths and

provides higher electric field amplitudes than graphene-based devices. The layer sep-

aration in MoS2 accommodates more carriers and can achieve higher carrier densities.

Therefore, the system supports higher outputs. In addtion, MoS2 accommodate mas-

sive electrons unlike graphene, thus its electron mobility is lower than that of graphene.

Therefore, spasers made of MoS2 nano-resonators consume more power and provide

plasmons with a slightly lower Q-factor than graphene nano-resonators. This work is

reported in the “Journal of Applied Physics”.

Providing comprehensive guidelines to design and optimise spasers.

Chapter 7 provides a comprehensive set of guidelines for designing and optimising spasers.

It is a collection of the data from the results obtained in this research and the details pro-

vided in the related literature. The discussion provides details for selecting appropriate

resonators considering the material, shape, tune relevant parameters, and input / output

characteristics. It also explains how to form active mediums depending on design consid-

erations. The methods for obtaining efficient outputs and how to tune these parameters

are also discussed. A designer can find most of the necessary design parameters to create

a spaser for a particular application.

The findings of this research have expanded the applications of spasers in many ways.

For example, the proposed designs can be easily integrated into on-chip circuits and

can interconnect with most of the existing optical devices due to their shape. Bi-layer

graphene-based un-doped spasers can be used as an alternative to chemotherapy, for

many other biomedical applications. Moreover, the derived framework and guidelines

can be used to analyse the performance and develop many spaser designs based on two-

dimensional plasmonic nano-resonators, making the outcomes of this research more use-
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ful.

8.2 Suggestions for future research

This work can be extended through many pathways, some of which are described below;

a) Extending the study to analyse the effect of multiple active elements of a spaser con-

figuration.

All the analyses were conducted considering the interaction of a single active element of

the gain medium with the plasmonic nano-resonators. The total interaction was found

by taking the superposition of individual interactions which is a safe assumption in laser

physics. However, an analysis can be done to analyse the interaction among the res-

onator and the gain element, in addition to the interactions with the gain elements in the

active medium. Then, the effects of multiple active mediums can be analysed, in order to

improve the accuracy of the current physical model.

b) A comprehensive analysis of the performance of a group of two-dimensional res-

onator based spasers.

In this analysis, all the designs are analysed individually. Yet an analysis of the collective

operation of a group of spasers is essential when applying spasers to biomedical appli-

cations (as an alternative to the chemotherapy) and to nanoplasmonic circuits. Then the

gain medium - gain medium, nano-resonator - nano- resonator and nano-resonator - gain

medium interactions must be considered. Researchers have shown that the collective op-

eration of spasers provides “×N2” output and not “×N” output. These designs can also

be used to achieve super-radiance.

c) Realising single plasmon generation
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This study analyses the number of surface plasmons generated per spasing mode. These

designs can be carefully tailored to achieve more SPs or fewer SPs. In such case can be

used to develop a system which can generate a single plasmon which can be used in ap-

plications, such as quantum counting systems and tomography [206–208]

d) Analysing the performance of spasers generates propagating surface plasmons.

Localised plasmon modes of the resonators are considered in this analysis. However, an

analysis can be done to analyse the performance of a spaser based on surface plasmon

polaritons (SPP). A shape such as a nano-ribbon could provide better output characteris-

tics in contrast to the existing two-dimensional spaser designs. It could also create more

potential applications for the spasers, such as compensating for losses associated with

plasmonic waveguides.

e) Designing and analysing spasers made of other two-dimensional plasmonic mate-

rials.

Other than MoS2, black phosphorus is one of the top contenders for replacing graphene.

Therefore, this analysis can be extended to study the performance of new plasmonic

nano-resonators made of different two-dimensional plasmonic materials, such as black

phosphorus, plasmene (an artificial graphene made of gold nano particles).
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Abbreviations
BLG Bi-Layer Graphene

CNT Carbon Nanotube

CW Continuous Wave

DOS Density of States

e–h pair electron–hole pair

GNF Graphene Nanoflake

IR Infrared

Laser Light Amplification by Stimulated Emission of Radiation

LSP Localized Surface Plasmons

LOQC Linear Optics Quantum Computing

LSP Localized Surface Plasmon Resonanace

MIR Mid Infrared

MLG Mono-Layer Graphene

NIR Near Infrared

NP Nanoparticle

QD Quantum Dot

QED Quantum Electrodynamics

QW Quantum Well

SP Surface Plasmon

Spaser Surface Plasmon Amplification by Stimulater Emission of Radiation

SPP Surface Plasmon Polaritons

SPR Surface Plasmon Resonance

TLS Two Level System

VCSEL Vertical Cavity Surface Emitting Laser



Appendix A

Resonator wavelengths

A.1 Resonance wavelengths of circular graphene resonators

Table A.1: Table of resonance wavelengths of circular shaped monolayer graphene with
respect to its radius when the doping level is 0.8 eV.

Mode wavelengths (nm)
Resonator M01 M11 M21 M02 M31 M12

Radius (nm) 667
10 1683 1229 784 667 453 337
15 2111 1624 1353 1269 1071 923
20 2592 1887 1616 1555 1422 1321
25 3109 2165 1812 1745 1619 1539
30 3645 2466 2013 1926 1778 1692
35 4192 2783 2227 2120 1936 1834
40 4745 3111 2452 2324 2103 1980
45 5303 3445 2687 2538 2278 2134
50 5863 3785 2928 2759 2462 2295
55 6426 4129 3175 2985 2650 2461
60 6991 4475 3425 3215 2843 2633
65 7557 4823 3678 3448 3040 2808
70 8124 5173 3933 3684 3240 2986
75 8691 5524 4190 3921 3441 3167
80 9260 5876 4449 4160 3645 3350
85 9829 6230 4708 4400 3850 3534
90 10398 6583 4969 4641 4056 3720
95 10968 6938 5230 4884 4264 3906
100 11538 7293 5492 5126 4472 4094
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Table A.2: Table of resonance wavelengths of circular shaped monolayer graphene with
respect to its Fermi level when the radius is 30 nm.

Mode wavelengths (nm)
Fermi M01 M11 M21 M02 M31 M12

level (eV)
0.10 11389 9796 9464 9416 9334 9284
0.15 8653 6980 6570 6509 6412 6356
0.20 7252 5598 5143 5074 4963 4902
0.25 6382 4778 4298 4222 4101 4035
0.30 5781 4232 3741 3660 3531 3460
0.35 5335 3840 3345 3262 3127 3053
0.40 4990 3545 3050 2965 2825 2748
0.45 4712 3313 2821 2735 2592 2513
0.50 4484 3125 2638 2551 2405 2325
0.55 4291 2969 2488 2401 2253 2171
0.60 4126 2838 2362 2275 2127 2044
0.65 3983 2726 2255 2168 2020 1936
0.70 3857 2628 2164 2077 1928 1843
0.75 3745 2542 2083 1997 1848 1763
0.80 3645 2466 2013 1927 1778 1692
0.85 3555 2398 1950 1865 1716 1630
0.90 3474 2337 1894 1809 1660 1574
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A.2 Resonance wavelengths of circular shaped bi-layer graphene
(BLG) resonators

Table A.3: Table of resonance wavelengths of circular shaped bi-layer graphene with
respect to its radius when the Fermi level E f = 0.0 eV.

Mode wavelengths (nm)
Flake M01 M11 M21 M02 M31 M12

Radius (nm)
30 4440 2968 2398 2293 2117 2026
40 5806 3777 2952 2791 2512 2359
50 7190 4618 3551 3338 2964 2754
60 8583 5474 4171 3910 3445 3180
70 9981 6339 4804 4494 3941 3624
80 11382 7209 5444 5086 4446 4078
90 12786 8083 6088 5683 4957 4539
100 14191 8959 6736 6284 5473 5005

Table A.4: Table of resonance wavelengths of circular shaped bi-layer graphene with
respect to its radius when the Fermi level E f = 0.2 eV.

Mode wavelengths (nm)
Flake M01 M11 M21 M02 M31 M12

Radius (nm)
30 4325 2883 2323 2218 2044 1953
40 5659 3676 2868 2710 2435 2284
50 7010 4498 3455 3247 2880 2674
60 8369 5335 4062 3806 3351 3092
70 9734 6180 4680 4377 3836 3526
80 11101 7029 5305 4955 4330 3971
90 12471 7882 5934 5539 4830 4421
100 13842 8737 6567 6125 5334 4876
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Table A.5: Table of resonance wavelengths of circular shaped bi-layer graphene with
respect to its radius when the Fermi level E f = 0.4 eV.

Mode wavelengths (nm)
Flake M01 M11 M21 M02 M31 M12

Radius (nm)
30 4003 2652 2119 2019 1849 1759
40 5247 3396 2637 2487 2227 2082
50 6506 4165 3189 2994 2648 2453
60 7772 4946 3757 3518 3091 2848
70 9041 5733 4335 4052 3546 3256
80 10313 6524 4918 4592 4008 3672
90 11587 7318 5504 5136 4475 4093

100 12861 8113 6094 5682 4945 4518

A.3 Resonance wavelengths of circular MoS2 resonators

Table A.6: Table of resonance wavelengths of circular shaped monolayer graphene with
respect to its radius when the carrier concentration is 8.84 × 1027 m−3.

Mode wavelengths (nm)
Resonator Radius (nm) M01 M11 M21 M02 M31 M12

40 5089 3463 2897 2817 2760 2671
50 6227 4119 3293 3141 2903 2802
60 7380 4811 3763 3560 3215 3034
70 8541 5518 4265 4017 3583 3344
80 8834 6235 4782 4491 3978 3689
90 10876 6958 5309 4977 4387 4051

100 12047 7684 5841 5469 4804 4424

Table A.7: Table of resonance wavelengths of circular shaped monolayer graphene with
respect to its radius when the carrier concentration is 16.85 × 1027 m−3.

Mode wavelengths (nm)
Resonator Radius (nm) M01 M11 M21 M02 M31 M12

30 2701 1422 921 838 654 556
40 3819 2078 1387 1241 1004 868
50 4898 2759 1879 1691 1383 1202
60 6074 3478 2388 2161 1785 1563
70 7258 4200 2917 2652 2198 1933
80 8507 4941 3468 3176 2630 2318
90 9580 5654 3929 3662 3114 2642

100 10902 6413 4530 4190 3484 3087
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Numerical Methods

Resonant Structures

Three plasmonic structures are considered in this research, namely, Mono-layer graphene

(MLG), Bi-layer graphene (BLG) and Molybdenum Disulfide (MoS2). In particular, cir-

cular shape is considered. All the structures are modelled as disks (three-dimensional

(3D) structures). Rather than transmitting energy, those structures are designed to store

electromagnetic energy of a particular frequency within a small space. A commercial

software, COMSOL Multiphysics is used to analyse these structures explained above.

Quantities of interest included the resonant wavelength and the Q-factor. One of the

structures considered in this study is shown in Figure B.1

Adding Physics to the system - COMSOL

Electromagnetic waves - frequency domain analyser is used to analyse the resonant struc-

tures described in the previous section. For the time-harmonics and eigenfrequency re-

lated problems, the governing equation can be given in the form,

∇× (µ−1
r ∇× E)− k2

0ϵrcE = 0 (B.1)

Where, k0 is the wave number of free space and defined as,

k0 = ω
√

ϵ0µ0 =
ω

c0
(B.2)

where, c0 is the speed of light in vacuum.
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Considering out-of-plane wave number as kz, electric field can be modelled as,

E(x, y, z) = Ẽ(x, y)e−ikzz (B.3)

Thereby, the wave equation can be simplified as,

(∇− ikzz)× [µ−1
r (∇− ikzz)× Ẽ]− k2

0ϵrcẼ = 0, (B.4)

where, z is the unit vector towards the z-direction of the coordinate system considered as

shown in the figure.

Similarly, due to the 2D symmetry, electric field varies with the azimuthal mode number

m and the equation B.3 can be represented in a form as,

E(r, ϕ, z) = Ẽ(r, z)e−imϕ. (B.5)

For this case, the wave equation can be simplified as,

(∇− i
m
r

Φ)× [µ−1
r (∇− i

m
r

Φ)× Ẽ]− k2
0ϵrcẼ = 0, (B.6)

where, Φ is the unit vector towards i m
r Φ-direction of the coordinate system considered.

Then, the system can be solved as an eigenfrequency problem and it provides the

complex eigenfrequencies in the form of,

λ = −iω + δ, (B.7)

where, δ is the damping of the eigenfrequency. Then the Q-factor can be obtained from

the following equation,

Q =
ω

2|δ| . (B.8)

Conductivity models

All the resonator types considered in this study (Mono-layer graphene (MLG), Bi-layer

Graphene and Molybdenum disulfide) are modelled by using their conductivity formu-

las explained in Chapter 4.
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Meshing

Automatic and semi-automatic meshing tools are available in COMSOL Multiphysics,

including free tetrahedral meshing and swept meshing. The default algorithm is auto-

matic tetrahedral meshing for physics defined in solids, and a combination of tetrahedral

and boundary-layer meshing for fluids. Here, automatic tetrahedral meshing is used in

all the analysis.

Parametric sweep

Parametric sweep is used to obtain the values of varying parameters, such as flake radius

and its doping level (Fermi level)
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Figure B.1: 2D resonant structure considered in COMSOL Multiphysics.
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