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Web Appendix

A. The derivation of Score test statistic in two models

The Fisher information matrix under H0 : δ = 0 is given by

I(π1, η, θ) =
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,

and its inverse matrix is given by

I−1(π1, η, θ) =
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,

where I11 is the first main-diagonal element of the inverse of the Fisher information matrix I(π1, η, θ)

under H0 : δ = 0, which is given by

I11 = [I011 −
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where

I011 =
n2θ(1− η) +N2η

π1
+

n2(η + θ − ηθ)2

1− π1(η + θ − ηθ)
+

(N2 − n2)η
2

1− π1η
, I012 = I011,

I013 =
n2(1− θ)

1− π1(η + θ − ηθ)
+

N2 − n2

1− π1η
, I014 =

n2(1− η)

1− π1(η + θ − ηθ)
,

I022 =
(n1 + n2)(η + θ − ηθ) + (N1 − n1 +N2 − n2)η

π1
+

(n1 + n2)(η + θ − ηθ)2

1− π1(η + θ − ηθ)

+
(N1 − n1 +N2 − n2)η

2

1− π1η
,

I023 =
(n1 + n2)(1− θ)

1− π1(η + θ − ηθ)
+

N1 − n1 +N2 − n2

1− π1η
, I024 =

(1− η)(n1 + n2)

1− π1(η + θ − ηθ)
,

I033 =
(N1 +N2)π1

η
+

(n1 + n2)π1θ

1− η
+

(n1 + n2)(1 − θ)2π2
1

1− π1(η + θ − ηθ)
+

(N1 − n1 +N2 − n2)π
2
1

1− π1η
,

I034 =− (n1 + n2)π1(1− π1)

1− π1(η + θ − ηθ)
, I044 =

(n1 + n2)π1
θ

+
(n1 + n2)π1η

1− θ
+

(n1 + n2)π
2
1
(1− η)2

1− π1(η + θ − ηθ)

in Model I, and

I011 =
n2 + (N2 − n2)η

π1
+

n2

1− π1
+

(N2 − n2)η
2

1− π1η
, I012 = I011, I

0

13 =
N2 − n2

1− π1η
, I014 = 0,

I022 =
(n1 + n2) + (N1 − n1 +N2 − n2)η

π1
+

n1 + n2

1− π1
+

(N1 − n1 +N2 − n2)η
2

1− π1η
,

I023 =
N1 − n1 +N2 − n2

1− π1η
, I024 = 0,

I033 =
(N1 − n1 +N2 − n2)π1

η
+

(n1 + n2)π1
1− η

+
(n1 + n2)π1
η + θ − 1

+
(N1 − n1 +N2 − n2)π

2
1

1− π1η
,

I034 =
(n1 + n2)π1
η + θ − 1

, I044 =
(n1 + n2)π1

1− θ
+

(n1 + n2)π1
η + θ − 1

in Model II, respectively. Therefore, the Score statistic for testing the null hypothesis H0 : δ = 0 is

given by

Tsc =
∂l

∂δ
|δ=0,π1=π̃1,η=η̃,θ=θ̃

√

I11|π1=π̃1,η=η̃,θ=θ̃,

where ∂l
∂δ is given in Section (3.1.2) for Model I and Section (3.2.2) in for Model II, respectively.

B. µ0 and µ1 in sample size formula based on Score test statistic Tsc

According to I11 given in the above Appendix 1, µ0 and µ1 can be given by

µ0 = B̄ − (C̄ + D̄ + Ē)/Ā, µ1 = B̌ − (Č + Ď + Ě)/Ǎ,

where Ā = Ī22Ī33Ī44+2Ī23Ī24Ī34 − Ī24Ī24Ī33 − Ī23Ī23Ī44− Ī34Ī34Ī22, B̄ = Ī11, C̄ = (Ī12Ā11 + Ī13Ā12+

Ī14Ā13)Ī12, D̄ = (Ī12Ā21 + Ī13Ā22 + Ī14Ā23)Ī13, Ē = (Ī12Ā31 + Ī13Ā32 + Ī14Ā33)Ī14, with Ā11 =

Ī33Ī44−Ī34Ī34, Ā12 = Ī24Ī34−Ī23Ī44, Ā13 = Ī23Ī34−Ī24Ī33, Ā21 = Ī24Ī34−Ī23Ī44, Ā22 = Ī22Ī44−Ī24Ī24,

Ā23 = Ī23Ī24 − Ī22Ī34, Ā31 = Ī23Ī34 − Ī24Ī33, Ā32 = Ī23Ī24 − Ī22Ī34, Ā33 = Ī22Ī33 − Ī23Ī23, and
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Ǎ = Ǐ22Ǐ33Ǐ44+2Ǐ23Ǐ24Ǐ34−Ǐ24Ǐ24Ǐ33−Ǐ23Ǐ23Ǐ44−Ǐ34Ǐ34Ǐ22, B̌ = Ǐ11, Č = (Ǐ12Ǎ11+Ǐ13Ǎ12+Ǐ14Ǎ13)Ǐ12,

Ď = (Ǐ12Ǎ21 + Ǐ13Ǎ22 + Ǐ14Ǎ23)Ǐ13, Ě = (Ǐ12Ǎ31 + Ǐ13Ǎ32 + Ǐ14Ǎ33)Ǐ14, with Ǎ11 = Ǐ33Ǐ44 − Ǐ34Ǐ34,

Ǎ12 = Ǐ24Ǐ34 − Ǐ23Ǐ44, Ǎ13 = Ǐ23Ǐ34 − Ǐ24Ǐ33, Ǎ21 = Ǐ24Ǐ34 − Ǐ23Ǐ44, Ǎ22 = Ǐ22Ǐ44 − Ǐ24Ǐ24, Ǎ23 =

Ǐ23Ǐ24 − Ǐ22Ǐ34, Ǎ31 = Ǐ23Ǐ34 − Ǐ24Ǐ33, Ǎ32 = Ǐ23Ǐ24 − Ǐ22Ǐ34, Ǎ33 = Ǐ22Ǐ33 − Ǐ23Ǐ23. In Model I,

Ī11 =
k2rθ̄(1− η̄) + rη̄

π̄1
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k2r(η̄ + θ̄ − η̄θ̄)2

1− π̄1(η̄ + θ̄ − η̄θ̄)
+

r(1− k2)η̄
2

1− π̄1η̄
, Ī12 = Ī11,

Ī13 =
k2r(1− θ̄)

1− π̄1(η̄ + θ̄ − η̄θ̄)
+

r(1− k2)

1− π̄1η̄
, Ī14 =

k2r(1− η̄)

1− π̄1(η̄ + θ̄ − η̄θ̄)
,

Ī22 =
(k1 + k2r)(η̄ + θ̄ − η̄θ̄) + (1− k1 + r − k2r)η̄

π̄1
+

(k1 + k2r)(η̄ + θ̄ − η̄θ̄)2

1− π̄1(η̄ + θ̄ − η̄θ̄)

+
(1− k1 + r − k2r)η̄

2

1− π̄1η̄
,
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,
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1
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+
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2
1
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,
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,

and

Ǐ11 =
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δ1 + π1
+

k2r(η + θ − ηθ)2

1− (π1 + δ1)(η + θ − ηθ)
+

r(1− k2)η
2

1− (π1 + δ1)η
, Ǐ12 = Ǐ11

Ǐ13 =
k2r(1− θ)

1− (π1 + δ1)(η + θ − ηθ)
+

r(1− k2)

1− (π1 + δ1)η
, Ǐ14 =

k2r(1− η)

1− (π1 + δ1)(η + θ − ηθ)

Ǐ22 =Ǐ11 +
k1(η + θ − ηθ) + (1− k1)η

π1
+

k1(η + θ − ηθ)2

1− π1(η + θ − ηθ)
+

(1− k1)η
2

1− π1η

Ǐ23 =
k1(1− θ)

1− π1(η + θ − ηθ)
+

k2r(1− θ)

1− (π1 + δ1)(η + θ − ηθ)
+

1− k1
1− π1η

+
r(1− k2)

1− (π1 + δ1)η

Ǐ24 =
k1(1− η)

1− π1(η + θ − ηθ)
+

k2r(1− η)

1− (π1 + δ1)(η + θ − ηθ)

Ǐ33 =
π1 + r(π1 + δ1)

η
+

k1π1θ + k2r(π1 + δ1)θ

1− η
+

k1(1− θ)2π2
1

1− π1(η + θ − ηθ)

+
k2r(1− θ)2(π1 + δ1)

2

1− (π1 + δ1)(η + θ − ηθ)
+

(1− k1)π
2
1

1− π1η
+

r(1− k2)(π1 + δ1)
2

1− (π1 + δ1)η

Ǐ34 =− k1π1(1− π1)

1− π1(η + θ − ηθ)
− k2r(π1 + δ1)(1 − π1 − δ1)

1− (π1 + δ1)(η + θ − ηθ)

Ǐ44 =
k1π1 + k2r(π1 + δ1)

θ
+

k1π1η + k2r(π1 + δ1)η
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k1π
2
1
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In Model II,

Ī11 =
k2r + r(1− k2)η̄

π̄1
+

k2r

1− π̄1
+

r(1− k2)η̄
2

1− π̄1η̄
, Ī12 = Ī11, Ī13 =

r(1− k2)

1− π̄1η̄
, Ī14 = 0,

Ī22 =Ī11 +
k1 + (1− k1)η̄

π̄1
+

k1
1− π̄1

+
(1− k1)η̄

2

1− π̄1η̄
, Ī23 =

1− k1 + r(1− k2)

1− π̄1η̄
, Ī24 = 0,

Ī33 =
(1− k1 + r(1− k2))π̄1

η̄
+

(k1 + k2r)π̄1
1− η̄

+
(k1 + k2r)π̄1
η̄ + θ̄ − 1

+
(1− k1 + r(1− k2))π̄

2
1

1− π̄1η̄
,

Ī34 =
(k1 + k2r)π̄1
η̄ + θ̄ − 1

, Ī44 =
(k1 + k2r)π̄1

1− θ̄
+

(k1 + k2r)π̄1
η̄ + θ̄ − 1

,

and

Ǐ11 =
k2r + r(1− k2)η

π1 + δ1
+

k2r

1− π1 − δ1
+

r(1− k2)η
2

1− (π1 + δ1)η
, Ǐ12 = Ǐ11, Ǐ13 =

r(1− k2)

1− (π1 + δ1)η
, Ǐ14 = 0

Ǐ22 =Ǐ11 +
k1 + (1− k1)η

π1
+

k1
1− π1

+
(1− k1)η

2

1− π1η
, Ǐ23 =

1− k1
1− π1η

+
r(1− k2)

1− (π1 + δ1)η
, Ǐ24 = 0

Ǐ33 =
(1− k1)π1 + r(1− k2)(π1 + δ1)

η
+

k1π1 + k2r(π1 + δ1)

1− η
+

(1− k1)π
2
1

1− π1η
+

r(1− k2)(π1 + δ1)
2

1− (π1 + δ1)η

+
k1π1 + k2r(π1 + δ1)

η + θ − 1

Ǐ34 =
k1π1 + k2r(π1 + δ1)

η + θ − 1
, Ǐ44 =

k1π1 + k2r(π1 + δ1)

1− θ
+

k1π1 + k2r(π1 + δ1)

η + θ − 1
.

C. The derivation of the validated ratio k1 based on Wald test statistic Tw2

According to Equation (16), the validated ratio k1 based on Wald test statistic Tw2 is obtained

by solving the following equation:

N1δ
4

1 + z4
1−α/2v

2

0 + z41−βv
2

1 − 2z2
1−α/2z

2

1−βv0v1 − 2N1δ
2

1(z
2

1−α/2v0 + z21−βv1) = 0,

where v1 = A/k1 +B, v0 = C/k1 +D, and

C =
¯̄π1(1− ¯̄η)[1− ¯̄π1 ¯̄η − ¯̄θ(1− ¯̄η)]

¯̄η ¯̄θ(1− ¯̄π1 ¯̄η)
· 1 + r

r
,D =

¯̄π1(1− ¯̄π1)
2 ¯̄η

1− ¯̄π1 ¯̄η
· 1 + r

r
,

¯̄π1 =
h1h4 + h2h3

(1 + r)h4
, ¯̄η =

h1h4

h1h4 + h2h3

, ¯̄θ = θ,

h1 = π1η + (π1 + δ1)η · r, h2 = 1− π1η + [1− (π1 + δ1)η] · r,
h3 = π1(1− η) + (π1 + δ1)(1− η) · rs, h4 = 1− π1η + [1− (π1 + δ1)η] · rs

in Model I; and

C =
¯̄π1(1− ¯̄π1)(1− ¯̄η)

1− ¯̄π1 ¯̄η
· (1 + 1

rs
),D =

¯̄π1(1− ¯̄π1)
2 ¯̄η

1− ¯̄π1 ¯̄η
· 1 + r

r
,

¯̄π1 =
h1h2 + h3h4

(1 + r)h1
, ¯̄η =

h1h2

h1h2 + h3h4

,

h1 = 1− π1η + [1− (π1 + δ1)η]s · r, h2 = π1η + (π1 + δ1)η · r,
h3 = π1(1− η) + (π1 + δ1)(1− η) · rs, h4 = 1− π1η + [1− (π1 + δ1)η] · rs
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in Model II, respectively. It is easily shown that k1 is the solution of the following equation:

Gk21 − 2Fk1 + E = 0,

where

E = (z2
1−α/2C − z21−βA)

2,

F = (z2
1−α/2C − z21−βA)(z

2

1−βB − z2
1−α/2D) +N1δ

2

1(z
2

1−α/2C + z21−βA),

G = N2

1 δ
4

1 + (z2
1−α/2D − z21−βB)− 2N1δ

2

1(z
2

1−βB + z2
1−α/2D).

Therefore, the validated ratio k1 based on Wald test statistic Tw2 is given by

k1 =
E

F −
√
F 2 − EG

.
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