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I. REAL-WORLD NETWORK DATA

Table I gives an overview of the analyzed single-layer networks, while Table II gives an overview of the considered
multiplex systems that consist of network layers from Table I.

’ ‘ Network ‘ N ‘ k ‘ ot ‘ Ref. ‘ ‘
Airport 3397 |11.32]1.88 [1-3]
Drosophila 1770 {10.01{1.91 3,4
Metabolic 1436 | 6.57 | 2.6 3,5
Proteome 4100 | 6.52 |2.25 3,6
Enron 33696 10.73]2.66 (3,7, 8]
Internet 23748| 4.92 (2.17 3, 9]
Music 2476 |16.66|2.27| [3, 10, 11]
Words 7377 111.99(2.25 [3, 12]
arXivl (physics.bio-ph) 2956 | 4.13 | 2.6
arXiv2 (physics.data-an) 3506 | 4.19 | 2.6
arXiv3 (physics.soc-ph) 1594 | 3.79 | 6.0
arXiv4 (cond-mat.dis-nn) 5465 | 5.30 | 2.5 (13, 14]
arXivb (math.OC) 1605 | 5.52 | 4.0 ’
arXiv6 (cond-mat.stat-mech) | 1451 | 3.56 | 4.0
arXiv7 (g-bio.MN) 1905 | 4.64 | 4.0
arXiv8 (cs.SI) 4946 | 4.69 | 2.5
C.Elegansl (Electric) 253 | 4.06 | 2.9
C.Elegans2 (Chemical Monadic)| 260 | 6.83 | 2.9 [14-16]
C.Elegans3 (Chemical Polyadic)| 278 [12.25] 2.9
Drosophilal (Suppressive) 838 | 4.43 | 2.6 (14, 17, 18]
Drosophila2 (Additive) 755 | 3.77 ] 2.8 T
Internetl (IPv4) 37563| 5.06 | 2.1 [9, 14, 19]
Internet2 (IPv6) 5163 | 5.21 | 2.1 o
Air 69 |5.22|2.6
Train 69 |9.33]29 [14,20]

TABLE I. Single-layer networks. The first column indicates the name of the network, while N, k and + denote respectively
the number of nodes in the network, the network’s average degree, and the exponent  of the power law that best approximates
the network’s degree distribution. More details on the data can be found in the references listed in the last column.

H Multiplex network Neommon "rk,k/ ‘NMI(M/ ‘ Ref. H

arXivl - arXiv2 911 0.82| 0.46
arXivl - arXiv4 1441 [0.90| 0.56 13, 14]
arXivl - arXivh 354 0.80| 0.44 ’
arXiv2 - arXiv4 1323 |0.86| 0.48

Internetl - Internet2 4731 |0.82| 0.32

[ l [0.82] [ 5,14 ]
[[ C.Elegans2 - C.Elegans3 | 259 [0.80] 0.31 | [14-16] |
I [ 500 [0.83] 0.26 |[14, 17, 18]]
[ l [0.80] l l

Drosophilal - Drosophila2

Air - Train

69 0.08 | [14, 20]

|
|
|
|

TABLE II. Multiplex networks. Each two-layer multiplex network is composed of layers from Table I. The first column
indicates the two layers that constitute the multiplex. Ncommon is the number of common nodes between the two layers; 7, 5/
is the Pearson correlation coefficient among the degrees of the nodes in the two layers; and NMIy ¢/ is the normalized mutual
information of the angular coordinates of the nodes in the two layers.



FIG. 1.

Degree Distribution.
(physics.bio-ph) considered in the main text. The red lines are the empirical distributions, while the dotted blue lines are

power laws with exponents v = 2.1, 2.6.
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FIG. 2. Correlation between node degree and k-shell index. Pearson correlation coefficient between node degree and
k-shell index, 7k, degree, for nodes with k-shell index ks > k where k as indicated in the z-axis. Panel (a) shows the results for
the IPv6 Internet and the arXiv co-authorship network considered in the main text. Panel (b) shows the results for synthetic
networks constructed with the S'-model (Methods section C in the main text) for various values of the degree exponent . The
synthetic networks have N = 10,000 nodes, average degree k = 6, and temperature parameter T' = 0.5, while the results are
averages over 100 network realizations. Results for a value of k are shown only if there were samples for that value in at least
20% of the realizations.
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k-CORE STRUCTURE OF REAL-WORLD NETWORKS
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FIG. 3. k-core structure of real-world networks. Each row corresponds to a single-layer network from Table I. (a) Scatter
plot of node degrees vs. coreness. The size of the symbols is proportional to the number of nodes having each specific degree
and k-shell index values. (b) Relative size S(k) of the k-core in the real networks (labeled as “org”) and their randomized
counterparts (labeled as “rnd”). Randomized networks are obtained by shuffling random pairs of edges while controlling for
the average value of the clustering coefficient C. (c) k-shell index of nodes before and after network randomization (obtained
for C' =~ 0). The size of the symbols is proportional to the percentage of nodes whose coreness changed from ks in the original
network to kj in the reshuffled network. (d) Angular coherence & of the nodes belonging to each k-core and k-shell.
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FIG. 4. k-core structure of real-world networks. Same as in Figure 3, but for a different set of networks from Table I.
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FIG. 5. k-core structure of real-world networks. Same as in Figure 3, but for a different set of networks from Table I.
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FIG. 6. k-core structure of real-world networks. Same as in Figure 3, but for a different set of networks from Table I.
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FIG. 7. k-core structure of real-world networks. Same as in Figure 3, but for a different set of networks from Table I.
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IIT. k-CORE STRUCTURE OF REAL-WORLD MULTIPLEX NETWORKS
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FIG. 9. k-core of real-world multiplex networks. (a and b) Hyperbolic embedding of the arXivl-arXiv4 multiplex network.
Panel a refers to the layer arXivl, while panel b to the layer arXiv4. The position of the nodes in the disk is determined by
their hyperbolic coordinates, and only nodes that exist in both layers are shown; different colors serve to differentiate nodes
depending on their k-shell index value. (c) Correspondence among nodes belonging to the (k, k)-shells of the arXivl-arXiv4
multiplex network. (d) Same as in panel ¢, but for k¥ > 7. (e) Same as in panel ¢, but for the randomized version of the
multiplex where the node labels of one of the two layers are randomly reshuffled. (f) Relative size S(ki1, k2) of the (k1, k2)-core
for the arXivl-arXiv4 multiplex network. (g) Same as in panel f, but for the randomized version of the multiplex network. (h)
Relative size S(k, k) of the (k, k)-core for the arXivl-arXiv4 multiplex network, and its randomized version. These curves are

compared with those of the relative size S(k) of the k-core of the individual layers. (i) Same as in panel h, but for the metrics
of angular coherence &, and &j.
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IV. DESTROYING INTER-LAYER DEGREE AND SIMILARITY CORRELATIONS
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size n used to randomize node labels, thus breaking inter-layer degree correlations. For n = 1, node labels of the network
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layer correlation is broken, but we preserve inter-layer correlation among nodes’ angular coordinates. Metrics of similarities
considered here are the Pearson correlation coefficient 7 ,» among the degrees of nodes in the two layers; normalized mutual
information NMlIy o of the angular coordinates of the nodes in the two layers; and edge overlap O among the two layers. (b)
Relative size S(k, k) of the (k, k)-core. The results of the original multiplex network (n = 1) are compared with those valid for
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corresponding to one standard deviation away from the average. (c) Same as in panel b, but for the angular coherence & k.
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consider here the case where inter-layer correlation among nodes’ angular coordinates is destroyed, but inter-layer correlation
among nodes’ degrees is preserved. The results of the original network are compared with those obtained for n = 8.

10

1.0 @ nw (a) 10° 100 ( (d)
£ —m- NMiyy
% >0 2 1

— = O

£ e . €
5 0.5 <10 : g5 ! E
E @ 8
[ R 0
it

0.0 0

D T N 107 10! 10° 10' 5 10
n k k k, original

1.0 @ g ( g )
. 10 100
I

oS = O

= < £
205 107! = 8
;%0 5 % & g i
5 o n-=1 % 0
£ e 107!

0.0 "2

20 9l o8 i 10° 10 10° 10! (}0 5 10
n k k k, original

FIG. 17. Inter-layer correlations and the k-core structure of the arXiv2-arXiv4 multiplex network. Same as in
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FIG. 19. Inter-layer correlations and the k-core structure of the C.Elegans2-C.Elegans3 multiplex network.
Same as in Figure 16, but for the multiplex consisting of C.Elegans2 and C.Elegans3.

=4

1.0 . e @ 10 ® © 7 (@
>
Z —m- Mgy
= > 0 E
£ = ‘£
g A S
i) ——n= 107! =3 l I
= —m—n=2

0o 0 o1 o8 o12 100 10! 107 10! 0 5

2 2 2 2= - 9
n k k k, original
5

> L0 (e) 100 (f) 100 (9) (h)
2 3
E = s
2 0.5 § 3 §
5 a 8
B —e-n=1 10~ w0 l
= —m—n =22

0.0 107!

0 ot g8 g 10° 10! 10° 10! 0 5
n k k k, original

FIG. 20. Inter-layer correlations and the k-core structure of the Drosophilal-Drosophila2 multiplex network.
Same as in Figure 16, but for the multiplex consisting of Drosophilal and Drosophila2.
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FIG. 21. Inter-layer correlations and the k-core structure of the Air-Train multiplex network. Same as in Figure 16,
but for the multiplex consisting of Air and Train.
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V. k-CORE STRUCTURE OF SYNTHETIC MULTIPLEX NETWORKS
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FIG. 22. k-core structure of synthetic multiplex networks. Same as in Figure 9, but for a two-layer synthetic multiplex
network constructed according to the Geometric Multiplex Model (GMM) with no inter-layer degree and angular correlations
(v = g = 0). Each layer of the multiplex has N = 1000 nodes, power-law degree distribution with exponent v = 2.6, average
degree k ~ 6, and temperature T = 0.1.
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FIG. 23. k-core structure of synthetic multiplex networks. Same as in Figure 9, but for a two-layer synthetic multiplex
network constructed according to the GMM with intermediate inter-layer degree and angular correlations (v = g = 0.5). Each
layer of the multiplex has the same parameters as in Figure 22. Panel (d) shows the correspondence among nodes belonging
to the (k, k)-shells with k& > 5.
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FIG. 24. k-core structure of synthetic multiplex networks. Same as in Figure 9, but for a two-layer synthetic multiplex
network constructed according to the GMM with maximal inter-layer degree and angular correlations (v = g = 1). Each layer
of the multiplex has the same parameters as in Figure 22. Panel (d) shows the correspondence among nodes belonging to the
(k, k)-shells with k& > 7.
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FIG. 25. k-core of synthetic multiplex networks. We study here the effect of degree and angular correlations on the
relative size S(k1,k2) of the (ki, k2)-core, in two-layer synthetic multiplexes constructed according to the GMM. Results are
shown for different combinations of the inter-layer degree and angular correlation strength parameters v € [0, 1] and g € [0, 1].
Each layer has N = 1000 nodes, power-law degree distribution with exponent v = 2.2, average degree k ~ 6, and temperature
T =0.5.
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FIG. 26. k-core of synthetic multiplex networks. Same as in Figure 25, but for a different value of the degree
v = 2.6. All other model parameters are identical to those used in Figure 25.
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FIG. 27. k-core of synthetic multiplex networks. Same as in Figure 25, but for a different value of the degree exponent
~v = 3.5. All other model parameters are identical to those used in Figure 25.
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FIG. 28. k-core structure of synthetic multiplex networks. We study here the effect of degree and angular correlations
on the size of the (k, k)-core S(k, k) and its coherence & i, in two-layer synthetic multiplex networks constructed according to
the GMM. Each layer of the multiplex has N = 10000 nodes, power-law degree distribution with exponent v = 2.6, average
degree k ~ 6, and temperature T = 0.5 (i.e., average clustering coefficient ¢ = 0.4). We consider various combinations of the
degree and angular correlation strength parameters v and g. Results in each case are obtained by taking the average value over
100 realizations. Shaded areas denote regions corresponding to one standard deviation away from the average. (a) Relative size
S(k, k) of the (k, k)-core as a function of the threshold k. The curve corresponding to the monoplex is obtained by measuring
S(k) for the k-core of the individual layers, and then taking the average value. (b and c¢) Same as in panel a, but for different
choices of the model parameters. (d, e and f) We consider the same data as in panels a, b, and ¢, respectively, but we monitor
the metrics of angular coherence &, and & as functions of the threshold value k.
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FIG. 29. k-core structure of synthetic multiplex networks. Same as in Figure 28, but for power-law degree distribution
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FIG. 30. Quantifying the effect of inter-layer degree and similarity correlations in the k-core structure of syn-
thetic multiplex networks. (a and b) Relative difference D¢ = [Zk Ek — 2 €k,k} / >k & between the angular coherences
&, and & for the networks constructed in Figures 9a and 9b in the main text. Error bars are not shown for clarity.
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