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Abstract

A mathematical model for tissue growth is considered. This model describes the dynamics of the
density of cells due to pressure forces and proliferation. It is known that such cell population
model converges at the incompressible limit towards a Hele-Shaw type free boundary problem.
The novelty of this work is to impose a non-overlapping constraint. This constraint is important to
be satisfied in many applications. One way to guarantee this non-overlapping constraint is to
choose a singular pressure law. The aim of this paper is to prove that, although the pressure law
has a singularity, the incompressible limit leads to the same Hele-Shaw free boundary problem.
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1 Introduction

Mathematical models are now commonly used in the study of growth of cell tissue. For
instance, a wide literature is now available on the study of the tumor growth through
mathematical modeling and numerical simulations [2, 3, 14, 18]. In such models, we may
distinguish two kinds of description: Either they describe the dynamics of cell population
density (see e.g. [6, 8]), or they consider the geometric motion of the tissue through a free
boundary problem of Hele-Shaw type (see e.g. [16, 15, 11, 18]). Recently the link between
both descriptions has been investigated from a mathematical point of view thanks to an
incompressible limit [22].

In this paper, we depart from the simplest cell population model as proposed in [7]. In this
model the dynamics of the cell density is driven by pressure forces and cell multiplication.
More precisely, let us denote by m(¢,x) the cell density depending on time ¢= 0 and position
X € RY and by pthe mechanical pressure. The mechanical pressure depends only on the cell
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density and is given by a state law p=TI(#). Cell proliferation is modelled by a pressure-
limited growth function denoted G. Mechanical pressure generates cells displacement with a
velocity whose field 8ILJR is computed thanks to the Darcy’s law. After normalizing all
coefficients, the model reads

on+V - (nv)=nG(p), onR*t xR?
v=—Vp,  p=l(n).

The choice H(”)Z7 i lnﬂy_l has been taken in [22, 23, 24]. This choice allows to recover
the well-known porous medium equation for which a lot of nice mathematical properties are
now well-established (see e.g. [26]). The incompressible limit is then obtained by letting »
going to +oco.

However, this state law does not prevent cells to overlap. In fact, it is not possible with this
choice to avoid the cell density to take value above 1 (which corresponds here to the
maximal packing density after normalization). A convenient way to avoid cells overlapping
is to consider a pressure law which becomes singular when the cell density approaches 1.
Such type of singularity is encountered, for instance, in the kinetic theory of dense gases
where the interaction between molecules is strongly repulsive at very short distance [9].
Similar singular pressure laws have been also considered in [12, 13] to model collective
motion, in [4, 5] to model the traffic flow, and in [21] to model crowd motion (see also the
review article [19]). Then, in order to fit this non-overlapping constraint, we consider the
following simple model of pressure law given by

Finally, the model under study in this paper reads, for >0,

One — V- (neVpe):neG(p€)7 (11)

Te

p=Pnd=er—m g

This system is complemented by an initial data denoted ", The aim of this paper is to
investigate the incompressible limit of this model, which consists in letting e going to 0 in
the latter system.

At this stage, it is of great importance to observe that from (1.1), we may deduce an equation

Pe
for the pressure by simply multiplying (1.1) by ~'(n,) and using the relation ”s:@ from
(1.2),
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2
Oe = (FE+p)Ape = [V P=(FE 0G0 g o

Formally, we deduce from (1.3) that when € — 0, we expect to have the relation

—p3APo=pG(po).  (1.4)

Moreover, passing formally to the limit into (1.2), it appears clearly that (1 - rg)p = 0. We
deduce from this relation that if we introduce the set Qq(§) = {5 > 03}, then we obtain a free
boundary problem of Hele-Shaw type: On Qq(2), we have iy = 1 and —Apy = G(), whereas
o = 0 on R9\Qy(#. Thus although the pressure law is different, we expect to recover the
same free boundary Hele-Shaw model as in [22].

The incompressible limit of the above cell mechanical model for tumor growth with a

pressure law given by I(n)= ~ i 1 n! has been investigated in [22] and in [23] when
taking into account active motion of cells. In [24], the case with viscosity, where the Darcy’s
law is replaced by the Brinkman’s law, is studied. We mention also the recent works [17, 20]
where the incompressible limit with more general assumptions on the initial data has been
investigated. However, in all these mentionned works the pressure law do not prevent the
non-overlapping of cells. Up to our knowledge, this work is the first attempt to extend the
previous result with this constraint, i.e. with a singular pressure law as given by (1.2).

The outline of the paper is the following. In the next section we give the statement of the
main result in Theorem 2.1, which is the convergence when e goes to 0 of the mechanical
model (1.1)—(1.2) towards the Hele-Shaw free boundary system. The rest of the paper is
devoted to the proof of this result. First, in section 3 we establish some a priori estimate
allowing to obtain space compactness. Then, section 4 is devoted to the study of the time
compactness. Thanks to compactness results, we can pass to the limit e — 0 in system
(1.1)-(1.2) in section 5, up to the extraction of a subsequence. Finally the proof of the
complementary relation (1.4) is performed in section 6.

2 Main result

The aim of this paper is to establish the incompressible limit e — 0 of the cell mechanical
model with non-overlapping constraint (1.1)—(1.2). Before stating our main result, we list the
set of assumptions that we use on the growth fonction and on the initial data. For the growth
function, we assume

3G, >0,

GH <G,

G'<0, and 3y>0, min |G,|:fy,
[07Pj\,[]
ip,, >0, G(P,,)=0. (2.1)
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The quantity £, for which the growth stops, is commonly called the homeostatic pressure
[25]. This set of assumptions on the growth function is quite similar to the one in [22],
except for the bound on the growth term which is needed here due to the singularity in the
pressure law.

For the initial data, we assume that there exists ey > 0 such that for all € € (0, ),

0 < pind ni._ "~ p
= € pe L G—HL?” — M
<C, i=1,...,d,

Ll (];gd)

I € LY (RY), ‘

ini
O 0!

ni ini
Ne” — Ny

—Oase — 0,
L1(rd)

JK c R, K compact, Ve € (0,e), suppn?™ C K. (2.2)

Notice that this set of assumptions imply that " is uniformly bounded in WAL (RY).

We are now in position to state our main result.

THeorem 2.1. Let T>0, Q7= (0,7) x RY Let G and (n") satisfy assumptions (2.1) and
(2.2) respectively. After extraction of subsequences, both the density n. and the pressure p,
converge strongly in LX(Q7) as e — 0 to the limit my € ([0, T1; LY RHNNBV (Q7) and py €
BV (QPNLA([0, T1;H(RY)), which satisfy

0<no<1, 0<po<Py,, (2.3)

amo — Apo=noG(po), in 7 (Qr), (2.4)

and

dmo — V - (noVpo)=noG(po), in 7' (Qr). (2.5)

Moreover, we have the relation

(1 =n0)po=0, (2.6)

and the complementary relation

po(Apo+G(po))=0, in 7' Q). (2.7
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This result extends the one in [22] to singular pressure laws with non-overlapping constraint.
We notice that we recover the same limit model whose uniqueness has already been stated in
[22, Theorem 2.4].

Although our proof follows the idea in [22], several technical difficulties must be overcome
due to the singularity of the pressure law. Indeed, we first recall that with the choice

H<”):,y 1 1 n’ equation (1.1) may be rewritten as the porous medium equation 97 +
An? = nG(I1(n)). A lot of estimates are known and well established for this equation (see
[26]), in particular a semiconvexity estimate is used in [22] which allows to obtain estimate
on the time derivative and thus compactness. With our choice of pressure law, (1.1) should
be consider as a fast diffusion equation. Thus we have first to state a comparison principle to
obtain a priori estimates (see Lemma 3.2). Unlike in [22], we may not use a semiconvexity
estimate to obtain estimate on the time derivative. To do so, we use regularizing effects (see
section 4). Then the convergence proof has to be adapted for these new estimates.

Finally, we illustrate the comparison between the two pressure laws Pand II by a numerical
simulation. We display in Figure 2.1 the density computed thanks to a discretization with an

n

upwind scheme of (1.1). In Figure 2.1-left, the pressure law is p=F(n)=¢ asin (1.2)

1—n

with €= 0.5. In Figure 2.1-right, the pressure law is P= H("):ﬂ/ 1 1”7 with y=20. We
take G(p) = 10(10 - p)+ as growth function (which satisfies obviously assumption (2.1) with
Prs=10). The dashed lines in these plots correspond to the constant value 1. As expected,
we observe that the density n7is bounded by 1 in the case of the pressure law P whereas it
takes values greater than 1 for the pressure law II. This observation illustrates the fact that
the choice of the pressure law IT does not prevent from overlapping.

3 A priori estimates

3.1 Nonnegativity principle

The following Lemma establishes the nonnegativity of the density.

Lemma 3.1. Let (ng,pe) be a solution to (1.1) such that n™ > 0 and IGlleo < Gy < 0. Then,
forall t=0, n{f = 0.

Proof. We have the equation

One — V - (neVpe)=neG(pe)-
We use the Stampaccchia method. We multiply by 1, <o, then using the notation /i =
max(0,-n) for the negative part, we get

d
el =V - (Ine|-Vpe)=ln -G (pe).
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We integrate in space, using assumption (2.1), we deduce

d

a.f]&d‘nJ—dx < fRd‘ne|—G(pe)dw < GmfRd|ne|—dx-

So, after a time integration

dnel_dzr < eCmt [ |In'™|_da.
Jralne| R 7€

With the initial condition »,* > ( we deduce 77:0.

3.2 A priori estimates

In order to use compactness results, we need first to find a priori estimates on the pressure
and the density. We first observe that we may rewrite system (1.1) as, by using (1.2),

e — AH(ne)=nG(P(n.)), (3.1)

with H (n)=[7uP’ (u)du=P(n) — eln(P(n)+€)+elne.

Lemma 3.2. Let us assume that (2.1) and (2.2) hold. Let (n.p.) be a solution to (3.1)—<1.2).
Then, for all T> 0, we have the uniform bounds in € € (0, ),

0 < ne € L2([0, T]):L' N L=(RT));

P, .
0Sp <Py, 0Sn<p<l

More generally, we have the comparison principle.: /f n., m. are respectively sub-solution

and supersolution to (3.1), with initial datan'™ m"™ . as in(2.2) and satisfying n™" < m"".
Then for all t> 0, n{) < mAd).

Finally, we have that (n,) . is uniformly bounded in L°([0, 7], WAL (RD) and (py). is
uniformly bounded in L1([0, T], WAL (RY).

Proof. Comparison principle.

Let 5. be a subsolution and /7, a supersolution of (3.1), we have

Ot(ne — me) — A(H(ne) — H(me)) < neG(P(ne)) — meG(P(me)).

Notice that, since the function A is nondecreasing, the sign of . — m_ is the same as the sign
of H(n.) — H(m,). Moreover,

Afy)=f"W)Vyl*+f (y) Ay,

Commun Math Sci. Author manuscript; available in PMC 2017 November 03.



s1duosnuBIA Joyiny sispund DN edoin3 ¢

s1dLIOSNUBIA JoLINy sispund DN 8doin3 ¢

Hecht and Vauchelet Page 7

so for y= H(n,) — H(m,) and f()) = y; is the positive part, the so-called Kato inequality
reads Af()) = f (J)Ay. Thus multiplying the latter equation by 15, -me>0, We obtain

One—me| 4 —AlH (ne)—H(me)|+ < [ne—me[+G(P(ne))+me(G(P(ne))—(G(P(me))) Ln.—m.>0-

From assumption (2.1), we have that G is nonincreasing. Thus, since n+——> P (n) is
increasing, we deduce that the last term of the right hand side is nonpositive. Since Gis
uniformly bounded we obtain

Otne — mely — AlH (ne) — H (me) [+ < Gml|ne — mel4.

After an integration over RY
d
E‘fRdmf — me|rdz < Gy, [pa|ne — me|da.

Then, integrating in time, we deduce

[ralne — me|pde < eCmt [ an™ — mi™|, d.

Since we have n™* < ;™ we deduce that for all £>0, |7, — md+(f) = 0.

L% bounds.

P
We define ”M:ﬁv such that pys= P (ny), then applying the comparison principle with
m.= ny,, we deduce, using also the assumption on the initial data (2.2) that for all 0 < e <
€y, Ne< nyy. Moreover, since 0 is clearly a subsolution to (3.1), we also have by the
comparison priniciple 7.2 0. Since /< 1, we have 0 < 17, < < 1 which implies

0<p<P,.

L1 bound of n,p.

By nonnegativity, after a simple integration in space of equation (1.1), we deduce

L1(rd)

LED (32)

where we use (2.1). Integrating in time give the £ bound,

Commun Math Sci. Author manuscript; available in PMC 2017 November 03.



s1duosnuBIA Joyiny sispund DN edoin3 ¢

s1dLIOSNUBIA JoLINY sispund DN 8doin3 ¢

Hecht and Vauchelet

Page 8

S eGmt

L1(rd)

Ne

int
e

L1(rd)

Then, using p. = n{e+ p,) by (1.2), we get from the bound p, < Py, which has been proved
above,

< (e+Py,) [palneldz < Cebm?

Ll(Rd)

ni
e

DPe

L1(rd)

Estimates on the x derivative.

We derive equation (3.1) with respect to x;for i=1,...,d,

00p,me — A(H (0, ne)=02,1cG(p)+1G (pe)Os, pe.

Multiplying by sign(dy; 17.), we get

0|0z, ne| — A(Oz, H (ne))sign (0, ne ) =0z, ne |G(p6)+n€G/ (Pe) O, Design (O, mie ).

We can remark that sign(d; 77¢) = sign(dx; (1)), so, by the same token as above, we have

A0z, H (ne))sign(0z,ne) 2 A(|0z, H(ne)l)-

Moreover, sign(dy; /7c) = sign(0x; Pe), thus 0; psSign(0y; 11c) = |0x; pel- By assumption (2.1),
we know that

G (pe) < —7<0,

we deduce

Ot|0z;me| — A(|0z; H(ne)|) < |0u,ne| G — V16| O, Pel-
After an integration in time and space,

+fyff)fRdne|8zipg|d$d8 < eGmt

L1(rd)

ing
Oz, Me O,y

L) (3.3)

This latter inequality provides us with a uniform bound on the space derivative of 7. in £1.
Then
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. €
:fRd|8zz-Pe|d$:fRd

alipe
L1(rd) (1-mne)

5[0z, ne|d.

€
We split the integral in two: Either 77, < 1/2 and then (1-— n6)2 =Cior ne>1/2.

HaxipEH < Cfnegl/Q|6mine|dx+fn&>1/2|6mz‘pe|dx

Li(rd) ™ 1
< Cfnfgl/Q|8Zin€|dw+2fnf>l/2§|61ip5|dw
< CeOrt [ |0 da+2 ], <y jonel O, pelde,

where we have used the estimate (3.3) for the last inequality. Then, integrating in time, we
deduce, using again the estimate (3.3)

G .
<Ce ’"tHamz.ném||Ll(Rd).

[0z, el L
L

(er)

It concludes the proof.

3.3 Compact support

The following Lemma proves that assuming that the initial data is compactly supported, then
the pressure is compactly supported for any time with a control of the growth of the support.

Lemma 3.3 (Finite speed of propagation). Under the same assumptions as in Theorem 2.1,

we have that supp p, C BO,R(D) with T (1) = 2/ C(TH), ynore B0, R(D) is the ball of
centerQ and radius R(.

Proof. Using the equation on p, (1.3),

e o DR p?
O¢pe — (f+pe)Ap€ - |vpe| :(f+p6)G(pe) < Gm(f‘i’pe)'

Let us introduce for C> 0,

_ _ |
p(t,az)<0+4(e+t)>+,

d
with 9:—4G7n - Then gis compactly supported in B(0,Rg (9) with Ry(t)=21/C(6+t). We
have
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el P
altp_4(9+t)21"’”'§R€(")’ Vol 74(9+t)21lz\SRe<t>,
and
Ap= — 4 for |z|<Ry(t)
P=" o+t o).
Then, for all £€ [0,6],
52 ~2 =2
Y 12 PP L, d
T Ap - — Mm\T =\ —Gm) 2 0.
0p — (- +P)AP — [VD" = G (- +P) (6+p)((9+t) Gm) >0 34)

In other words, gis a supersolution for the equation for the pressure. Let us show that it

P _
implies that p< g We define RZE:N(M' We know that

N'(p)=——5>0.
=y
Then, on the one hand, multiplying (3.4) with by A/ (0) we get

Oyt — V.(VP) — Gmit > 0.

On the other hand, from (1.1),

One — V.(neVpe) < Gne.

By the comparison principle (see Lemma 3.2), we have

ni" < 5 = n, < .

Thus, for all ¢€ [0,4],

Nt

and p/ 9 is compactly supported in B(0,R« ) provided we choose C large enough such that
p™(z) < p(t=0, ), which can be done thanks to our assumption on the initial data (2.2).

Since p. is uniformly bounded in L*°, we may iterate the process on [6,24)]. After several
iterations, we reach the time 7 and prove the result on [0, 7].
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3.4 L2 estimate for V,

In the following Lemma, we state a uniform L2 estimate on the gradient of the pressure.

Lemma 3.4 (L2 estimate for V5). Under the same assumptions as in Theorem 2.1, we have a
uniform bound on Vp, in L2(Q7).

Proof. For a given function y we have, multiplying (1.1) by y(n,),

81&”51/)(”5) - V(TbeVpeW(ne):neG(Pe)i/)(ne)'

Let ¥ be an antiderivative of y, we have thanks to an integration by parts

d
E‘fRd U(ne)dz+ [ganeVne - Vpa)' (ne)de=[ganeG(pe)t(ne)da.

We choose ysuch as n.-Vn, - Yooy (n)) = Vpd?, ie. ney (n) = p(no). After straight-

1
forward computations, we find ¥ (n)=¢(In(n) — In(1 — n)+ E) and ¥ () = en(In(n) -
In(1 - n)). It gives

d )
EIR(IETLE In ( e > dz+ [ga Vp?dz < G [gaene

1
T In(ne) — In(1 — n6)+1— dzx.

— N

We integrate in time, using also the expression of p.in (1.2),

mni

Jra€neIn <%) dr — [gaen™ In Pe dx—l—fngd|fo|2dxdt

1 —nim
T
< Gmfo _[Rd <€nf

In (%)

Then, to have a bound on the £2-norm of Vp,, it suffices to prove a uniform control on

+p5> dx.

fRdenelln(%)Id:c. We have

Jraene|ln (%)|d1: < [ra€neln pe|dz+eln (€) fganedz.

The second term of the right hand side is small when e is small thanks to the £1 bound on
N, thus it is uniformly bounded. Using the expression of p. in (1.2), we get

Jaaenen(E)|dz < [oa(1 — ne)pe|lnpe|dz+C.

€

Then, since 0 < p < Pyyand since x+— X In x| is uniformly bounded on [0,P,/], we get
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Jra(1 = ne)peln(pe)|dz < C [galp.>odx.

We conclude thanks to Lemma 3.3, which provides a uniform control on the support of p..

4 Regularizing effect and time compactness

As already noticed in [23], regularizing effects, similar to the ones observed for the heat
equation [1, 10], allow to deduce estimates on the time derivatives.

Lemma 4.1. Under the assumptions (2.1) and (2.2), the weak solution (o py) satisties the
estimates

atpe 2 - Hft 8tne 2 - H?ﬁv

)

for a large enough (independent of €) constant «.
Proof. Let us denote w, = Ap, + G(p,), the equation on the pressure (1.3) reads

p2
atpe: <_€+pe) we+|vpe|2'
€ (4.1)

The proof is divided into several steps. We first find a lower bound for w, by using the
comparison principle. Then we deduce estimates on the density and on the pressure.

1st step. Thanks to (4.1), we deduce an equation satisfied by w,. On the one hand, by
multiplying (4.1) by G {p,), we deduce, since G is decreasing from (2.1)

2
0G(pe) > G (p) (Le4p w2V G (pe) - Vpe.
€ (4.2)

On the other hand, we have

atApe:Awe(%+pe)+2v(p?z+pe) : vwe+weA(%+pe)
d
+2Vpe - V(Ape)+2 Z (azisze)Q
| ,  idmh |
+2Vp, - V(Ap5)+%(Ap€)2.

Thus, with (4.2), we deduce that w, = Ap, + G(p,) satisfies
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Orwe > Awé(%z—i—pe)—l—QV(pe—g—l—pe) - Vwe+w, <Ap5(2ff+1)+%|fo|2
2
+(E+p )G (pe) ) +2Vpe - Vwet-§(Ap,)*,

By definition of w,, we have (Ap,)? > w? — 2G(p.)w.. Thus we deduce that

8tws > y(wﬁ)a (43)
where we have used the notation

2 2
F (0):=Aw(E+p)+2V (2 +2p,) - Vw+ 2|V Pw+w? (2 +1+2)

—w (G (4 144) — (Etp) @ (pe) ). (4.4)

Following an idea of [10] which has been generalized in [23], we introduce the function
W)= — ML)

t " (45)

where the function A will be defined later such that Wis a subsolution for (4.3). We compute

oW= h‘?:) /(tpe) OtPes

VW= —2dyp,  AW= - Ky, 1)

Vpel?.

Using again equation (4.1), we have

8tW_

2 ’ 2 ’
Py — B (B ) Ap, — B (B gp ) Gpe) — L |Vp 2
:%‘Hpt —|—pe)AW—|—h (Pe)|vp6| (pe +po) — (tpe)|vpe|2
— A (2 )Gpe). (4.6)

By definition of &4 W) in (4.4), we deduce with (4.6),

W :f(W)+4<pE+1)|VpE|2”‘pe)ﬁﬂlwml2

AW (b = 20— 1= ) T (o) - e O

(%
(2 ) Glp ) +W (Gl (241 §> (E4p)C (b))

We may rearrange it into
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2 5 " ,
HW=F W)+ W? (kg — 2 — 1 2) 72l ((hm)(%m)) +h (m)

—1 P (21 )G pe)+ W (Gpe) (2 +143) — (Z4p)G (0e)) -

(4.7)

Let us choose

RE

M= 4

where x> 0 is chosen large enough (independent of ¢) such that

Thanks to this choice, we have

RE <0

(pete)?

(o) 24p0))" 1 ()= —

)

and

!

_h(p)

2
Pe Hrpe
— = D
t ( € Pe) €

Finally, we obtain from (4.7)

W < F(W)+W (G(pe)(%+1+%) - (%ﬂoe)G'(pe)) < F(W),

where we use the fact that by definition (4.5) we have W< 0 (recalling also that G is
decreasing by assumption (2.1)).

Thus, by the sub- and super-solution technique, we deduce, using also (4.3) that

K€

tpete)  (4.9)

weZWZ*

2nd step. Using again equation (4.1), we get from (4.9)

2
p Kp
Oipe > (f'i-pe)W: - te’
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which is the first inequality of Lemma 4.1. Finally, by definition (1.2), we have also

De

:p5+6

Ne

- Thus

_ kepe  kne(l—n)
t(pete)® t 7

€
One=—"50pe >

(pete)

where we use the definition (1.2) for the last identity. We conclude easily the proof.

Thanks to this latter Lemma, we may deduce uniform estimates on the time derivative of 7,
and p..

LemmA 4.2. Forany ©> 0, we have that di, is uniformly bounded in L*([t, T];LY(R%) and
By, Is uniformly bounded in L[z, 7] x RY.

Proof. We use the equality |dy1d = 9y + 2|9m-, where we recall that |-|- denotes the
negative part. Thus

[|O¢me

“L1(rd)

:d—’ifRdnde—i—QfRd |Ogne| — dx
< (Gmt+Z) [Ine

Ll@®d)’

where we have used equation (3.2) to bound the first term and Lemma 4.1 for the second
term. By the same token, we have

d
_ (T T ’
||atp6L1([r,T]><]Rd) _fT Efdede—'_ZfT fRd |atp€‘_dl'
< .
S pe(T) oy HlPe, o gyp1 ey 26T/ T)

We conclude the proof thanks to the estimates on 77.and p, in L1NL* obtained in Lemma
3.2.

5 Convergence

This section is devoted to the proof of Theorem 2.1 apart from the complementary relation
(2.7) which is postponed to the next section.

Since the sequences (n,)and (p,) . are bounded in Wl})f(QT), due to Lemma 3.2 and 4.2,

we may apply the Helly theorem and recover strong convergence in ;. .(Q.,.), up to an
extraction. If we want to extend this local convergence to a global convergence in L1(Q7) we
need to prove that we can control the mass in an initial strip and in the tail. Indeed, let €, ">
0,R>0,7>0
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[ne —n,

' ):fonRd |ne(t,z) —n(t,x)| dedt
T
ST o Inets2) = no (t,0)| dadt
T
+/ '[Rd\s(am |ne(t,z) —ny(t,z)| dedt

[0 [ pa |ne(t, @) — n(t,@)| dadt.

Since we have strong convergence of n.in L}, .(Q..),

T
J JB((J,R) [ne(t,z) — n(t, z)| dedt — 0.

T

Then we have to control the two other terms in the right hand side.

The control of the initial strip comes from the £ estimate of 7,

Jo ga |ne(t,z) —no(t,x)| dedt < [ (||ne(t, )] +ng(t,x)  dt =0

L1(rd) L1d) 7—0

For the control of the tail we consider ¢ € C*(R) suchthat0< ¢<1, g(x) =0for [ < R
—1and ¢(x) = 1 for |q > R. We define gx(x) = ¢(x/R). Then

7

Ine(t,z) — n(t,x)| dedt < [T ]

<[rf

|ne(t,z) — n(t,z)| ¢ dxdt
(ne(t,x)+n s (t, 7)), drdt,

RA\B(0,R) R\ B(0,R)

RrA\ B(0,R)

where the notation Cstand for a generic nonnegative constant. Moreover, using equation
(3.1), we deduce

%.[‘RdnEQﬁRd.’L’:([RdH(ne)A¢Rd$+_fR:1neG(pe)¢Rdm
< CR72||A¢LOO +GmfRdn5¢Rdx'

Then, integrating on [0, 7], we get

0< [pancdpde < 7 ( [ouné,+CRT)
< GmT (||pini — niniHLl(Rd) + [ani™id, de+CRT.

By assumption (2.2), since the initial data is uniformly compactly supported, we deduce that
the right hand side tends to 0 as /R goes to +oo and e goes to 0. Then (1) is a Cauchy
sequence in L1(Q7). It implies its convergence in L1(Q7). The convergence of the pressure
follows from the same kind of computation. The only difference is for the control of the tail
and which is directly given by the estimate

0 < [grapedpdr < (e+P,,) [ganeddr.
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Therefore, we can extract subsequences and pass to the limit in the equation

(1 - ne)pe =€Ne,

which implies
(1 = n0)po=0.
This is the relation (2.6). We can also pass to the limit in the uniform estimate of Lemma 3.2
which provides (2.3) and my,m0 € BV (Q7).
Limit model. We first recall that from (3.1), we have

Oine — A(pe - eln(p€+e)):neG(pE).

We get,

elne < eln(pe+e) < eln(P,, +¢).

Thus, the term in the Laplacien converges strongly to gy as € goes to 0. Then, thanks to the
strong convergence of n1.and p,, we deduce that in the sense of distribution (/m,p) satisfies
(2.4). Moreover, due to the uniform estimate on Vpin L2(Q7) of Lemma 3.4, we can show,
by passing into the limit in a product of a weak-strong convergence, that in the sense of
distribution (,m) satisfies (2.5).

Time continuity. Let us define 0 < 4 < £ < 7, n> 0. For a given R> 0, we consider a
smooth function {zon R?such that 0 < (p<1, (o(X) =1 for |X < R-1and {x(x) = 0 for |
X > R. We have

Jralno(t2) — no(t1)|dr= [galno(ta) — no(t1)|Cpdr+ [galno(tz) — no(t1)|(1 — (g)da.

We have

Jralno(t2) = no(t)|(1 — Cp)dx < [gano(te)(1 = Cp)da+[gano(t1)(1 — ¢ )d

with 1 — ¢ a function which is zero on B(0, R-1). Thus, as for the control of the tail, for R
large enough, we have, uniformly for0< 4 <ty < 7,

Jralno(t2) —no(t1)|(1 — ¢ )dz < n.

C
In addition, we know from Lemma 4.1 (and the £* bound on 1) that 91 > BFERY Iy
+ CIn(H) = 0. Then, since 4 < b,
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Jralno(tz) — no(t1)|Cx)de < [ra(no(te)+Cln(te) — (no(t)+Cn(ty))(,dx
+ [aC(In(t2) — In(t1))¢dz
< [ [pa0e(no+Cn ()¢, )dwdt+ [aCln(ts) — In(t1))C, da.

Then, using equation (2.4) and an integration by parts, we obtain
Jralno(tz) = no(t)ICs)de < [ [ra(PoAC 410G (po)C ) dwdt

+2 2aC(In(tz) — n(t1))Cda
< C(t2 — t1) (1A, | loo+1)+20(In(t2) — In(t1)) fgaC .

Then we can choose (#4,5) close enough such that

Jralno(tz) — no(t1)[Cx)dx <n.

We conclude that i € (0, 7), LY{(RY).

Initial trace For any test function 0 < {(x) < 1, we have from (3.1),

Jrane(t)Cda — [gan™Cde=[? [wa(AH (ne)+neG(pe))Cdads
— [ [pa(H(n) AC+n.G(pe)¢ ) dds.

Letting e going to 0, we obtain with (2.2),

[ramo(t)¢dr — [qangCdr=[{ [5a(PoAC+n0G (po)C)dwds.

Letting #7— 0 we can conclude that 4 (0)=n{".

6 Complementary relation

In this section we prove the complementary relation

3 (Apo+G(po))=0.
In the weak sense, this identity reads, for any test function ¢,

ff (—2¢po\Vpo|2 — piVpo - Vo+piG(po))dedt=0.
or (6.1)

The proof is divided into two steps.

1st step. In this first step we prove the inequality = 0 in (6.1). We start with the pressure
equation (1.3) that we multiply by e
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2
eatps - pe(€+p€)Aps - G}vpe‘ :ps(5+ps)G(ps)~

€2 ((0,T)xRr%)

We multiply by a test function and integrate,

f f PRS(Ap+G(pe))dudi=e f f SO — (VP — Pu(Apet Glon)dadt
Qp o
:efoT (¢OtpcAp VP -V — dpG(pe))dadt,

where we use an integration by parts for the last identity. From the estimates in Lemma 3.2,

we have
[[  @wowr T o op G
Qr
<clo| Joo| +|ve| pulva| o] cmln| o
Loe LY Qr) Lee Ll @p) Lee LY Qp)
d
We deduce that for any test function $ed ((O’ T) xR )
ff (_2¢pe|vPe|2 - P?VPEV¢+¢p3G(pe))d$dt —0.
e—0
Qr (6.2)

Since we have strong convergence of (p,). and weak convergence of (Vp,)., We can pass
into the limit in the last two term in (6.2),

f f (*pfvpevéwp?G(pe))dxdtm f f (—pEVpoVo+opiG(po)) dadt.
Qp Qr

. - ] . v 2,‘_1 vp3/2|?
Now we are looking for the limit of the first term in (6.2). We have Pe Pe| Tg| VPe "

By weak convergence of vp2/2=p!/2v . and with Jensen inequality (since X—x2is
convex),

limin f f f | Vpe|? dwdt < f f 6|Vpi/?|? dadt.
e—0 Qp Qp

Thus, we conclude from (6.2) that
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0< ff (—20p0| Vol — PV POV o+p3G(p0)) dadt,
Qr

which is a first inequality for (6.1).

2nd step. Now we want to show the reverse inequality, i.e.

0> ff (—2¢p0|Vo|* — PV POV +dpiG(po)) dadt.
Qr

We know that

Otne — AQE:neG(pe)7

with g. = p. — eIn(p. + €). Thanks to the inequality eln(e) < eIn(p. + €) < en(pys + €), and
the strong convergence p. — o, we know that g, — g as e — 0. Because

AQEzatne - ﬂeG(Pe) )

we deduce from Lemma 3.2 that Vg, € L°°([0, 7];LL(R9). It gives us compactness in space
but not in time. Thus, following the idea of [22], we use a regularization process "a la
Steklov’.

Let introduce a time regularizing kernel w,, > 0 such that supp(w;,) C R-. Then with the
notations /1, ;= @y MNe Ge,p = @y*t G Where the convolution holds only in the time
variable,

6tne,n - Aqe,n:(nﬁG(pE)) * Wn (63)

We denote U= Ag,,,, then
Ue=0iney — (neG(pe)) * wy
=N * atwn — (neG(pe)) * Wy

Since 7. and n.G(p,) are uniformly bounded in UA1(Q7) from Lemma 3.2, (U,).is
bounded in WA1(Q7) and we can extract a converging subsequence, still denoted (U,),

converging towards ( in L}, (R%) for 7 fixed. Moreover

Uo=Apo * wy).

’

€ 1 9
We multiply (6.3) by ” (e)= (7 =y = (P,
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1 1
D) 8tne,n T (Pe‘f‘ﬁ)QAQE,n:Z (pe+6)2<nsG(pe))*wn-

(I —n)

Then, passing to the limit e >0, we obtain, thanks to the above remark

62

(1 —n)

50iMey 0 P(Q)APO*Wn+p(2)(”0G(pO)>*wn'

So we are left to prove that for any 1> 0, we have

62

im— <0.
lg%(l — ne)ga’tnw7 =0

We compute for a fixed r> 0,

2

€
W@ns(s, .’I})UJn(t — S, .’L')dS
€

Tz Omen(t, )=z

+/r( (1=t 1:))2 2— (- Tle(S,ﬂf))2 )Z(Btne(s, x+(t;)w,,(t)— s,x)ds
- R € 5 — € 5 Wyt — 5, T ds
/ ((l—ns(t,x)) (1 —ne(s,x)) S
S T 1§

. C
where Cis a constant such that atne(57$)+? > 0.
For the first term we have

Jgall e|dzds < efoT |0pe (3, )| wy(t — s, z)dads

< ellwyll o 9Pl 0,y < €Co

— 0.
e—0

For the second term, we have

2

2 c o
and O (pete)"=2(pet€)dpe = ——-. Let( < £ € ¢°(Q)and z> 0 the smallest time in its
support, we then have for t>
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. c
Oy (pete)’(t,x) > -

So integrating on (£5) C (z,+©0)

€2 €? C/
(1 —net,2)? (1 —ne(s,x))? =7

(s —1).

Then

. c o C ,
JJ 6 < TnHQJR(ame(mH;)wn(t — s,x)dsdzdt < Cpn,

where we use the bound on d#7in Lemma 4.2.

For the third term, since s> ¢> 0, for any test function £ as above,

fogIHE: - CfoEIR((pe(t)-FE)Q — (pe(s)—{—e)Z)Mds
e 7Cfo£fR(p0(t)2 - PO(S)Q)Mdewdt

w (ti S,.’L‘) pO(S)Z
— —C[ [ € | PR [ 22 s — [ P (¢ — s, ) | dodt
:ngO(l)

So for all test function & as above, and all > 0,
I o EW5ADO * wy+pi(noG(po)) * wy)dadt < o (1).
Qp n—0
Now it remain to pass to the limit  — 0 in the regularization process. Thanks to an
integration by parts,

0> foT (—2&poVpo - Vpo * wy — p%Vf -Vpo * w,,—i—fpg(noG(po)) * wy )dxdt.

From the L2 estimate on Vg (Lemma 3.4) and the L1NL estimate on g (Lemma 3.2), we
deduce that we can pass to the limit 7 — 0 and get

02> [f, (~2po|Vpol” ~ piVE - Vipot&pinoG(po))dadt.

Finally, from (2.6), we have pyry = . It concludes the proof.
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05+

Figure2.1.
Comparison between numerical solutions computed with two different pressure laws. The

red line correspond to the cell density 7 solving (1.1), the dashed line correspond to the

n
constant value 1. On the left, the pressure law is sz(n)=0.5ﬁ. On the right, the

i
pressure law is P= H(”):mm with y = 20.
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