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Methodology
All results are obtained using the PHonon mod-
ule of QUANTUM ESPRESSO.1 It evaluates the
McMillan formula2 for the critical temperature Tc

for phonon-mediated superconductivity, with the
ωln prefactor modifications proposed by Allen and
Dynes,3

kBTc =
~ωln

1.2
exp

(
− 1.04(1 + λ)

λ− µ∗ − 0.62λµ∗

)
. (S1)

All Tc values reported in the main text are obtained
with Coulomb pseudopotential µ∗ = 0.1, and Fig-
ure S1 illustrates the range of Tc variation with µ∗.
The calculation of the electron-phonon coupling
constant λ is based on density-functional pertur-
bation theory,4 according to:

λ =

∫
BZ

dk

ΩBZ
λk, (S2)

where ΩBZ is the BZ “volume”, and we have de-
fined the k-resolved coupling as

λk =
2

N(εF)

1

2M

∫
BZ

dq

ΩBZ

∑
ν

1

ω2
qν

∑
ij

δ(εik − εF)

× δ(εjk+q − εF)
∣∣∣〈ψik∣∣∣εqν · ∇V ∣∣∣ψjk+q

〉∣∣∣2 .
(S3)
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Figure S1: Critical temperature Tc as given by the
McMillan equation S1 as a function of the empirical pa-
rameter µ∗ for B4, B2, and B♦ boron structures. Ver-
tical line marks the value µ∗ = 0.1 used in this work.

In the above equation ωqν is the frequency of the
phonon mode (q, ν), and εqν – its polarization
vector, and V – the self-consistent potential.

In the q-space, we plot λqν , defined as

λqν =
1

N(εF)Mω2
qν

∫
BZ

dk

ΩBZ

∑
ij

δ(εik − εF)

× δ(εjk+q − εF)
∣∣∣〈ψik∣∣∣εqν · ∇V ∣∣∣ψjk+q

〉∣∣∣2 ,
(S4)

and
λ =

∑
ν

∫
BZ

dq

ΩBZ
λqν . (S5)

The Eliashberg spectral function α2F (ω) is
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Table S1: Convergence test for the triangular B4 lat-
tice, Figure 1a.

k-mesh q-mesh ωln [K] λ Tc [K]
64× 32 16× 16 144.8 2.01 20.9
64× 32 32× 32 197.0 1.37 20.5
64× 32 64× 32 238.1 1.18 21.0
128× 64 128× 64 272.5 1.05 20.5

given by:

α2F (ω) =
1

2

∑
ν

∫
BZ

dq

ΩBZ
λqνωqνδ (ω − ωqν) .

(S6)
The frequency ωln is defined as

ωln = exp

(
2

λ

∫ ∞
0

α2F (ω)
lnω

ω
dω

)
, (S7)

where λ ≡ λ(ω →∞), and

λ(ω) = 2

∫ ω

0

α2F (ω′)

ω′
dω′. (S8)

Methfessel–Paxton smearing with width of 1 meV
was used to obtain α2F (ω) and λ.

Density of states, Fermi surface,
and phonon dispersions
Projected density of states Nl(ε) in Figures 2a, 4a,
and 6a, were calculated using the following input
group

&projwfc
...
DeltaE = 0.01
ngauss = 1
degauss = 0.01
lsym = .true.
...

/

and, as in our previous work Ref.,5

Ns+px,y(ε) ≡
∑

l=s,px,py

Nl(ε). (S9)

Fermi contours were obtained using MATHE-
MATICA to solve for k, and all i, such that εik =

Table S2: Convergence test for the rectangular struc-
ture B2, Figure 1b.

k-mesh q-mesh ωln [K] λ Tc [K]
64× 32 8× 8 343.2 0.812 16.6
64× 32 16× 16 362.0 0.785 16.3
64× 32 32× 32 361.8 0.781 16.1
64× 32 64× 32 362.0 0.781 16.1
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Figure S2: Comparison of LDA and PBE phonon dis-
persions in triangular structure B4 obtained using a
64×32 k-point grid and 32×32 (LDA), 16×16 (PBE)
q-point grids.

εF ≡ const, with eigenvalues εik calculated in the
entire BZ, following similar protocol as in the case
of a band structure calculation with QUANTUM

ESPRESSO.
All results reported in the main text are based on

the following production-quality, identical k- and
q-point meshes: 128 × 64 for the B4 structure,
64 × 32 for the B2 structure, and 64 × 64 for the
B♦ structure. This choice ensures converged re-
sults for the electronic structures and phonons and
is made on the basis of the benchmarks compiled
in Tables S1–S3. These meshes are automatically
generated, e.g.,

K_POINTS automatic
128 64 1 0 0 0

and result in 2145, 561, and 1057 k- and q-points
in the irreducible wedge of the BZ (shaded areas
in Figure 2b, Figure 4b, and Figure 6b) of each
structure, respectively. This corresponds to a den-
sity of sampling points which is at least 160/2π Å
along each axis in reciprocal space in all cases.
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Table S3: Convergence test for the c-rectangular struc-
ture B♦, Figure 1c.

k-mesh q-mesh ωln [K] λ Tc [K]
64× 64 16× 16 479.7 0.59 10.4
64× 64 32× 32 440.2 0.63 11.8
64× 64 64× 64 455.4 0.62 11.5

Table S4: Variation of calculated Tc with Gaussian
smearing width σ.

Tc [K]
σ [Ry] B4 B2 B♦
0.005 19.782 26.463 13.337
0.010 20.521 22.169 13.545
0.015 20.683 18.560 12.551
0.020 20.536 16.144 11.520
0.025 20.352 14.475 10.638
0.030 20.216 13.286 9.915
0.035 20.134 12.426 9.336
0.040 20.070 11.799 8.873
0.045 19.984 11.340 8.498
0.050 19.853 11.000 8.183

Dense k-point mesh is required because of metal-
licity, while dense q-point mesh is necessary due
to the long-range nature of force constants in these
materials. The plane wave cutoff energy of 70 Ry
was used to represent wavefunctions, and 280 Ry
to represent charge density in all calculations.

Figure S2 shows a single calculation carried out
with the PBE functional, using coarser grids, to
test for possible differences due to using general-
ized gradient approximation (GGA) for the elec-
tronic exchange and correlation. Comparison of
the phonon dispersions along Γ–X to those in Fig-
ure 3 in the main text shows that Kohn anomalies
cannot be resolved with the coarser meshes in Ta-
ble S1.

The effect of Gaussian smearing width used for
integration over the 2D Fermi contour in calculat-
ing the electron-phonon coupling coefficients λqν ,
for determining the Fermi level εF , the correspond-
ing total electronic density of states N(εF), and to
calculate the isotropic Eliashberg spectral function
α2F (ω) is given in Table S4. The shaded row is
the representative set reported in the main text.

Figures S3 and S4 demonstrate the removal (by
small tensile strain) of the small imaginary ω2

q < 0
which are found for the relaxed geometries of the
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Figure S3: Phonon spectra of the B2 2D boron struc-
ture with 0% and 1% in-plane tensile strain obtained
using 16× 16 and 64× 32 q-point grids, respectively.
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Figure S4: Phonon spectra of the B♦ 2D boron struc-
ture with 0% and 1% in-plane tensile strain obtained
using a 64× 64 q-point grid.

B2 and B♦ lattices in vicinity of the BZ center.
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