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Rihll and Wilson Model 

• Fixed Output Size Size Oi=1 

• Variable Input Site Size Ii 

• Dense Flow Matrix produced Fij  

not a sparse binary network 

• Zone of Control model,  

not a Bipartite Interaction model 

• Standard Model Axioms/Properties? 
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RW Model – recent uses 

• Crete [Bevan and Wilson 2013] 

• Dynamical growth – NE USA [ Wilson et al] 

• etc? 
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Data 

• Same data set as RW Rihll and Wilson 

1987, 1991 (RW87 & RW91) 

• Late Geometric Period 

• Part of central southern mainland Greece 

– Boeotia, Attica, Isthmus, Argolid 

• RW aim to look at rise of unequal cities 

from equal sized settlements 

– Thebes, Athens, Corinth, Argos 
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RW87 Fig 1 
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RW87 Fig 1: 

Distances 

Digitised this 

figure by hand 

to produce 

109 site 

locations 

 

Includes 

missing point 

Vouliagmeni 

(64) 
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RW87 Fig 1: 

Regions 

Three obvious 

regions:- 

• Boeotia 

• Attica 

• Isthmus + 

Argolid 
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RW87 Fig 1: 

Distances 

Distances are 

as-the-crow-

flies 
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Hierarchical 

Agglomerative 

Clustering 

 
• Average 

method 

• 3 clear large 

scale 

regions  

• No other 

clear scale? 
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Edited Delaunay 

Triangulation 

• Produce Delaunay 

Triangulation 

• Remove silly links 

• Distances use  

shortest routes  

along remaining edges 

Result 

• Immediate neighbour distance unchanged 

• Other sites pushed further away 

 
© Imperial College London Page 12 



Hierarchical 

Agglomerative 

Clustering 

 
DTMedit 

similar to 

before 

• Average 

method 

• 3 clear large 

scale regions  

• No other clear 

scale? 
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Sparsification 

How do you go from a  

dense matrix of flows 

 

     to a sparse network? 
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Fij >0 for all i,j 
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Sparsification for RW model 

• Thresholding 

Edge present if flow bigger than some value F0 

𝐴𝑖𝑗 = Θ(𝐹𝑖𝑗 − 𝐹0) 

 

• Not tried this 

   but may well work as  

– typical RW site has one strong edge out.   

– a few RW sites are star like with several equally  

weighted out edges 
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Sparsification  using Terminals 

• Rihll & Wilson define Terminal Sites 

 

 

 

 

 

Terminal sites satisfy 

   Total Flow In > Largest Single flow out 

More people owe you than you owe others 
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Terminals 

• RW define Terminal Sites 

 

 

 

 

 

Terminal sites satisfy 

   Total Flow In > Largest Single flow out 

More people owe you than you owe others 
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Terminals and 

Sparsification 

Only show 

edges to and 

from terminals 
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[ RW91, fig.6 ] 



Terminals as 

Dominant Sites 

Rihll & Wilson 

identify 

terminal sites 

as dominant 

sites emerging 

from equal 

sized villages 
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[ RW91, fig.6 ] 
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Uncertainty 

• Rihll & Wilson looked at  

several parameter values  

but typically found  

similar results  

– Thebes and Athens  

always identified 

– Korinth and Argos or close neighbours often 

identified 

– Other centres also found in addition 
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Uncertainty in Results 

• Remarkably stable key results 

• Only qualitative assessment of uncertainty 

• Only one form of distance potential used 

pure exponential 𝐞𝐱𝐩 ( −𝒅𝒊𝒋 𝑫 ) 

• No uncertainty in site locations of 

distances 

• Unverifiable  

– no comprehensive list of site locations and 

distances used 
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Best match to  

RW91 Fig 6 

• Best estimate of 

RW site locations  

and distances  

• Same b=1.05,  

• Same exp 

potential 

• vary  

distance D  

• same number of 

terminals 8 
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D=85  

    14km 

24 Kabirion 

18 Onchestos 

70 Athens 

97 Prosymnia 

57 Koropi 

98 Argive_Heraion 

78 Kromna 

14 Aulis 



Best match to  

RW91 Fig 6 

• RW site locations  

plus Delaunay 

inspired distances  

• Same b=1.05,  

• Same exp 

potential 

• vary  

distance D  

• same number of 

terminals 8 
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D=90  

    15km 

26 Potniai 

17 Medeon 

96 Berbati 

57 Koropi 

70 Athens 

82 Korinth 

98 Argive Heraion 

15 Mykalessos 



Large terminal number regions 

Number of  

Terminals 

sensitive 

to  

parameter  

values  
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RW91 Fig.6 
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RW91 Fig.6 

30km 

15km 

0km 

Stronger Binding 



8 Terminals – in order of ‘hierarchy’ 

DTMedit D90 Normal D90 Normal D85 Normal D80 RW91 Fig 6 

Potniai 26 Kabirion Kabirion Kabirion Thebes (25) 

Medeon 17 Athens Onchestos Onchestos 

Akraiphnion (7), 

Koroneia (23) 

Berbati 96 Prosymnia Athens Athens Athens 

Koropi 57 Koropi Prosymnia Koropi 57 Kalyvia 59 

Athens 70 Argive Heraion Koropi 

Prosymnia 

97 

Argos (101) 

Korinth 82 Onchestos Argive Heraion 

Argive 

Heraion 98 

Argos (101) 

Argive Heraion 

98 Kromna Kromna Kromna 78 

Korinth (82) 

Mykalessos 15 Aulis Aulis Aulis 14 Khalkis (40) 
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8 Terminals – ordered by location 

DTMedit 

D90 

Normal 

D80, D85, D90 

RW91 Fig 6 Wider Location 

Mykalessos 15 Aulis 14 Khalkis 40 Eubaea environs 

Potniai 26 Kabirion 24 Thebes 25 
Neighbourhood of 

Thebes 

Medeon 17 Onchestos 9 
Akraiphnion 7 

Koroneia 23 
Northern Boeotia 

Athens 70 Athens 70 Athens Athens 

Koropi 57 Koropi 57 Kalyvia 59 S.Attica 

Korinth 82 Kromna 78 Korinth 82 
Neighbourhood of 

Corinth  

Berbati 96 Prosymnia 97 

Argos (101) 
Neighbourhood of 

Argos 
Argive Heraion 

98 

Argive Heraion 

98 
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Largely consistent on scale of about 10km 



8 Terminals 

Now we have 

‘error bars’ 

 

Ranges of 

uncertainty 
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Different Distance 

Potentials 

Ariadne         Exponential 
1

(1 + 𝑥𝛾)𝛼
        𝑒−𝑥 
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8 Terminals 
Normal data, ariadne potential 

a=a, g = g 
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8 Terminals 

© Imperial College London Page 31 

0

20

40

60

80

100

120

140

160

1 1.05 1.1 1.15 1.2 1.25 1.3

d
is

ta
n

ce
 

beta 

8 Terminal Normal AEP and EXP 

a3.6 g0.9

a3.6 g1.0

a3.6 g1.1

a4.0 g1.0

a4.0 g1.1

a4.4 g0.9

a4.4 g1.0

Exponential

Exponential and Ariadne Potential 

Normal data, a=a, g = g 

Note distance scales of different potentials are  

not directly compatible 



3 Terminal Sites 

Distance 

Data 

Distance 

D 

Terminal Sites 

Boeotia Attica Isthmus/ Argolid 

Normal 150 24 Kabirion 70 Athens 96 Berbati 

Normal 155, 160, 165,  

170, 175, 180 

31 Eutresis 70 Athens 96 Berbati 

Normal 185 31 Eutresis 70 Athens 89 Tenea 

Normal 190,200 36 Plataia 70 Athens 89 Tenea 

DTMedit 155,160,170, 

175 

26 Potniai 71 Kallithea 96 Berbati 

DTMedit 180,190,200 26 Potniai 71 Kallithea 89 Teneai 
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Exponential potential 



3 & 8 Terminals 

Ranges of 

uncertainty 

 

Grey =  

8 Terminals 

 

Coloured = 

3 Terminals 
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Summary 

• Uncertainty should be reflected in results 

• Should see “errors” – variability measures 

– Vary initial conditions  

– Stochastic dynamics  (but ariadne/ERG) 

– Vary parameters   

– Different Models   

• Illustration with Rihll and Wilson data 

      (1987, 1991) 
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