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Appendix C: Proofs of Theorems 1 and 2
Observe that
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where A(t; h) = x[T(,B(Tt) - B(T[; h)andI'(tsa,h) = At h) — alA(T-1; h).

Therefore, we can further show
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We investigate A(7; h) as follows:
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Therefore, we have
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Note that p,(t; h) can be expressed as
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As we assume that h = a, A with a,, — 0 as n — oo and A being a continuous random variable,
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Since the error term u; follows an AR(1) process, we can further express I,,;(h) and J,,;(h) as

follows:
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Under Assumption 3(ii), by Lemma A.1 of Gao (2007), we obtain®
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We are now ready to complete the proofs of Theorems 1 and 2.
Proof of Theorem 1.

Observe that
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~ ~ ~ 1 ~ ~ ~ 1 ~ ~
gn(e) = gn(en) + g,gl) (en)(e - en) + ng) (Hn)(e - Hn)z = gn(en) - EAn(Hn)(e - Hn)zy

where g,(ll) @,) and g’(12) (@,) are the first order and second order derivatives of gn(0) evaluated at the
point 0., respectively.

So q,(Xy, Yy,) can be written as
Gn(Xn, V) = fc gesn0n) =380 O=00° 1 (0) 40 + fD 06" 10(0)d0 = G10(Xn, Yi) + Gon(Xn, V),

where ¢1,(Xp, V) = fcngegn(én) e—%An(én)(e—én)zng(g)dg and g2, (X, Yy) = fDngegn(B)n-H(g) do.
Similarly, p, (X, Y,) can be written as
Pn(Xn, V) = f 8100 =380 00001 1 9) 0 + f 8" D 10(0)d0 = p1n(Xn, Yn) + pan(Xn, Y),

n Dn

where p1,(Xp, Yy) :fcn egn(én)e—%An(én)(a—énﬂne(Q)de and po,(Xy, Yy) :fDn 80 700 do.

12



We first express q1,(Xn, Yy) as follows:

Gin(Xn, Yy) :f gegn(en)e—%An(Gn)(B—Gn)zne(g)de
Cn

f (00 +4;,"%0)y) A;”Z(@n)eg”(é")n(@n + Aﬁl/z(ﬁn)y)e_%yzdy
lyl<c

= §nﬁﬁl/2(§n)eg”(g")f
lyl=c

N A,}”Z(én)A;m(@n)eg”w”)f
lyl=c

7@+ 0120, y)e 2 dy

7@+ 0120,y ye 2 dy
=0,0712@,) 80 1@,
lylsc

e 3 dy+8,0,"2@,)e8 O A 20,7 @,)
+0,12@,)05"2 @) e5 O 7D,

ye2V'dy
lylsc
ye 2V dy+ op(A; @)
lylsc
= 0,020,050 1@,

lyl=c

The last equality is true, because
12 ¢ 12 0 1
f ye 2ydy:f ye 2ydy+f ye 2V dy
lyl=c 0 -c

c 0 c c
:f ye‘%yzdy+f (—y)e_%yzd(—y):f ye_%yzdy—f ye‘%yzdyzo.
0 c 0 0

Similarly, we have

e 2 dy+op(A71 @) (19)

n

pll’l(Xn, Yn) :f egn(en)e_%An(Hn)(e—en)zne(e)de — A;l/z(é\n)egn(gn)f
C

7@+ 01200y e 2 dy
lyl=c

= AZI/Z(én)eg"@")n@n)f e 2 dy+ 0,120, 8O AT V2 (G, ) D (§n)f ye ' dy
lyl=c lyl=c
+op(A; @) = A2 @) 8O 7 (D) e 2 dy+op(A; B,)). (20)
lyl<c
Then, based on (19) and (20), we obtain
q1n(Xn, Yn) A OP(Aﬁl(é\n))
pln(Xn; Yn)

— —— =0, +0p(8,"?@,). 1)
A,;”Z(Hn)egnwn)n(en)flylsce-%yzdwoP(Agl(en)) ! no

Note that under Assumption 5 (iii), we have

G2n(Xn, Yn) -1/2,7 P2n(Xn, Yn) -1/2 /7
———— =0p(A @,)) and ——— =o0p(A @,)). (22)
pnXp, Yy Lo pn(Xp, V) Lo o

Therefore, in view of (21) and (22), with Assumption 5 (iii), it is shown that

XY, ~
qn(Xy n)_g

E[0]|X,,Y,]—0,|=
[E161X, Y] =G| pnXn, V) "

q1n(Xn: Yn) 4 q2n(an Yn) .
Pn(Xn, Yy) pn(Xn, Yy) "

13



< g1n(Xn, Yn) _’6‘ 9on(Xn, Yn)
T X, V)| pa(Xn, Y
— q1n(an Yn) _ 6/1n(Xn» Yn) n q1n(Xny Yn) —é + an(Xn» Yn)
P X, Y)  pinXn Y) - p1nXn, Ya) | pu(Xn, Vi)
< qln(an Yn) _ qln(Xn; Yn) qln(Xn; Yn) _ é\ q2n(Xn» Yn)
TP Xn V) P Y | pinXn V) | pn(Xn, V)
1 qln(Xn’ Yn) P~ an(Xny Yn)
= q1n(Xn, V) - — G, |+ |
|10 (X, Y| PnXn, V) p1inXn, Y | 1 pinXn Ya) 1 | pn(Xn, Vi)
pZn(Xny Yn) —1/2. 7
= |q1n(Xn, V) +0p(A,V%(6,)
|C71n wen | pn(Xn» Yn)Pln(Xn)Yn) PAn "
qln(Xn) Yn) pZn(Xny Yn) -1/2.A -1/2,:n
= +op(A 0,) =op(A @.)).
pln(Xn; Y,) Pn(Xn; Yn) PAn " PAn "

Thus, AY2(@,) (E01 Xy, Yn] —0,) —p 0.
Therefore, with Assumption 5(iv), we obtain
AY2(0,) (EI01 X, Y] —EI0]) = AY2(0,) (EIO1 X, Yol —0,) + A0, (0, —EI0]) —p A (0,Z), (23)
which completes the proof of Lemma C.

We next give the proof of Theorem 2 by Lemma C.

Proof of Theorem 2(i).

From equation (1) in the proof of Theorem 1, we have obtained that

1,(1,0) =logL,(1,0) = ) log f(01;0) = ) log f(v;0)+ ) y(wsOT s, h) 1+ o0p(1),
=1 =1 =1

FYws0)
fwy0) °

Therefore, we have

where y(v;0) =

elnA0) — L1108 f(vi0) XL, Y(WiOT @ik (+op(D) — pX0 log f(vi0) | R,(1,0),

where Ry (A,0) = (eXi=1 YWl Tiah+op) _ 1) oXis 108/ (vi0) = (Y1 v (v;0)T (745, b)) Gy (6).

By ignoring the high order op(1) in the following derivations, we then have the following two

equations:
f f e 7 )70 (0)dAAAO = f f T 08 Wil 1 Ay (0) A0 + f f R,(A,0)7, (M) (0)dAdO
- f G,y (6)79(0)d6 + f f Ry(A,0)71 (M) (0)dAdS, (24)

14



f f 0e!" M M) (0)dAdO = f f 0eXi=11081 Wi 1) (A 7m0 (0)AAAO + f f OR,(A,0)7, (M) 7y (@)dAdO

:fﬁGn(H)ng(H)d6+f OR,(A,0)m)(N)mg(0)dAdO. (25)

It follows from (24) and (25) that

[ 0" M 73 (A)me(0)dAdO
[f e MOy (AN)79(0)dAdO
_ [0G,(0)mp(0)d0 + [] OR,(A,0)mx (M) 79 (0)dAAO
[ Gu®)7me0)d0 + [[ Ry(A,0) A (M) (0)dAdO

J0Gn(6)7(0)d0
JGn(0)me(0)d0

[E*[eanrYn] =

AsE[0|X,,Y,] = we have

Ex (01X, Yn] —E[O] Xp, Yy

_ J0Gu(O)m5(0)d0 + [ ORn (A, 0)m1 (W79 (0)AAdO [ 0G,(0)mp(0)d
T G O@mp©)d0 + [ Ry(A,0) A (Mg (0)dAdO [ Gn(0)mg(0)d0
_ JJ 0R, (A, 0)7m1 (V)7 (0)dAdO I Rn(A,0)72(M) 79 (0)dAdO

—E[0|X,,Y, 26
[Gn(0)mg(0)d0 (01X, Yol [GL(O)m(0)d0 (26)
From the proof of Theorem 1, we have obtained that
Y ywsOT (s, h) = o Y vey(ws0)we 1+ o0p(1).
=1 =1

Recall that R, (A,0) = (X1, y(v;0)L (v @, h)) G, (0). Therefore, we obtain

I RaA,0)my(Mmg@drae I (% " yWws0) wtvt) G (0) 7, (A) 79 (0)dAdO
[ Gn(0)79(0)d0O TGa@me0)d0
J (3 2 Yy ws 0w, v,) GaO)19(0)d0
S Gn(@mp(6)abd
< [Y(Ws60)Gr(0)mg(0)dO

1
= —K(0)E[A"!
(O ]nan;wﬂjt T Gn(0)7100)d0

= —K(0)E[A7Y]

Similarly, we can have

[ 0R, (A, 0)ma (Mm@ dAde AT 0 (5051 y (i 0)w,v:) Ga(O)72 (Mp(0)dAdO

[Gn(0)79(0)d0 TGO ©)d0
S (3 20 Y s 0)w,v,) 0G0 e 0)do

[ Gu(0)my(6)do
S JO0y(50)Gn(0)mp(0)dO

1
_ -1
=K ORI Y w86

= —K(O)E[A™Y
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where Eg[log f (v1;0)] = [log f(v1;0) f (v;0)dv. Denote A, (0) =

Recall that

n
Gn(0) = [] f(vy;0) = eXi1108/ wiid) = pnEollog [0 (q 4 (1)), 27)
t=1

en[E9 [log f (v1;0)]
f 2"Eg [logf(qu)]ne ©0)de"

Simple decompositions give

E. (01X, Yn] —E[O1 Xp, Yy

3 JJ OR,(A,0) 72 (A) 79 (0)dAdO J Rn(A,0)1) (V)79 (0)dAdO

[Gn(0)m9(0)db ~El01 X, Yl [Gn(0)79(6)do
_ o, 1 SOy (v;0)G,(0)79(0)dO
=-KOEA T~ t; G @) (0)dB
4.1 & JyWi;0)G,(0)my(0)dO
+E[0] Xy, Yl K(0)E[A ]—a - tletvt TGr©)10©)d0
n SOy (;0)G,(0)7p(0)d0 Syw;0)GL(0)mg(0)do
= —K(0)E[A! —E[01X,, Y,
(O Z’ ( J G (0)7g(0)dO 161 : J G (0)my(0)dO
1 f(9 —E01 Xy, Yu)) y(v1;0)G,(0)7mg(0)dO
= —K(0)E[A"! 28
O ; [Gu(@)79(6)d0 (28)
- KOEA - we, ( f (E6 e)y(vt;e)An(e)ng(e)de)
an”r 1
+K(0)E[A7! a - Z Wiy (fY(Vt;G)An(Q)ﬂe(H)dH)'([E[HIXn,Yn]—[E[H])-
n't =1

By Lemma C, we have E[0]X,,, Y,,] - E[0] = 0p(A;;,12(8,,)). Therefore, it follows that

Ex 01Xy, Yol — EI61X,,, Y] = K(O)EIA™'] (14 0p (1))

Z W vy U (E[6] —6)7(vt;9)An(9)ne(9)d6).

nantl

Lety,(vy) = [(E[O] —0)y(v1;6) A, (0)m9(0)d6. Denote S, = ﬁZ’Zzl wi (VY n(ve) —Elvryn(v))).

Since w; and v, are independent, we have E[S,] =0 and
T 1 & 2 T
E[SnSn] =~ Y E[w{]E [(VtYn(Vt) —Elv1yn(w)]) (veyn(ve) —Elvryn(vi)]) ]
t=1
= E[w}IE | (viyn(v0) = Elrya)) (veyn(ve) ~Elory, (o)) | = 03
A standard central limit theorem implies that as n — oo
0, Sp—p N (0,1,), (29)
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where I, denotes the p x p identity matrix and p denotes the number of parameters in the vector 6.
Let Ty = Ex[61 Xy, Yul ~ E101 Xy, Y] = KOEIA™] = (S + VRE[w1E[v1 Y5 (v1)]). Based on (29),
under Assumption 3 (iv), we obtain

1

I A | _ 1o
K(o)[E[/l—l]Tn a, ElulE[vyyn(v)]| =0, Sp—p N (0, 1)). 30)

vno,lay

Equivalently, we have

Vno !t ay (E«101Xp, Yl —EI0] Xy, Yyl — a, K(OEA E[w;E[v1y R (v1)])

—p N (0,K*(0E*[A']1). (31)
By a conditional central limit theorem for the i.i.d. case, we have as m — oo
1 m
NG ]ZI (00 —Ex[01Xp, Yal) = Op(1).

Let by, = a;," K(O)E[A ™ E[w ]E[v1y (V)]

Then, under Assumptions 1-3 and 5, we obtain as m — oo and n — oo

vno,lay (§mn —E[0] - b2y)

_ 1 Z
= \/ﬁanlan (E Z 6]11 - [E* [Han; Yn] + [E* [len» Yn] - [E[6|Xny Yn] - bZn + [E[9|Xn, Yn] - [E[H]
j=1
-1 1 & -1
=Vno, an|— Y 0in—Exl01Xy, Yol |+ V103, an (Ex[01 Xy, Y] —E[01Xp, Yul - b2p)
j=1

+vno, a,A 2 0,)AY20),) E101X,, Y] - E6])

= 7 Y (0jn—Exl01Xn, Ynl) + Vo;, an €401 Xn, Vil —E[0] Xy, Y] — b2y) + 0p(1)
j=1

—p N (0, K*(O)E*[A7]1,).
To sum up, under Assumptions 1-3 and 5, as m — oo and n — oo, we have

V107, ap (Bnn — EI0] = bop) —p A (0, K2(OEX[A 1),

which completes the proof of Theorem 2(i).
Proof of Theorem 2(ii).
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Equation (28) implies

Ex[01Xp, Yl —EI0]X,, Y] = —K(0)E[A ]

i . d O~ EO1X0, YuD) Y (v150) G (0)79(0)d0
amn’m ! [ G, (0)7g(0)do

K(O)[E L (0-E[0|X,,Y,]) G,(0)mg(0)dO
Z vy (V) wy f e - 0

& [ Gn0)19(0)d0
K 0)E[A 1l
_ ” Z vy (W) w; - 101Xy, Yol -

E[01Xp, Ynl) =
when y(v;0) = y(v).

Therefore, we have as m — oo and n — oo

AY20,) (Omn —EI0])

~ 1 7
=A20,) (E Y 0in—Ex[01Xp, Vil + Ex (01X, Yy —E[01 Xy, Yl + E[O] Xy, Y] —E[6]
j=1

:A;’Z(én)( Zem Ex (01 Xn, Yyl | +Z82(0)) €4 (01X, Vil —E[0] Xy, Yi])
j=1

+AL2@,) E101X,, Y] —E6])
Al/Z 9 1 m N
\/(_”) Vi & (ejn —Ex[01Xn, Ynl) + A}/20,) (EI01 Xy, Y] — E[O])

= AV2(@,) (E16] X, Ynl —E[O]) + 0p(1) —p A (0,Z0),

which completes the proof of Theorem 2(ii).
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Appendix D: Plots for E 1(7) and Bz (7) in simulation

Figure 1: Median of B1 (1) and B, (7) based on 1000 replications under DGP1 in Case 1 with sample
size n = 200,600 and 1200 (Graphs of Bl (1) are displayed in the first row and graphs of Bg (1) are

displayed in the second row).
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Figure 2: Median of El (r) and ,32 (1) based on 1000 replications under DGP2 in Case 1 with sample
size n = 200,600 and 1200 (Graphs of Bl (1) are displayed in the first row and graphs of ,32 (1) are

displayed in the second row).
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Figure 3: Median of El (r) and ,32 (1) based on 1000 replications under DGP3 in Case 1 with sample

size n = 200,600 and 1200 (Graphs of Bl (1) are displayed in the first row and graphs of ,32 (1) are

displayed in the second row).
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Figure 4: Median of El (r) and ,32 (1) based on 1000 replications under DGP1 in Case 2 with sample
size n = 200,600 and 1200 (Graphs of Bl (1) are displayed in the first row and graphs of ,32 (1) are

displayed in the second row).
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Figure 5: Median of El (r) and ,32 (1) based on 1000 replications under DGP2 in Case 2 with sample
size n = 200,600 and 1200 (Graphs of Bl (1) are displayed in the first row and graphs of ,32 (1) are

displayed in the second row).
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Figure 6: Median of El (r) and 32 (1) based on 1000 replications under DGP3 in Case 2 with sample

size n = 200,600 and 1200 (Graphs of ,31 (1) are displayed in the first row and graphs of ,32 (1) are

displayed in the second row).
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Appendix E: Plug-in method for bandwidth selection

In this appendix, we aim to obtain a formula for optimal bandwidth by minimizing mean squared

error of local constant estimator of (7).

The local constant estimator of §(7) is given by

n
B;h) =Y xix] Ku(t:—7)
=1

_ln

Z Xy Ky (T —7)
=1
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t=1

n - n
= (Z xx{ Kp(T, - T)) Z xe(x! B(Te) + u)Kp(t,— 1)

_l n
thxt Ky(t,— T)) thutKh(Tt—T).
t=1 t=1

n
:(thxtTKh(Tt—T)) thxt B )Kp(ty—1) +
=1

=1

Let pu(t; h) = ﬁzt L xex] K (¥5-"). We then have

pn(t;h) = — Z xtxtTK(Tt

-7\ 1 & (17
)_(1+o(1))[E[x1x1]E;K( . )

= (1+ 0(1)E[x x{] f

u T T
) =1 +o(M)E[x1x; ] =Zx(1+0(1)),

where X, = [E[xlxlT].

Existing results from Cai (2007) imply

p2h?B@ (1)
2

bias(B(t; k) = E[B(t; h)] - B(T) = +o(h?), (32)

where yp = [w?*K(w)dw.

It then follows from Robinson (1989) that the asymptotic variance of E (7; h) is given by

tr(var(ﬁ(f;h))) = %gi .fKZ(w)dw.tr(Z;l) +0

1
where 02 = E[u?].

Therefore, based on (32) and (33), we can obtain
MSE(B(7; h)) = ;.t2||/5‘2’ Tl +tr (Var(,B(Tt, m))+o(h*+(nh)™t)

h ,uZII,B(Z)(T )I* i sz(w)dwtr( D+o(h'+nh)™)
C _
:C1h4+%+o(h +(nh)™),

where C; = 11311 % (t/)1? and C, = 02 [ K*(w)dw tr (Z7').
By minimizing the leading terms of MSE(f(z; h)), we can obtain the optimal bandwidth as

follows:

Co 1
hopt = (4C1) n s. (34)

From (34), we can find that we need to estimate 8 (r) to obtain a plug-in estimate for k. In
order to do so, one may need to employ a local quadratic kernel method to estimate (7). In the
simulation and empirical application, in order to avoid estimating ﬁ(z) (1), we use anormal reference

rule (NRR), which is equivalent to hgpt in terms of the leading order ns.
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