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Appendix C: Proofs of Theorems 1 and 2

Observe that

v̂t = ût −αût−1 = yt −x>
t β̂(τt ;h)−α(

yt−1 −x>
t−1β̂(τt−1;h)

)
= ut +x>

t (β(τt )− β̂(τt ;h))−α(
ut−1 +x>

t−1(β(τt−1)− β̂(τt−1;h))
)

= ut −αut−1 +∆(τt ;h)−α∆(τt−1;h)

= vt +∆(τt ;h)−α∆(τt−1;h) = vt +Γ(τt ;α,h),

where ∆(τt ;h) = x>
t (β(τt )− β̂(τt ;h)) and Γ(τt ;α,h) =∆(τt ;h)−α∆(τt−1;h).

Therefore, we can further show

ln(λ,θ) = logLn(λ,θ) =
n∑

t=1
log f (v̂t ;θ)
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=
n∑

t=1
log f (vt +Γ(τt ;α,h);θ)

=
n∑

t=1
log

[(
f (vt ;θ)+ f (1)(vt ;θ)Γ(τt ;α,h)

)
(1+oP (1))

]
=

n∑
t=1

log

[
f (vt ;θ)

(
1+ f (1)(vt ;θ)

f (vt ;θ)
Γ(τt ;α,h)

)
(1+oP (1))

]
=

n∑
t=1

log f (vt ;θ)+
n∑

t=1
log

(
1+γ(vt ;θ)Γ(τt ;α,h)

)+oP (1)

=
n∑

t=1
log f (vt ;θ)+

n∑
t=1

γ(vt ;θ)Γ(τt ;α,h) (1+oP (1)) , (1)

where γ(vt ;θ) = f (1)(vt ;θ)
f (vt ;θ) .

Thus, we have

Ln(λ,θ) = e
∑n

t=1 log f (vt ;θ)e
∑n

t=1γ(vt ;θ)Γ(τt ;α,h)(1+oP (1)) (2)

= (1+oP (1))
n∏

t=1
f (vt ;θ)

( n∑
t=1

γ(vt ;θ)Γ(τt ;α,h)+1

)
= (1+oP (1)) Gn(θ)

( n∑
t=1

γ(vt ;θ)Γ(τt ;α,h)+1

)
,

where Gn(θ) =∏n
t=1 f (vt ;θ).

It is easy to see that

Ln(λ,θ)−Gn(θ) =Gn(θ)
n∑

t=1
γ(vt ;θ)Γ(τt ;α,h).

As Γ(τt ;α,h) =∆(τt ;h)−α∆(τt−1;h), we have

n∑
t=1

γ(vt ;θ)Γ(τt ;α,h) =
n∑

t=1
γ(vt ;θ)∆(τt ;h)−α

n∑
t=1

γ(vt ;θ)∆(τt−1;h).

We investigate ∆(τt ;h) as follows:

∆(τt ;h) = x>
t (β(τt )− β̂(τt ;h)) = x>

t

(
β(τt )− [pn(τt ;h)]−1qn(τt ;h)

)
= x>

t

{
[pn(τt ;h)]−1[pn(τt ;h)]β(τt )− [pn(τt ;h)]−1 1

nh

n∑
s=1

xs(x>
s β(τs)+us)K

(τs −τt

h

)}
=−x>

t [pn(τt ;h)]−1 1

nh

n∑
s=1

xsusK
(τs −τt

h

)
+x>

t [pn(τt ;h)]−1 1

nh

n∑
s=1

xs x>
s (β(τt )−β(τs))K

(τs −τt

h

)
=−∆1(τt ;h)+∆2(τt ;h),
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in which pn(τt ;h) = 1
nh

∑n
s=1 xs x>

s K
(τs−τt

h

)
, qn(τt ;h) = 1

nh

∑n
s=1 xs ysK

(τs−τt
h

)
,

∆1(τt ;h) = x>
t [pn(τt ;h)]−1 1

nh

∑n
s=1 xsusK

(τs−τt
h

)
, and

∆2(τt ;h) = x>
t [pn(τt ;h)]−1 1

nh

∑n
s=1 xs x>

s (β(τt )−β(τs))K
(τs−τt

h

)
.

Therefore, we have

n∑
t=1

γ(vt ;θ)∆(τt ;h) =−
n∑

t=1
γ(vt ;θ)∆1(τt ;h)+

n∑
t=1

γ(vt ;θ)∆2(τt ;h). (3)

Note that pn(τ;h) can be expressed as

pn(τ;h) = 1

nh

n∑
s=1

xs x>
s K

(τs −τ
h

)
= (1+o(1))E[x1x>

1 ]
1

nh

n∑
s=1

K
(τs −τ

h

)
= (1+o(1))E[x1x>

1 ]
∫

1

h
K

(u −τ
h

)
du = (1+o(1))E[x1x>

1 ]
∫ 1−τ

h

− τ
h

k(v)d v.

As we assume that h = anλ with an → 0 as n →∞ and λ being a continuous random variable,

so h → 0 as n →∞. Therefore,
∫ 1−τ

h

− τ
h

k(v)d v = 1+o(1) and

pn(τ;h) = (1+o(1))E[x1x>
1 ] =Σx(1+o(1)).

Therefore, it follows that

n∑
t=1

γ(vt ;θ)∆1(τt ;h) =
n∑

t=1
γ(vt ;θ)x>

t [pn(τt ;h)]−1 1

nh

n∑
s=1

xsusK
(τs −τt

h

)
=

n∑
t=1

γ(vt ;θ)x>
t Σ

−1
x

1

nh

n∑
s=1

xsusK
(τs −τt

h

)
= 1

nh

n∑
t=1

γ(vt ;θ)x>
t Σ

−1
x

n∑
s=1

xsusK
(τs −τt

h

)
= K (0)

nh

n∑
t=1

γ(vt ;θ)x>
t Σ

−1
x xt ut + 1

nh

n∑
s=1

n∑
t=1,t 6=s

γ(vt ;θ)x>
t Σ

−1
x xsusK

(τs −τt

h

)
= Int (h)+ Jnt (h),

where Int (h) = K (0)
nh

∑n
t=1γ(vt ;θ)x>

t Σ
−1
x xt ut and Jnt (h) = 1

nh

∑n
s=1

∑n
t=1,t 6=s γ(vt ;θ)x>

t Σ
−1
x xsusK

(τs−τt
h

)
.

Since the error term ut follows an AR(1) process, we can further express Int (h) and Jnt (h) as

follows:

Int (h) = K (0)

nh

n∑
t=1

γ(vt ;θ)x>
t Σ

−1
x xt ut = K (0)

nh

n∑
t=1

γ(vt ;θ)x>
t Σ

−1
x xt (αut−1 + vt )
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=α
K (0)

nh

n∑
t=1

γ(vt ;θ)x>
t Σ

−1
x xt ut−1 + K (0)

nh

n∑
t=1

γ(vt ;θ)x>
t Σ

−1
x xt vt ,

Jnt (h) = 1

nh

n∑
s=1

n∑
t=1,t 6=s

γ(vt ;θ)x>
t Σ

−1
x xsusK

(τs −τt

h

)
= 1

nh

n∑
s=1

n∑
t=1,t 6=s

γ(vt ;θ)x>
t Σ

−1
x xs (αus−1 + vs)K

(τs −τt

h

)
=α

1

nh

n∑
s=1

n∑
t=1,t 6=s

γ(vt ;θ)x>
t Σ

−1
x xsus−1K

(τs −τt

h

)
+ 1

nh

n∑
s=1

n∑
t=1,t 6=s

γ(vt ;θ)x>
t Σ

−1
x xs vsK

(τs −τt

h

)
.

Similarly, we can get

α
n∑

t=1
γ(vt ;θ)∆(τt−1;h) =−α

n∑
t=1

γ(vt ;θ)∆1(τt−1;h)+α
n∑

t=1
γ(vt ;θ)∆2(τt−1;h), (4)

where
∑n

t=1γ(vt ;θ)∆1(τt−1;h) = In(t−1)(h)+ Jn(t−1)(h), In(t−1)(h) = K (0)
nh

∑n
t=1γ(vt ;θ)x>

t−1Σ
−1
x xt−1ut−1

and Jn(t−1)(h) = 1
nh

∑n
s=1

∑n
t−1 6=s γ(vt ;θ)x>

t−1Σ
−1
x xsusK

(τs−τt−1
h

)
.

Observe that

n∑
t=1

γ(vt ;θ)∆1(τt ;h)−α
n∑

t=1
γ(vt ;θ)∆1(τt−1;h)

= K (0)

nh

n∑
t=1

vtγ(vt ;θ)x>
t Σ

−1
x xt + 1

nh

n∑
s=1

n∑
t=1,t 6=s

γ(vt ;θ)x>
t Σ

−1
x xs vsK

(τs −τt

h

)
+oP (1)

=Q1n +Q2n +oP (1),

where Q1n = K (0)
nh

∑n
t=1 vtγ(vt ;θ)x>

t Σ
−1
x xt and Q2n = 1

nh

∑n
s=1

∑n
t=1,t 6=s γ(vt ;θ)x>

t Σ
−1
x xs vsK

(τs−τt
h

)
.

As n →∞, the law of large numbers implies

hQ1n = K (0)
1

n

n∑
t=1

vtγ(vt ;θ)x>
t Σ

−1
x xt →P K (0) ·Eθ[γ(v1;θ)v1] ·E[w1] 6= 0,

where wt = x>
t Σ

−1
x xt . So Q1n =OP (1/h).

We now show that Q2n is a higher–order term than Q1n . Because Eθ[v1] = Eθ[γ(v1;θ)] = 0, we

have

Eθ,λ
[
Q2

2n

]= 1

n2h2
Eθ,λ

[
n∑

t=1

(
n∑

s=1, 6=t
γ(vt ;θ)x>

t Σ
−1
x xs vsK

(τs −τt

h

))]2

= 1

n2h2

n∑
t=1

(
n∑

s=1, 6=t
Eθ

[
γ2(vt ;θ)

]
Eθ[v2

s ] ·E[ws wt ]K 2
(τs −τt

h

))
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≤ Cv w

n2h2

n∑
t=1

n∑
s=1,t 6=s

K 2
(τs −τt

h

)
= Cv w

nh2

n∑
t=1

1

n

n∑
s=1,t 6=s

K 2
(τs −τt

h

)
= Cv w (1+o(1))

nh2

n∑
t=1

∫ 1

0
K 2

(u −τt

h

)
du = Cv w

nh

n∑
t=1

∫ 1−τt /h

−τt /h
K 2(v)d v

= Cv w

h

1

n

n∑
t=1

m(τt ;h) = Cv w (1+o(1))

h

∫
K 2(u)du,

where Cv w > 0 is some constant and m(τ;h) = ∫ 1−τ/h
−τ/h K 2(u)du = (1+o(1))

∫
K 2(u)du. So we have

Q2n = OP (1/
p

h). This deduces that Q1n +Q2n = OP (1/h)
(
1+OP (

p
h)

)
, which implies that Q1n is

the leading term.

Meanwhile, we have

n∑
t=1

γ(vt ;θ)∆2(τt ;h) =
n∑

t=1
γ(vt ;θ)x>

t [pn(τt ;h)]−1 1

nh

n∑
s=1

xs x>
s (β(τt )−β(τs))K

(τs −τt

h

)
= 1+o(1)

nh

n∑
t=1

γ(vt ;θ)x>
t Σ

−1
x

n∑
s=1

xs x>
s K

(τs −τt

h

)
(β(τt )−β(τs))

= 1+o(1)

nh

n∑
t=1

n∑
s=1,s 6=t

γ(vt ;θ)x>
t Σ

−1
x xs x>

s K
(τs −τt

h

)(
β(1)(τt )(τt −τs)+1/2β(2)(τt )(τt −τs)2)

= 1+o(1)

n

n∑
t=1

n∑
s=1,s 6=t

γ(vt ;θ)x>
t Σ

−1
x xs x>

s K1

(τs −τt

h

)
β(1)(τt )

+ (1+o(1))h

2n

n∑
t=1

n∑
s=1,s 6=t

γ(vt ;θ)x>
t Σ

−1
x xs x>

s K2

(τs −τt

h

)
β(2)(τt )

≡ (1+o(1)) Q3n + (1+o(1)) Q4n . (5)

We then show that Eθ,λ[Q j n] → 0 and Eθ,λ
(
Q j n −Eθ,λ[Q j n]

)2 → 0 for j = 3,4. Obviously, we have

Eθ,λ[Q3n] = 1

n

n∑
t=1

n∑
s=1,s 6=t

Eθ
[
γ(vt ;θ)x>

t Σ
−1
x xs x>

s

]
K1

(τs −τt

h

)
β(1)(τt ),

Eθ,λ[Q4n] = h

2n

n∑
t=1

n∑
s=1,s 6=t

Eθ
[
γ(vt ;θ)x>

t Σ
−1
x xs x>

s

]
K2

(τs −τt

h

)
β(2)(τt ),

where K1(u) = uK (u) and K2(u) = u2K (u).

5



Under Assumption 3(ii), by Lemma A.1 of Gao (2007), we obtain3

∥∥Eθ [
γ(vt ;θ)x>

t Σ
−1
x xs x>

s

]−Eθ
[
γ(vt ;θ)x>

t Σ
−1
x

]
E
[
xs x>

s

]∥∥
= ∥∥Eθ [

γ(vt ;θ)x>
t Σ

−1
x xs x>

s

]−Eθ
[
γ(vt ;θ)

]
E
[
x>

t Σ
−1
x

]
E
[
xs x>

s

]∥∥
= ∥∥Eθ [

γ(vt ;θ)x>
t Σ

−1
x xs x>

s

]∥∥
≤ (

Eθ
[‖γ(vt ;θ)x>

t Σ
−1
x ‖p])1/p (

E
[‖xs x>

s ‖q])1/q
ρ1−Q (|s − t |),

where Q = 1
p + 1

q < 1. Without loss of generosity, we choose p = q = 4. Then under Assumptions 1(i)

and 3(ii), we have

∥∥Eθ [
γ(vt ;θ)x>

t Σ
−1
x xs x>

s

]∥∥≤ (
Eθ

[‖γ(vt ;θ)x>
t Σ

−1
x ‖4])1/4 (

E
[‖xs x>

s ‖4])1/4
ρ1/2(|s − t |)

= (
Eθ

[
γ4(vt ;θ)

])1/4 (
E
[‖x>

t Σ
−1
x ‖4])1/4 (

E
[‖xs x>

s ‖4])1/4
ρ1/2(|s − t |) ≡ A0 ρ

1/2(|s − t |),

where A0 =
(
Eθ

[
γ4(vt ;θ)

])1/4 (
E
[‖x>

t Σ
−1
x ‖4

])1/4 (
E
[‖xs x>

s ‖4
])1/4

.

Therefore, we obtain∣∣∣∣ n∑
t=1

γ(vt ;θ)∆2(τt ;h)

∣∣∣∣≤ M

n

n∑
t=1

n∑
s=1,s 6=t

∥∥Eθ [
γ(vt ;θ)x>

t Σ
−1
x xs x>

s

]∥∥∣∣∣K1

(τs −τt

h

)∣∣∣∥∥β(1)(τt )
∥∥

+ Mh

2n

n∑
t=1

n∑
s=1,s 6=t

∥∥Eθ [
γ(vt ;θ)x>

t Σ
−1
x xs x>

s

]∥∥K2

(τs −τt

h

)∥∥β(2)(τt )
∥∥

≤ M

n

n∑
t=1

n∑
s=1,s 6=t

ρ1/2(|s − t |)
∣∣∣K1

(τs −τt

h

)∣∣∣∥∥β(1)(τt )
∥∥

+ Mh

2n

n∑
t=1

n∑
s=1,s 6=t

ρ1/2(|s − t |)K2

(τs −τt

h

)∥∥β(2)(τt )
∥∥

= M

n

n∑
t=1

n∑
s=1,s 6=t

ρ1/2(n|τs −τt |)
∣∣∣K1

(τs −τt

h

)∣∣∣∥∥β(1)(τt )
∥∥

+ Mh

2n

n∑
t=1

n∑
s=1,s 6=t

ρ1/2(n|τs −τt |)K2

(τs −τt

h

)∥∥β(2)(τt )
∥∥

= Mn (1+o(1))
∫ 1

0

∫ 1

0
ρ1/2(n|v −u|)

∣∣∣K1

(v −u

h

)∣∣∣∥∥β(1)(u)
∥∥dud v

3As discussed in the remark about Assumption 1 in Appendix A1, we need only to require Eθ
[
γ(vt ;θ)xt

] =
Eθ

[
γ(vt ;θ)

]
E[xt ] = 0 in an application of Lemma A.1 of Gao (2007).

Meanwhile, we will have Eθ
[
γ(vt ;θ)x>

t Σ
−1
x xs x>

s

] = Eθ
[
γ(vt ;θ)

]
E
[
x>

t Σ
−1
x xs x>

s

] = 0 if we assume that {vt } and {xs }

are independent for all (s, t). In this case, there is no need to apply Lemma A.1 of Gao (2007) with the choice of

(p, q). As a matter of fact, Eθ,λ[Q j n] = 0 and the derivation of Eθ,λ
[
Q j n

]2 → 0 for j = 3,4 follows similarly from that of

Eθ,λ [Q2n]2 → 0.
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+ Mnh

2
(1+o(1))

∫ 1

0

∫ 1

0
ρ1/2(n|v −u|)K2

(v −u

h

)∥∥β(2)(u)
∥∥dud v

= nhM · A1n

∫ 1

0

∥∥β(1)(u)
∥∥du + Mnh2

2
· A2n

∫ 1

0

∥∥β(2)(u)
∥∥du,

where A1n = ∫ +∞
−∞ ρ1/2(nh|w |) |K1(w)|d w , A2n = ∫ +∞

−∞ ρ1/2(nh|w |)K2(w)d w and M is a positive con-

stant.

Under Assumption 1(i), we have

|A1n | =
∣∣∣∣∫ +∞

−∞
ρ1/2(nh|w |) |K1(w)|d w

∣∣∣∣≤ ∫ +∞

−∞
ρ1/2(nh|w |)|w |K (w)d w

≤ c(nh)−c0/2
∫ +∞

−∞
|w |−c0/2|w |K (w)d w ≤ c(nh)−c0/2

∫ +∞

−∞
|w |1−c0/2K (w)d w.

Thus, under Assumptions 1(i)(iii) and 2(i), as n →∞, we have

nh|A1n | ≤ c(nh)1−c0/2
∫ +∞

−∞
|w |1−c0/2K (w)d w =O

(
(nh)1−c0/2)→ 0.

Similarly, we have

|A2n | =
∣∣∣∣∫ +∞

−∞
ρ1/2(nh|w |)K2(w)d w

∣∣∣∣≤ ∫ +∞

−∞
ρ1/2(nh|w |)|w |2K (w)d w

≤ c(nh)−c0/2
∫ +∞

−∞
|w |2−c0/2K (w)d w.

Hence, under Assumptions 1(i)(iii) and 2(i), as n →∞, we have

nh2|A2n | ≤ cn1−c0/2h2−c0/2
∫ +∞

−∞
|w |2−c0/2K (w)d w =O

(
n1−c0/2h2−c0/2)→ 0.

Thus, under Assumptions 1(i)(iii), 2(i) and 3(i)(ii), it follows that∣∣∣∣ n∑
t=1

γ(vt ;θ)∆2(τt ;h)

∣∣∣∣≤ nhM
∫ 1

0

∥∥β(1)(u)
∥∥du A1n + nh2

2
M

∫ 1

0

∥∥β(2)(u)
∥∥du A2n = oP (1).

Similarly, we can show that
∑n

t=1γ(vt ;θ)∆2(τt−1;h) = oP (1). Under Assumptions 1(ii) and 1(iii),

we therefore have∫ ∣∣∣∣ n∑
t=1

γ(vt ;θ)∆2(τt ;h)

∣∣∣∣πλ(λ)πθ(θ)dλdθ

≤
∫

c̃1(nh)1−c0/2πλ(λ)πθ(θ)dλdθ+
∫

c̃2n1−c0/2h2−c0/2πλ(λ)πθ(θ)dλdθ

= c̃1n1−c0/2a1−c0/2
n

∫
λ1−c0/2πλ(λ)dλ+ c̃2n1−c0/2a2−c0/2

n

∫
λ2−c0/2πλ(λ)dλ→ 0,

7



where |c̃1| <∞ and |c̃2| <∞.

In order to show that Eθ,λ

[(
Q j n −Eθ,λ[Q2

j n]
)2

]
→ 0 for j = 3,4, we need only to deal with a

leading term of the form

1

n2
Eθ,λ

[(
n∑

t=1

n∑
s=1,s 6=t

(
γ(vt ;θ)x>

t Σ
−1
x

)(
xs x>

s −E[xs x>
s ]

)
K1

(τs −τt

h

)
β(1)(τt )

)2]
→ 0,

which follows similarly from the derivation of E[Q2
2n] → 0.

Let wt = x>
t Σ

−1
x xt . To sum up, we have

n∑
t=1

γ(vt ;θ)Γ(τt ;α,h) =
n∑

t=1
γ(vt ;θ)∆(τt ;h)−α

n∑
t=1

γ(vt ;θ)∆(τt−1;h)

=−K (0)

nh

n∑
t=1

vtγ(vt ;θ)x>
t Σ

−1
x xt (1+oP (1)) =−K (0) · (1+oP (1))

nh

n∑
t=1

vtγ(vt ;θ)wt .

We are now ready to complete the proofs of Theorems 1 and 2.

Proof of Theorem 1.

Observe that

E?[λ|Xn ,Yn] =
Î

λe ln (λ,θ)πλ(λ)πθ(θ)dλdθÎ
e ln (λ,θ)πλ(λ)πθ(θ)dλdθ

=
Î

λLn(λ,θ)πλ(λ)πθ(θ)dλdθÎ
Ln(λ,θ)πλ(λ)πθ(θ)dλdθ

= q1(Xn ,Yn)

p1(Xn ,Yn)
, (6)

where q1(Xn ,Yn) =Î
λLn(λ,θ)πλ(λ)πθ(θ)dλdθ and p1(Xn ,Yn) =Î

Ln(λ,θ)πλ(λ)πθ(θ)dλdθ.

E[λ] =
∫
λπλ(λ)dλ=

∫
λπλ(λ)dλ∫
πλ(λ)dλ

∫
Gn(θ)πθ(θ)dθ∫
Gn(θ)πθ(θ)dθ

=
Î

λGn(θ)πλ(λ)πθ(θ)dλdθÎ
Gn(θ)πλ(λ)πθ(θ)dλdθ

= q(Xn ,Yn)

p(Xn ,Yn)
, (7)

where q(Xn ,Yn) =Î
λGn(θ)πλ(λ)πθ(θ)dλdθ and p(Xn ,Yn) =Î

Gn(θ)πλ(λ)πθ(θ)dλdθ.

Based on (6) and (7), we have that

q1(Xn ,Yn)−q(Xn ,Yn) =
Ï

λ (Ln(λ,θ)−Gn(θ))πλ(λ)πθ(θ)dλdθ,

p1(Xn ,Yn)−p(Xn ,Yn) =
Ï

(Ln(λ,θ)−Gn(θ))πλ(λ)πθ(θ)dλdθ.

Therefore, by equation (2) we have

E?[λ|Xn ,Yn]−E[λ] = q1(Xn ,Yn)

p1(Xn ,Yn)
− q(Xn ,Yn)

p(Xn ,Yn)

= 1

p1(Xn ,Yn)p(Xn ,Yn)

[
q1(Xn ,Yn)p(Xn ,Yn)−p1(Xn ,Yn)q(Xn ,Yn)

]
8



= 1

p1(Xn ,Yn)p(Xn ,Yn)

[
(q1(Xn ,Yn)−q(Xn ,Yn))p(Xn ,Yn)− (p1(Xn ,Yn)−p(Xn ,Yn))q(Xn ,Yn)

]
= 1

p1(Xn ,Yn)

[
(q1(Xn ,Yn)−q(Xn ,Yn))− (p1(Xn ,Yn)−p(Xn ,Yn))E[λ]

]
= 1

p1(Xn ,Yn)

Ï
(λ−E[λ]) (Ln(λ,θ)−Gn(θ))πλ(λ)πθ(θ)dλdθ

= 1+oP (1)

p1(Xn ,Yn)

Ï
(λ−E[λ])Gn(θ)

n∑
t=1

γ(vt ;θ)Γ(τt ;α,h)πλ(λ)πθ(θ)dλdθ

= (1+oP (1))
∫

Gn(θ)

p1(Xn ,Yn)

(∫
(λ−E[λ])

n∑
t=1

γ(vt ;θ)Γ(τt ;α,h)πλ(λ)dλ

)
πθ(θ)dθ,

where

p1(Xn ,Yn) =
Ï

Ln(λ,θ)πλ(λ)πθ(θ)dλdθ

=
Ï

Gn(θ)

( n∑
t=1

γ(vt ;θ)Γ(τt ;α,h)+1

)
πλ(λ)πθ(θ)dλdθ

=
∫

Gn(θ)

(
1+

∫ n∑
t=1

γ(vt ;θ)Γ(τt ;α,h)πλ(λ)dλ

)
πθ(θ)dθ.

Therefore, it follows that

E?[λ|Xn ,Yn]−E[λ] =
∫

Gn(θ)
(∫

(λ−E[λ])
∑n

t=1γ(vt ;θ)Γ(τt ;α,h)πλ(λ)dλ
)
πθ(θ)dθ∫

Gn(θ)
(
1+∫ ∑n

t=1γ(vt ;θ)Γ(τt ;α,h)πλ(λ)dλ
)
πθ(θ)dθ

=
∫

Gn(θ)R2n(λ,θ)πθ(θ)dθ∫
Gn(θ)R1n(λ,θ)πθ(θ)dθ

,

where R1n(λ,θ) = 1+∫ ∑n
t=1γ(vt ;θ)Γ(τt ;α,h)πλ(λ)dλ and

R2n(λ,θ) =
∫

(λ−E[λ])
n∑

t=1
γ(vt ;θ)Γ(τt ;α,h)πλ(λ)dλ.

Equivalently, we have∫
Gn(θ)R1n(λ,θ)πθ(θ)dθ · (E?[λ|Xn ,Yn]−E[λ]) =

∫
Gn(θ)R2n(λ,θ)πθ(θ)dθ. (8)

Divide (8) by
∫

Gn(θ)πθ(θ)dθ. Then we have∫
Gn(θ)R1n(λ,θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ
· (E?[λ|Xn ,Yn]−E[λ]) =

∫
Gn(θ)R2n(λ,θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ
. (9)

We now express R2n(λ,θ) as follows:

R2n(λ,θ) =
∫

(λ−E[λ])
n∑

t=1
γ(vt ;θ)Γ(τt ;α,h)πλ(λ)dλ

9



= (1+oP (1))
∫

(λ−E[λ])

(
−K (0)

nh

n∑
t=1

γ(vt ;θ)x>
t Σ

−1
x xt vt

)
πλ(λ)dλ

=−(1+oP (1))K (0)
1

nan

n∑
t=1

γ(vt ;θ)x>
t Σ

−1
x xt vt

∫
(λ−E[λ])

1

λ
πλ(λ)dλ

=−(1+oP (1))K (0)
1

nan

n∑
t=1

γ(vt ;θ)x>
t Σ

−1
x xt vt

(
1−E[λ]E[λ−1]

)+oP (1)

=−(1+oP (1))K (0)
(
1−E[λ]E[λ−1]

) 1

nan

n∑
t=1

γ(vt ;θ)x>
t Σ

−1
x xt vt +oP (1)

= d1

nan

n∑
t=1

vtγ(vt ;θ)x>
t Σ

−1
x xt = d1(1+oP (1))

nan

n∑
t=1

vtγ(vt ;θ)wt ,

where d1 =−K (0)
(
1−E[λ]E[λ−1]

)
.

By ignoring the high order oP (1) in the following derivations, we therefore have∫
Gn(θ)R2n(λ,θ)πθ(θ)dθ =

∫
Gn(θ)

[
d1

nan

n∑
t=1

γ(vt ;θ)wt vt

]
πθ(θ)dθ

= d1

nan

n∑
t=1

wt vt

∫
γ(vt ;θ)Gn(θ)πθ(θ)dθ. (10)

Divide (10) by
∫

Gn(θ)πθ(θ)dθ. It then follows that∫
Gn(θ)R2n(λ,θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ
= d1

nan

n∑
t=1

wt vt

∫
γ(vt ;θ)Gn(θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ
.

We know that

Gn(θ) =
n∏

t=1
f (vt ;θ) = e

∑n
t=1 log f (vt ;θ) = enEθ[log f (v1;θ)](1+oP (1)), (11)

where Eθ[log f (v1;θ)] = ∫
log f (v1;θ) f (v ;θ)d v .

Let An(θ) = enEθ [log f (v1;θ)]∫
enEθ [log f (v1;θ)]πθ(θ)dθ

and φn(vt ) = ∫
γ(vt ;θ)An(θ)πθ(θ)dθ. Then

∫
Gn(θ)R2n(λ,θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ
= d1

nan

n∑
t=1

wt vtφn(vt ). (12)

Meanwhile, we have∫
Gn(θ)R1n(λ,θ)πθ(θ)dθ =

∫
Gn(θ)

(
1+

∫ n∑
t=1

γ(vt ;θ)Γ(τt ;α,h)πλ(λ)dλ

)
πθ(θ)dθ

=
∫

Gn(θ)πθ(θ)dθ+
∫

Gn(θ)

(∫ n∑
t=1

γ(vt ;θ)Γ(τt ;α,h)πλ(λ)dλ

)
πθ(θ)dθ

=
∫

Gn(θ)πθ(θ)dθ+
∫

Gn(θ)

(∫ (
−K (0)

nh

n∑
t=1

γ(vt ;θ)x>
t Σ

−1
x xt vt

)
πλ(λ)dλ

)
πθ(θ)dθ

10



=
∫

Gn(θ)πθ(θ)dθ−K (0)E[λ−1]
1

nan

n∑
t=1

wt vt

∫
γ(vt ;θ)Gn(θ)πθ(θ)dθ. (13)

Divide (13) by
∫

Gn(θ)πθ(θ)dθ. Then we have∫
Gn(θ)R1n(λ,θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ
= 1−K (0)E[λ−1]

1

nan

n∑
t=1

wt vt

∫
γ(vt ;θ)Gn(θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ

= 1−K (0)E[λ−1]
1

nan

n∑
t=1

wt vtφn(vt ). (14)

Based on (12) and (14), we have(
1−K (0)E[λ−1]

1

nan

n∑
t=1

wt vtφn(vt )

)
· (E?[λ|Xn ,Yn]−E[λ]) = d1

nan

n∑
t=1

wt vtφn(vt ). (15)

Denote Zn = 1p
n

∑n
t=1 wt (vtφn(vt )−E[v1φn(v1)]). Since wt and vt are independent, we have

E[Zn] = 0 and

E[Z 2
n] = 1

n

n∑
t=1

E[w 2
t ]E

[(
vtφn(vt )−E[v1φn(v1)]

)2
]

= E[w 2
1]E

[(
vtφn(vt )−E[v1φn(v1)]

)2
]
≡ δ2

n .

By a standard central limit theorem for the i.i.d. random variable case, we have

δ−1
n Zn →D N (0,1). (16)

We then have
(
1−K (0)E[λ−1] 1

nan

∑n
t=1 wt vtφn(vt )

)
(E?[λ|Xn ,Yn]−E[λ]) = d1

nan

∑n
t=1 wt vtφn(vt ) =

d1p
nan

(
Zn +p

nE[w1]E[v1φn(v1)]
)
.

Using 1
n

∑n
t=1

(
wt vtφn(vt )−E[w1]E[v1φn(v1)]

) → 0 as n →∞, and recalling the definitions of

b1n = a−1
n E[w1]E[v1φn(v1)] and b0n = 1−K (0)E[λ−1]b1n listed in Theorem 1, we obtain as n →∞

p
nanδ

−1
n (b0n (E?[λ|Xn ,Yn]−E[λ])−d1b1n) = d1

δn
Zn →D N (0,d 2

1 ) (17)

by Assumption 4 and equation (16).

Therefore, under Assumptions 1–4, when m →∞ and n →∞, we have

p
nδ−1

n an
(
b0n

(
λ̂mn −E[λ]

)−d1b1n
)

=p
nδ−1

n an

(
b0n

m

m∑
j=1

(
λ j n −E?[λ|Xn ,Yn]

)+b0n (E?[λ|Xn ,Yn]−E[λ])−d1b1n

)

11



=
p

nδ−1
n anb0np

m

1p
m

m∑
j=1

(
λ j n −E?[λ|Xn ,Yn]

)+p
nδ−1

n an (b0n (E?[λ|Xn ,Yn]−E[λ])−d1b1n)

= oP (1)+p
nδ−1

n an (b0n (E?[λ|Xn ,Yn]−E[λ])−d1b1n) −→D N (0,d 2
1 ). (18)

Therefore, we have proved Theorem 1. In order to prove Theorem 2, we introduce a useful

lemma in Lemma C below.

Lemma C. Under Assumption 5 listed in Appendix A1, we have as n →∞,

∆1/2
n (θ̂n) (E[θ|Xn ,Yn]−E[θ]) →D N (0,Σ0),

where Σ0 is same as that in Assumption 5 (iv) and it can be estimated by a traditional method, such

as the maximum likelihood estimation method.

Proof of Lemma C. By definition, we have that

E[θ|Xn ,Yn] =
∫
θ fn(θ|Xn ,Yn)dθ =

∫
θegn (θ)πθ(θ)dθ∫
egn (θ)πθ(θ)dθ

= qn(Xn ,Yn)

pn(Xn ,Yn)
,

where qn(Xn ,Yn) = ∫
θegn (θ)πθ(θ)dθ and pn(Xn ,Yn) = ∫

egn (θ)πθ(θ)dθ.

Taking the first order Taylor expansion of gn(θ) in the neighborhood of θ̂n , we have that

gn(θ) = gn(θ̂n)+ g (1)
n (θ̂n)(θ− θ̂n)+ 1

2
g (2)

n (θ̂n)(θ− θ̂n)2 = gn(θ̂n)− 1

2
∆n(θ̂n)(θ− θ̂n)2,

where g (1)
n (θ̂n) and g (2)

n (θ̂n) are the first order and second order derivatives of gn(θ) evaluated at the

point θ̂n , respectively.

So qn(Xn ,Yn) can be written as

qn(Xn ,Yn) =
∫

Cn

θegn (θ̂n )e− 1
2∆n (θ̂n )(θ−θ̂n )2

πθ(θ)dθ+
∫

Dn

θegn (θ)πθ(θ)dθ = q1n(Xn ,Yn)+q2n(Xn ,Yn),

where q1n(Xn ,Yn) = ∫
Cn
θegn (θ̂n )e− 1

2∆n (θ̂n )(θ−θ̂n )2
πθ(θ)dθ and q2n(Xn ,Yn) = ∫

Dn
θegn (θ)πθ(θ)dθ.

Similarly, pn(Xn ,Yn) can be written as

pn(Xn ,Yn) =
∫

Cn

egn (θ̂n )e− 1
2∆n (θ̂n )(θ−θ̂n )2

πθ(θ)dθ+
∫

Dn

egn (θ)πθ(θ)dθ = p1n(Xn ,Yn)+p2n(Xn ,Yn),

where p1n(Xn ,Yn) = ∫
Cn

egn (θ̂n )e− 1
2∆n (θ̂n )(θ−θ̂n )2

πθ(θ)dθ and p2n(Xn ,Yn) = ∫
Dn

egn (θ)πθ(θ)dθ.

12



We first express q1n(Xn ,Yn) as follows:

q1n(Xn ,Yn) =
∫

Cn

θegn (θ̂n )e− 1
2∆n (θ̂n )(θ−θ̂n )2

πθ(θ)dθ

=
∫
|y |≤c

(
θ̂n +∆−1/2

n (θ̂n)y
)
∆−1/2

n (θ̂n)egn (θ̂n )π(θ̂n +∆−1/2
n (θ̂n)y)e− 1

2 y2
d y

= θ̂n∆
−1/2
n (θ̂n)egn (θ̂n )

∫
|y |≤c

π(θ̂n +∆−1/2
n (θ̂n)y)e− 1

2 y2
d y

+∆−1/2
n (θ̂n)∆−1/2

n (θ̂n)egn (θ̂n )
∫
|y |≤c

π(θ̂n +∆−1/2
n (θ̂n)y)ye− 1

2 y2
d y

= θ̂n∆
−1/2
n (θ̂n)egn (θ̂n )π(θ̂n)

∫
|y |≤c

e− 1
2 y2

d y + θ̂n∆
−1/2
n (θ̂n)egn (θ̂n )∆−1/2

n (θ̂n)π(1)(θ̂n)
∫
|y |≤c

ye− 1
2 y2

d y

+∆−1/2
n (θ̂n)∆−1/2

n (θ̂n)egn (θ̂n )π(θ̂n)
∫
|y |≤c

ye− 1
2 y2

d y +oP (∆−1
n (θ̂n))

= θ̂n∆
−1/2
n (θ̂n)egn (θ̂n )π(θ̂n)

∫
|y |≤c

e− 1
2 y2

d y +oP (∆−1
n (θ̂n)). (19)

The last equality is true, because∫
|y |≤c

ye− 1
2 y2

d y =
∫ c

0
ye− 1

2 y2
d y +

∫ 0

−c
ye− 1

2 y2
d y

=
∫ c

0
ye− 1

2 y2
d y +

∫ 0

c
(−y)e− 1

2 y2
d(−y) =

∫ c

0
ye− 1

2 y2
d y −

∫ c

0
ye− 1

2 y2
d y = 0.

Similarly, we have

p1n(Xn ,Yn) =
∫

Cn

egn (θ̂n )e− 1
2∆n (θ̂n )(θ−θ̂n )2

πθ(θ)dθ =∆−1/2
n (θ̂n)egn (θ̂n )

∫
|y |≤c

π(θ̂n +∆−1/2
n (θ̂n)y)e− 1

2 y2
d y

=∆−1/2
n (θ̂n)egn (θ̂n )π(θ̂n)

∫
|y |≤c

e− 1
2 y2

d y +∆−1/2
n (θ̂n)egn (θ̂n )∆−1/2

n (θ̂n)π(1)(θ̂n)
∫
|y |≤c

ye− 1
2 y2

d y

+oP (∆−1
n (θ̂n)) =∆−1/2

n (θ̂n)egn (θ̂n )π(θ̂n)
∫
|y |≤c

e− 1
2 y2

d y +oP (∆−1
n (θ̂n)). (20)

Then, based on (19) and (20), we obtain

q1n(Xn ,Yn)

p1n(Xn ,Yn)
= θ̂n + oP (∆−1

n (θ̂n))

∆−1/2
n (θ̂n)egn (θ̂n )π(θ̂n)

∫
|y |≤c e− 1

2 y2
d y +oP (∆−1

n (θ̂n))
= θ̂n +oP (∆−1/2

n (θ̂n)). (21)

Note that under Assumption 5 (iii), we have

q2n(Xn ,Yn)

pn(Xn ,Yn)
= oP (∆−1/2

n (θ̂n)) and
p2n(Xn ,Yn)

pn(Xn ,Yn)
= oP (∆−1/2

n (θ̂n)). (22)

Therefore, in view of (21) and (22), with Assumption 5 (iii), it is shown that

∣∣E[θ|Xn ,Yn]− θ̂n
∣∣= ∣∣∣∣ qn(Xn ,Yn)

pn(Xn ,Yn)
− θ̂n

∣∣∣∣= ∣∣∣∣q1n(Xn ,Yn)

pn(Xn ,Yn)
+ q2n(Xn ,Yn)

pn(Xn ,Yn)
− θ̂n

∣∣∣∣
13



≤
∣∣∣∣q1n(Xn ,Yn)

pn(Xn ,Yn)
− θ̂n

∣∣∣∣+ ∣∣∣∣q2n(Xn ,Yn)

pn(Xn ,Yn)

∣∣∣∣
=

∣∣∣∣q1n(Xn ,Yn)

pn(Xn ,Yn)
− q1n(Xn ,Yn)

p1n(Xn ,Yn)
+ q1n(Xn ,Yn)

p1n(Xn ,Yn)
− θ̂n

∣∣∣∣+ ∣∣∣∣q2n(Xn ,Yn)

pn(Xn ,Yn)

∣∣∣∣
≤

∣∣∣∣q1n(Xn ,Yn)

pn(Xn ,Yn)
− q1n(Xn ,Yn)

p1n(Xn ,Yn)

∣∣∣∣+ ∣∣∣∣ q1n(Xn ,Yn)

p1n(Xn ,Yn)
− θ̂n

∣∣∣∣+ ∣∣∣∣q2n(Xn ,Yn)

pn(Xn ,Yn)

∣∣∣∣
= ∣∣q1n(Xn ,Yn)

∣∣ ∣∣∣∣ 1

pn(Xn ,Yn)
− 1

p1n(Xn ,Yn)

∣∣∣∣+ ∣∣∣∣ q1n(Xn ,Yn)

p1n(Xn ,Yn)
− θ̂n

∣∣∣∣+ ∣∣∣∣q2n(Xn ,Yn)

pn(Xn ,Yn)

∣∣∣∣
= ∣∣q1n(Xn ,Yn)

∣∣ ∣∣∣∣ p2n(Xn ,Yn)

pn(Xn ,Yn)p1n(Xn ,Yn)

∣∣∣∣+oP (∆−1/2
n (θ̂n))

=
∣∣∣∣ q1n(Xn ,Yn)

p1n(Xn ,Yn)

∣∣∣∣ ∣∣∣∣p2n(Xn ,Yn)

pn(Xn ,Yn)

∣∣∣∣+oP (∆−1/2
n (θ̂n)) = oP (∆−1/2

n (θ̂n)).

Thus, ∆1/2
n (θ̂n)

(
E[θ|Xn ,Yn]− θ̂n

)→P 0.

Therefore, with Assumption 5(iv), we obtain

∆1/2
n (θ̂n) (E[θ|Xn ,Yn]−E[θ]) =∆1/2

n (θ̂n)
(
E[θ|Xn ,Yn]− θ̂n

)+∆1/2
n (θ̂n)

(
θ̂n −E[θ]

)→D N (0,Σ0), (23)

which completes the proof of Lemma C.

We next give the proof of Theorem 2 by Lemma C.

Proof of Theorem 2(i).

From equation (1) in the proof of Theorem 1, we have obtained that

ln(λ,θ) = logLn(λ,θ) =
n∑

t=1
log f (v̂t ;θ) =

n∑
t=1

log f (vt ;θ)+
n∑

t=1
γ(vt ;θ)Γ(τt ;α,h) (1+oP (1)) ,

where γ(vt ;θ) = f (1)(vt ;θ)
f (vt ;θ) .

Therefore, we have

e ln (λ,θ) = e
∑n

t=1 log f (vt ;θ)e
∑n

t=1γ(vt ;θ)Γ(τt ;α,h)(1+oP (1)) = e
∑n

t=1 log f (vt ;θ) +Rn(λ,θ),

where Rn(λ,θ) = (
e

∑n
t=1γ(vt ;θ)Γ(τt ;α,h)+oP (1) −1

)
e

∑n
t=1 log f (vt ;θ) = (∑n

t=1γ(vt ;θ)Γ(τt ;α,h)
)

Gn(θ).

By ignoring the high order oP (1) in the following derivations, we then have the following two

equations:Ï
e ln (λ,θ)πλ(λ)πθ(θ)dλdθ =

Ï
e

∑n
t=1 log f (vt ;θ)πλ(λ)πθ(θ)dλdθ+

Ï
Rn(λ,θ)πλ(λ)πθ(θ)dλdθ

=
∫

Gn(θ)πθ(θ)dθ+
Ï

Rn(λ,θ)πλ(λ)πθ(θ)dλdθ, (24)
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Ï
θe ln (λ,θ)πλ(λ)πθ(θ)dλdθ =

Ï
θe

∑n
t=1 log f (vt ;θ)πλ(λ)πθ(θ)dλdθ+

Ï
θRn(λ,θ)πλ(λ)πθ(θ)dλdθ

=
∫
θGn(θ)πθ(θ)dθ+

Ï
θRn(λ,θ)πλ(λ)πθ(θ)dλdθ. (25)

It follows from (24) and (25) that

E?[θ|Xn ,Yn] =
Î

θe ln (λ,θ)πλ(λ)πθ(θ)dλdθÎ
e ln (λ,θ)πλ(λ)πθ(θ)dλdθ

=
∫
θGn(θ)πθ(θ)dθ+Î

θRn(λ,θ)πλ(λ)πθ(θ)dλdθ∫
Gn(θ)πθ(θ)dθ+Î

Rn(λ,θ)πλ(λ)πθ(θ)dλdθ
.

As E[θ|Xn ,Yn] =
∫
θGn (θ)πθ(θ)dθ∫
Gn (θ)πθ(θ)dθ

, we have

E?[θ|Xn ,Yn]−E[θ|Xn ,Yn]

=
∫
θGn(θ)πθ(θ)dθ+Î

θRn(λ,θ)πλ(λ)πθ(θ)dλdθ∫
Gn(θ)πθ(θ)dθ+Î

Rn(λ,θ)πλ(λ)πθ(θ)dλdθ
−

∫
θGn(θ)πθ(θ)dθ∫
Gn(θ)πθ(θ)dθ

=
Î

θRn(λ,θ)πλ(λ)πθ(θ)dλdθ∫
Gn(θ)πθ(θ)dθ

−E[θ|Xn ,Yn]

Î
Rn(λ,θ)πλ(λ)πθ(θ)dλdθ∫

Gn(θ)πθ(θ)dθ
. (26)

From the proof of Theorem 1, we have obtained that

n∑
t=1

γ(vt ;θ)Γ(τt ;α,h) =−K (0)

nh

n∑
t=1

vtγ(vt ;θ)wt (1+oP (1)).

Recall that Rn(λ,θ) = (∑n
t=1γ(vt ;θ)Γ(τt ;α,h)

)
Gn(θ). Therefore, we obtain

Î
Rn(λ,θ)πλ(λ)πθ(θ)dλdθ∫

Gn(θ)πθ(θ)dθ
=−

Î (
K (0)
nh

∑n
t=1γ(vt ;θ)wt vt

)
Gn(θ)πλ(λ)πθ(θ)dλdθ∫

Gn(θ)πθ(θ)dθ

=−K (0)E[λ−1]

∫ (
1

nan

∑n
t=1γ(vt ;θ)wt vt

)
Gn(θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ

=−K (0)E[λ−1]
1

nan

n∑
t=1

wt vt

∫
γ(vt ;θ)Gn(θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ
.

Similarly, we can have

Î
θRn(λ,θ)πλ(λ)πθ(θ)dλdθ∫

Gn(θ)πθ(θ)dθ
=−

Î
θ

(
K (0)
nh

∑n
t=1γ(vt ;θ)wt vt

)
Gn(θ)πλ(λ)πθ(θ)dλdθ∫

Gn(θ)πθ(θ)dθ

=−K (0)E[λ−1]

∫ (
1

nan

∑n
t=1γ(vt ;θ)wt vt

)
θGn(θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ

=−K (0)E[λ−1]
1

nan

n∑
t=1

wt vt

∫
θγ(vt ;θ)Gn(θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ
.
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Recall that

Gn(θ) =
n∏

t=1
f (vt ;θ) = e

∑n
t=1 log f (vt ;θ) = enEθ[log f (v1;θ)](1+oP (1)), (27)

where Eθ[log f (v1;θ)] = ∫
log f (v1;θ) f (v ;θ)d v . Denote An(θ) = enEθ [log f (v1;θ)]∫

enEθ [log f (v1;θ)]πθ(θ)dθ
.

Simple decompositions give

E?[θ|Xn ,Yn]−E[θ|Xn ,Yn]

=
Î

θRn(λ,θ)πλ(λ)πθ(θ)dλdθ∫
Gn(θ)πθ(θ)dθ

−E[θ|Xn ,Yn]

Î
Rn(λ,θ)πλ(λ)πθ(θ)dλdθ∫

Gn(θ)πθ(θ)dθ

=−K (0)E[λ−1]
1

ann

n∑
t=1

wt vt

∫
θγ(vt ;θ)Gn(θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ

+E[θ|Xn ,Yn]K (0)E[λ−1]
1

ann

n∑
t=1

wt vt

∫
γ(vt ;θ)Gn(θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ

=−K (0)E[λ−1]
1

ann

n∑
t=1

wt vt

(∫
θγ(vt ;θ)Gn(θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ
−E[θ|Xn ,Yn]

∫
γ(vt ;θ)Gn(θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ

)
=−K (0)E[λ−1]

1

ann

n∑
t=1

wt vt

∫
(θ−E[θ|Xn ,Yn])γ(vt ;θ)Gn(θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ
(28)

= K (0)E[λ−1]
1

ann

n∑
t=1

wt vt

(∫
(E[θ]−θ)γ(vt ;θ)An(θ)πθ(θ)dθ

)
+K (0)E[λ−1]

1

ann

n∑
t=1

wt vt

(∫
γ(vt ;θ)An(θ)πθ(θ)dθ

)
· (E[θ|Xn ,Yn]−E[θ]) .

By Lemma C, we have E[θ|Xn ,Yn]−E[θ] = oP (∆−1/2
n (θ̂n)). Therefore, it follows that

E?[θ|Xn ,Yn]−E[θ|Xn ,Yn] = K (0)E[λ−1] (1+oP (1))

× 1

nan

n∑
t=1

wt vt

(∫
(E[θ]−θ)γ(vt ;θ)An(θ)πθ(θ)dθ

)
.

Let γn(vt ) = ∫
(E[θ]−θ)γ(vt ;θ)An(θ)πθ(θ)dθ. Denote Sn = 1p

n

∑n
t=1 wt (vtγn(vt )−E[v1γn(v1)]).

Since wt and vt are independent, we have E[Sn] = 0 and

E[SnS>
n ] = 1

n

n∑
t=1

E[w 2
t ]E

[(
vtγn(vt )−E[v1γn(v1)]

)(
vtγn(vt )−E[v1γn(v1)]

)>]
= E[w 2

t ]E
[(

vtγn(vt )−E[v1γn(v1)]
)(

vtγn(vt )−E[v1γn(v1)]
)>]

≡σ2
n .

A standard central limit theorem implies that as n →∞

σ−1
n Sn →D N (0, Ip ), (29)
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where Ip denotes the p ×p identity matrix and p denotes the number of parameters in the vector θ.

Let Tn = E?[θ|Xn ,Yn]−E[θ|Xn ,Yn] = K (0)E[λ−1] 1p
nan

(
Sn +p

nE[w1]E[v1γn(v1)]
)
. Based on (29),

under Assumption 3 (iv), we obtain

p
nσ−1

n an

(
1

K (0)E[λ−1]
Tn −a−1

n E[w1]E[v1γn(v1)]

)
=σ−1

n Sn →D N (0, Ip ). (30)

Equivalently, we have

p
nσ−1

n an
(
E?[θ|Xn ,Yn]−E[θ|Xn ,Yn]−a−1

n K (0)E[λ−1]E[w1]E[v1γn(v1)]
)

→D N (0,K 2(0)E2[λ−1]Ip ). (31)

By a conditional central limit theorem for the i.i.d. case, we have as m →∞

1p
m

m∑
j=1

(
θ j n −E?[θ|Xn ,Yn]

)=OP (1).

Let b2n = a−1
n K (0)E[λ−1]E[w1]E[v1γn(v1)].

Then, under Assumptions 1–3 and 5, we obtain as m →∞ and n →∞

p
nσ−1

n an
(
θ̂mn −E[θ]−b2n

)
=p

nσ−1
n an

(
1

m

m∑
j=1

θ j n −E?[θ|Xn ,Yn]+E?[θ|Xn ,Yn]−E[θ|Xn ,Yn]−b2n +E[θ|Xn ,Yn]−E[θ]

)

=p
nσ−1

n an

(
1

m

m∑
j=1

θ j n −E?[θ|Xn ,Yn]

)
+p

nσ−1
n an (E?[θ|Xn ,Yn]−E[θ|Xn ,Yn]−b2n)

+p
nσ−1

n an∆
−1/2
n (θ̂n)∆1/2

n (θ̂n) (E[θ|Xn ,Yn]−E[θ])

=
p

nσ−1
n anp
m

1p
m

m∑
j=1

(
θ j n −E?[θ|Xn ,Yn]

)+p
nσ−1

n an (E?[θ|Xn ,Yn]−E[θ|Xn ,Yn]−b2n)+oP (1)

→D N (0,K 2(0)E2[λ−1]Ip ).

To sum up, under Assumptions 1–3 and 5, as m →∞ and n →∞, we have

p
nσ−1

n an
(
θ̂mn −E[θ]−b2n

)→D N (0,K 2(0)E2[λ−1]Ip ),

which completes the proof of Theorem 2(i).

Proof of Theorem 2(ii).
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Equation (28) implies

E?[θ|Xn ,Yn]−E[θ|Xn ,Yn] =−K (0)E[λ−1]
1

ann

n∑
t=1

wt vt

∫
(θ−E[θ|Xn ,Yn])γ(vt ;θ)Gn(θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ

=−K (0)E[λ−1]

ann

n∑
t=1

vtγ(vt )wt

(∫
(θ−E[θ|Xn ,Yn])Gn(θ)πθ(θ)dθ∫

Gn(θ)πθ(θ)dθ

)
=−K (0)E[λ−1]

ann

n∑
t=1

vtγ(vt )wt · (E[θ|Xn ,Yn]−E[θ|Xn ,Yn]) = 0

when γ(v ;θ) ≡ γ(v).

Therefore, we have as m →∞ and n →∞

∆1/2
n (θ̂n)

(
θ̂mn −E[θ]

)
=∆1/2

n (θ̂n)

(
1

m

m∑
j=1

θ j n −E?[θ|Xn ,Yn]+E?[θ|Xn ,Yn]−E[θ|Xn ,Yn]+E[θ|Xn ,Yn]−E[θ]

)

=∆1/2
n (θ̂n)

(
1

m

m∑
j=1

θ j n −E?[θ|Xn ,Yn]

)
+Σ1/2

n (θ̂n) (E?[θ|Xn ,Yn]−E[θ|Xn ,Yn])

+∆1/2
n (θ̂n) (E[θ|Xn ,Yn]−E[θ])

= ∆1/2
n (θ̂n)p

m

1p
m

m∑
j=1

(
θ j n −E?[θ|Xn ,Yn]

)+∆1/2
n (θ̂n) (E[θ|Xn ,Yn]−E[θ])

=∆1/2
n (θ̂n) (E[θ|Xn ,Yn]−E[θ])+oP (1) →D N (0,Σ0),

which completes the proof of Theorem 2(ii).
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Appendix D: Plots for β̂1(τ) and β̂2(τ) in simulation

Figure 1: Median of β̂1(τ) and β̂2(τ) based on 1000 replications under DGP1 in Case 1 with sample

size n = 200,600 and 1200 (Graphs of β̂1(τ) are displayed in the first row and graphs of β̂2(τ) are

displayed in the second row).
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Figure 2: Median of β̂1(τ) and β̂2(τ) based on 1000 replications under DGP2 in Case 1 with sample

size n = 200,600 and 1200 (Graphs of β̂1(τ) are displayed in the first row and graphs of β̂2(τ) are

displayed in the second row).
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Figure 3: Median of β̂1(τ) and β̂2(τ) based on 1000 replications under DGP3 in Case 1 with sample

size n = 200,600 and 1200 (Graphs of β̂1(τ) are displayed in the first row and graphs of β̂2(τ) are

displayed in the second row).
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Figure 4: Median of β̂1(τ) and β̂2(τ) based on 1000 replications under DGP1 in Case 2 with sample

size n = 200,600 and 1200 (Graphs of β̂1(τ) are displayed in the first row and graphs of β̂2(τ) are

displayed in the second row).
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Figure 5: Median of β̂1(τ) and β̂2(τ) based on 1000 replications under DGP2 in Case 2 with sample

size n = 200,600 and 1200 (Graphs of β̂1(τ) are displayed in the first row and graphs of β̂2(τ) are

displayed in the second row).
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Figure 6: Median of β̂1(τ) and β̂2(τ) based on 1000 replications under DGP3 in Case 2 with sample

size n = 200,600 and 1200 (Graphs of β̂1(τ) are displayed in the first row and graphs of β̂2(τ) are

displayed in the second row).
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Appendix E: Plug–in method for bandwidth selection

In this appendix, we aim to obtain a formula for optimal bandwidth by minimizing mean squared

error of local constant estimator of β(τ).

The local constant estimator of β(τ) is given by

β̂(τ;h) =
( n∑

t=1
xt x>

t Kh(τt −τ)

)−1 n∑
t=1

xt yt Kh(τt −τ)
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=
( n∑

t=1
xt x>

t Kh(τt −τ)

)−1 n∑
t=1

xt (x>
t β(τt )+ut )Kh(τt −τ)

=
( n∑

t=1
xt x>

t Kh(τt −τ)

)−1 n∑
t=1

xt x>
t β(τt )Kh(τt −τ)+

( n∑
t=1

xt x>
t Kh(τt −τ)

)−1 n∑
t=1

xt ut Kh(τt −τ).

Let pn(τ;h) = 1
nh

∑n
t=1 xt x>

t K
(τt−τ

h

)
. We then have

pn(τ;h) = 1

nh

n∑
t=1

xt x>
t K

(τt −τ
h

)
= (1+o(1))E[x1x>

1 ]
1

nh

n∑
t=1

K
(τt −τ

h

)
= (1+o(1))E[x1x>

1 ]
∫

1

h
K

(u −τ
h

)
du = (1+o(1))E[x1x>

1 ] =Σx(1+o(1)),

where Σx = E[x1x>
1 ].

Existing results from Cai (2007) imply

bias(β̂(τ;h)) = E[β̂(τ;h)]−β(τ) = µ2h2β(2)(τ)

2
+o(h2), (32)

where µ2 =
∫

w 2K (w)d w .

It then follows from Robinson (1989) that the asymptotic variance of β̂(τ;h) is given by

tr
(
var(β̂(τ;h))

)= 1

nh
σ2

u ·
∫

K 2(w)d w · tr
(
Σ−1

x

)+o

(
1

nh

)
, (33)

where σ2
u = E[u2

1].

Therefore, based on (32) and (33), we can obtain

MSE(β̂(τ;h)) = h4

4
µ2

2‖β(2)(τt )‖2 + tr
(
var(β̂(τt ;h))

)+o
(
h4 + (nh)−1)

= h4

4
µ2

2‖β(2)(τt )‖2 + 1

nh
σ2

u

∫
K 2(w)d w tr

(
Σ−1

x

)+o
(
h4 + (nh)−1)

=C1 h4 + C2

nh
+o

(
h4 + (nh)−1) ,

where C1 = 1
4µ

2
2‖β(2)(τt )‖2 and C2 =σ2

u

∫
K 2(w)d w tr

(
Σ−1

x

)
.

By minimizing the leading terms of MSE(β̂(τ;h)), we can obtain the optimal bandwidth as

follows:

hopt =
(

C2

4C1

) 1
5

n− 1
5 . (34)

From (34), we can find that we need to estimate β(2)(τ) to obtain a plug–in estimate for h. In

order to do so, one may need to employ a local quadratic kernel method to estimate β(τ). In the

simulation and empirical application, in order to avoid estimatingβ(2)(τ), we use a normal reference

rule (NRR), which is equivalent to hopt in terms of the leading order n− 1
5 .
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