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ABSTRACT

This thesis examines the pricing of options when the stock price follows a
log-symmetric Lévy process. Models in continuous time and discrete time
are considered. We identify situations when there is an equivalent change of
measure that preserves the Lévy property, symmetry and the family of sym-
metric distributions of the returns (log-returns if discrete time), and makes
the discounted price process into a martingale. We call such measures natural
equivalent martingale measures.

In continuous time, when a natural equivalent martingale measure ex-
ists it is unique. It can be obtained by changing only the location or the
scale parameter of the symmetric distribution if the Brownian component in
present or absent, respectively, in the Lévy process. The analogous natural
equivalent martingale measure in discrete time always exists but not unique.
It can be obtained by changing the location and the scale parameters of the
symmetric distribution.

Option pricing with natural equivalent martingale measure is arbitrage-
free. We apply this approach to obtain new and elegant option pricing for-
mulae for log-symmetric variance gamma and log-symmetric normal inverse

Gaussian models.

il



ACKNOWLEDGEMENTS

First and foremost, I would like to thank my supervisors, Assoc. Prof. Kais
Hamza and Prof. Fima Klebaner, for their support and guidance throughout
my PhD journey. Not forgetting Prof. Zinoviy Landsman, whom I must
thank for the valuable discussions during his visits to Monash and via emails.
I also wish to thank my office mates, Mark Bentley, Kareem Elgindy, Yan
Fei Kang and Jie Yan Fan, for their help and exchange of ideas throughout
the years. Many thanks to my senior, Dr. Olivia Mah, for her advice and
motivation, especially in the last six months of my candidature. Also many
thanks to Dr. Dianne Atkinson for the many enjoyable outings that she
had organized. 1 also wish to extend my sincere gratitude to the School
of Mathematical Sciences and its staff who have provided a friendly and
enjoyable environment.

I must also acknowledge the staff at the Monash Research Graduate Cen-
ter, David Bell and Colin Rose, for doing a fine job in managing and providing
a conducive place for postgraduate students. Also many thanks to all my
friends in the center, in particular, Phuong Dzung Pho, Han Lin Shang and
Chendi Priyatna, for their company and the memorable time we shared.

To my parents whom I am deeply indebted, I thank you for your endless
support and encouragement. All the help that I had received from my broth-
ers and sisters to make my journey down under possible has been greatly
appreciated. I also wish to thank my mother-in-law for looking after baby
Rui-En during the critical time of finalizing my thesis. Last but not least,
I wish to thank my wife, Trudy Cheng, for her patience, understanding and
support.

v



Contents

1 Introduction 1
2 Preliminaries 7
2.1 Option Pricing . . . . . . . .. ... 7
2.1.1 Financial Derivatives and Options . . . . . . . . . . .. 7
2.1.2  Change of Measure . . . . . ... ... ... .. .... 8
2.1.3 No-arbitrage and Risk-Neutral Pricing . . . . .. . .. 10
2.1.4 Change of Numeraire . . . . . . . .. .. .. ... ... 16

2.2 Option Pricing with Log-symmetric Distribution in Discrete
Time . . . . . . . 17
2.2.1 Log-symmetric and Symmetric Distributions . . . . . . 17
2.2.2  Modified Option Pricing Formula in Discrete Time . . 21
2.3 Lévy Processes . . . . . . .. ... 25
2.3.1 Definitions and Properties . . . . . . .. .. ... ... 26
2.3.2  Constructing Lévy Processes . . . . . .. ... .. ... 31
2.3.3 Symmetric Lévy processes . . . . . . .. ... .. ... 33
2.3.4 Variance Gamma Process . . . .. ... .. ... ... 35
2.3.5 Normal Inverse Gaussian Process . . . . .. ... ... 38
2.3.6 Lévy Processes in Discrete Time . . . . . . . .. .. .. 39
3 The Natural Change of Measure 41
3.1 Symmetric Lévy Processes and Marginal Distributions . . . . 41
3.2 Equivalent Change of Measure for Lévy processes . . . . . .. 43
3.2.1 The Natural Change of Measure . . . . . .. ... ... 45
3.2.2 Natural Equivalent Martingale Measures . . . . . . . . 53



3.2.3 Dichotomy in the Natural Change of Measure . . . . .
3.3 Change of Measure for Symmetric Lévy Processes in Discrete
time . . . . L
3.3.1 Natural Change of Measure . . . ... ... ... ...
3.3.2 Natural Equivalent Martingale Measure . . . . . . . . .

60

3.3.3 Difference Between Discrete and Continuous Time Cases 61

Option Pricing with a Natural Equivalent Martingale Mea-

sure

4.1 Derivation of Option Pricing Formula . . . . . . ... ... ..
4.2  Log-symmetric Lévy Model with Brownian Component . . . .
4.3 Log-symmetric Lévy Model without Brownian Component

4.4  Log-symmetric Lévy Model in Discrete Time . . . . . . . . ..

Log-symmetric Variance Gamma Model

5.1 Symmetric Variance Gamma Process and Distribution

5.2 Option Pricing with Log-symmetric Variance Gamma Process
in Continuous Time . . . . . . . . .. ... ... ... .. ..

5.3 Option Pricing with Log-symmetric Variance Gamma Process
in Discrete Time . . . . . . . . .. .. oo

5.4 Numerical Comparisons . . . . . . .. .. ... .. .. ....

Log-symmetric Normal Inverse Gaussian Model

6.1 Symmetric NIG Process and Distribution . . . . . . . . .. ..

6.2 Option Pricing with Log-symmetric NIG Process in Continu-
ous Time . . . . . . . . . .

6.3 Option Pricing with Log-symmetric NIG Process in Discrete

7 Conclusions and Discussions

Appendices

A Some Mathematical Tools . . . . . . . . ... ... ... ...

vi

64
64

69
72

74
74

7

81
81

85
85

87

89
90

93

97



B

A.1  Dominated Convergence Theorem . . . . . . . .. ...
A.2  Mellin Transform . . . ... ... ... ... ......

Bessel Function Distribution . . . . . . . . . . . .. ... ...

Vil



Chapter 1
Introduction

The discovery of the Black-Scholes option pricing formula [6] in the early
1970’s signaled the beginning of a new era in the worlds of finance, economics
and beyond. Option theory has since been used not only for stocks, bonds
and other traded financial papers but also for valuation of various government
guarantees and business decisions. It states that the price of a European call

option at time ¢ with maturity time 7" and strike price K is given by

b (m (58) + (r + 2)(T — t))

oI —t

— e TP <1n (%) +E;,T___072t)(T_t)> : (11)

where S; is the current stock price, r is the risk-free interest rate, o is the
volatility constant and ® denotes the standard normal distribution function.
It is well known that this formula admits no arbitrage (e.g. [34, p.304]).
Although the original derivation of the formula is by solving partial dif-
ferential equations, the preferred method nowadays is by the no-arbitrage
and risk-neutral valuation approach (see Section 2.1.3). In particular, the
Black-Scholes formula (1.1) can also be obtained by evaluation of the pay-

off of the options under a unique equivalent martingale probability measure



(EMM)(risk neutral), i.e.,
Cy = e " T EQ[(Sr — K)T| A, (1.2)

where Eg denotes the expectation under the EMM @ and F; is the o-field
generated by the process S,,u < t.

The success of the Black-Scholes formula lies in the assumption that the
stock price follows a geometric Brownian motion and the return process is a
Brownian motion with drift, i.e., the returns (or log-returns for discrete time)
are normally distributed. However, it is widely believed that the returns (or
log-returns) have distributions with more kurtosis, i.e., “fatter tails”, than
that of the normal distribution. Empirical evidence shows that the log daily
returns of some assets (including stock) are well fitted by more general sym-
metric distributions, e.g. [43], [44], [19], [7], [29], [30]. Symmetric distribu-
tions belong to the more general elliptical family of distributions considered
by Fang et al. [20]. The symmetric family encompasses not only the normal
distributions, but also other classes of distributions such as Student-t, expo-
nential power family, and mixtures. Furthermore, in 1996 Mc. Donald [42]
suggested to use the distribution function of the underlying distribution for
the returns in the Black-Scholes formula (1.1), instead of the standard nor-
mal, to reflect the specificity of the return distribution. However, according
to Mc. Donald, this would violate the no arbitrage principle, and may result
in prices that lead to arbitrage. Interestingly, Klebaner and Landsman [35]
showed that option pricing with symmetric distributions for log-returns in
discrete time led to modified Black-Scholes formula with an alternative dis-
tribution instead of standard normal, yet they are arbitrage-free. Central to
this is the introduction of a change of measure that keeps the distribution of
log-returns in the same symmetric family. They called it the natural EMM.
A more detailed discussion of the works by Klebaner and Landsman [35] is
given in Section 2.2.

In continuous time, replacing the assumption of normality for returns by
symmetric while retaining all other assumptions in the Black-Scholes model,

such as independence and stationarity of increments, leads to the case of



symmetric Lévy process for returns, and the price process known as log-
symmetric Lévy process (see (1.3)). It remains to see whether option pricing
with such models can produce an arbitrage free option pricing formula with
an alternative distribution that resembles Black-Scholes formula. This is the
main objective of the thesis. We also consider the log-symmetric Lévy model
for price processes in discrete time to complement [35].

There is a large volume of literature on option pricing with Lévy processes,
e.g. [4], [9], [11], [18], [39], [50]. It is well known that the Lévy market models,
save the Brownian motion case, are incomplete [50, p.77], i.e., the EMM is
not unique. In fact, there are infinitely many possible EMM’s for option pric-
ing with Lévy processes that produce arbitrage-free results, as it was shown
in [13]. In such a case, the choice of EMM is fairly arbitrary and is motivated
by various other considerations. Among the popular methods are the Ess-
cher transform ([26], [33], [11]), minimum entropy martingale measure ([22],
[23], [45]), minimal martingale measure ([21], [11]), minimax and minimal
distance martingale measure [27], and variance-optimal martingale measure
[51]. Although a Lévy process remains a Lévy process under these EMM’s;
some may fail to produce a probability law [17], or just a non-negative mea-
sure that satisfies a very mild no-arbitrage condition [51]. In some cases,
the Esscher transform produces a continuum of EMM’s that requires further
refinement on the selection by optimizing the relative entropy or some other
utility functions [37]. But most importantly, these approaches are technical
and, in some cases, can be complicated, which make them unattractive to
financial practitioners. For example, the optimization procedure may not
have closed solution and numerical methods are required to estimate the pa-
rameter that leads to the martingale measure (e.g. [37], [45]). Therefore
for practical reason, we propose a new approach for symmetric Lévy market
models whereby the EMM is easily obtained by changing the location or the
scale parameter of the underlying distribution of the returns (or log-returns).

In the case of symmetric Lévy market model, it turns out that there is a
unique EMM that is occurring naturally within the same family of symmetric
distributions as the real world distribution for the returns (or log-returns).

The proposed EMM is a change of measure that preserves Lévy property,



symmetry and the family of symmetric distributions of the returns (or log-
returns), and make the discounted price process into a martingale. Following
[35], we call this a natural change of measure, and the EMM a natural EMM.
In continuous time, our main results (Theorems 3.2.3 and 3.2.4) show that it
can be obtained by changing only the location (mean) parameter if a Brow-
nian component is present, and the scale (variance) parameter if a Brownian
component is absent, in the Lévy process. As such, they do not leave the
family of the symmetric distributions. In discrete time, a natural EMM
changes the location and the scale parameters (Theorems 3.3.3 and 3.3.4).
Therefore, the natural EMM in discrete time is not unique in general. How-
ever, if the scale parameter is also fixed in addition to the symmetric family,
a unique natural EMM that changes only the location parameter is obtained
(Proposition 3.3.1, also see [35]).

Option pricing with a natural EMM is arbitrage-free (see Chapter 4.1).
It leads to option pricing formulae akin to Black-Scholes with the distribu-
tion function of the underlying distribution for returns. In particular, new
option pricing formulae are derived for log-symmetric variance gamma (VG)
model (Chapter 5) and log-symmetric normal inverse Gaussian (NIG) model
(Chapter 6). We also show that these new option pricing formulae contain
the classical Black-Scholes formula as a special case. In the case of VG, an
option pricing formula was given in [40, Eq. 6.7] and [39, Eq. 25] where a
non-symmetric case was also included. They derived it by analytical methods
and used the normal density function integrated with respect to a gamma
density. While [40] presented the formula as a double integral of elementary
functions and obtained the price by numerical integration, [39] provided a
closed form formula in terms of the special functions involving the modi-
fied Bessel function of the second kind and the degenerate hypergeometric
function. Our approach is purely probabilistic and identifies their integrated
function in the symmetric case as the Bessel function distribution (Bessel
distribution here after). This link Between VG process and the Bessel dis-
tribution is new and, to the best knowledge of the author, not known in the

literature. All the results in this thesis have been submitted for publication

[28].



The following is our model and assumptions in this thesis. We consider

a model for the stock price process of the form
S, = Spe™, (1.3)

where Sy is the initial price and Y;, ¢ > 0 is a time homogeneous symmetric
Lévy process on R (in continuous time or discrete time) with finite first
exponential moment (for martingale reasons which will become clear later)
supported by a filtered probability space (€2, F,F, P). We assume that the
filtered probability space satisfies the following usual conditions (e.g. [50,

p.12]):
e F is P-complete,
e F, contains all P-null sets of €,
o F = (F)i>0, is right continuous, i.e., Fy = [,5, Fs-

F; is the o-algebra generated by the process S,, u < t, completed by the
null sets. For finite planning horizon 7', we can further assume Fr = F and
Fo = {0,9Q} without loss of generality. In addition, the market is assumed
to be frictionless, i.e., zero transaction costs, zero taxes and dividend, no
restriction on borrowing and short selling, the same interest rate for both
borrowing and lending, no transaction delays, and perfect liquid markets (e.g.
[50, p.8]). As usual, when continuous time model is considered, the trading
takes place in continuous time. When discrete time model is considered, the
trading takes place in discrete time.

The thesis is organized as follows: In chapter 2, we study the fundamental
concepts of option pricing. A review of the paper by Klebaner and Landsman
[35], which motivated the works in this thesis, is given. Some properties
of Lévy processes and symmetric distributions necessary for later chapters
are also given. In Chapter 3, we give the construction of a natural EMM
for log-symmetric Lévy processes. The differences between discrete time
and continuous time cases are discussed. In Chapter 4, we consider option

pricing with a natural EMM for log-symmetric Lévy processes in continuous



time and in discrete time. Chapters 5 and 6 contain applications of this
approach to log-symmetric VG and log-symmetric NIG models respectively.
Some numerical comparisons between these formulae and the Black-Scholes
formula are given at the end of their respective chapters. Finally, we conclude

in Chapter 7 with discussions and suggestions for future research.



Chapter 2

Preliminaries

2.1 Option Pricing

In this section, we study the fundamentals of option pricing and the im-
portant concepts related to this topic. We first give a brief introduction of
what is an option. Then we highlight the mathematical theory for pricing of

options.

2.1.1 Financial Derivatives and Options

Generally speaking, a financial derivative or a contingent claim on an asset
is a contract that allows transaction (purchase or sale) of this asset in the
future on terms that are specified in the contract. The underlying risky asset
can be a security (stock or bond); a currency; an index portfolio; a future
price; or some measurable state variable, such as the volatility of a market

index. A basic example of a financial derivative is the option on stock.

Definition 2.1.1. An option is a contract that gives the holder the right,
but not the obligation, to buy or sell the stock at an agreed exercise price

K, called the strike price.

A call option is a right to buy, whereas a put option is a right to sell.
The options can be European style or American style. A European option

only allows the holder to exercise his right at a particular date 7', called the



maturity date of the contract. In contrast, an American option allows the
holder to exercise his right at any time within the lifespan of the contract.
The European options and American options are plain vanilla options, i.e.,
has expiration date and straightforward strike price. Other exotic options
(see e.g. [50], Chapter 9) include Asian options, Barrier options, lookbacks
and swaps to name a few.

In this thesis, we generally work with (but not limited to) European call
options on stock. Because exercise is a right and not an obligation, the

exercise payoff for a call option is
(St — K)* = max{0,Sr — K, }, (2.1)

where St is the price of the stock at exercise. Due to the volatility of the
stock price, the future price St is not known at the start of the contract.
Remarkably, the price of an option that depends on the unknown price Sp

can be computed deterministically at the start of the contract under an EMM

@ as in (1.2).

2.1.2 Change of Measure

The Change of measure is a technique for obtaining equivalent measures. If
the equivalent measure also makes the discounted price e~"*S; into a martin-
gale, then it is an EMM. The technique is based on the next theorem that
provides a way to construct measures that are absolutely continuous with

respect to the base measure P (e.g. [34, p. 274]).

Definition 2.1.2. A probability measure () is absolutely continuous with
respect to probability measure P, denoted Q < P, if Q(A) = 0 whenever
P(A) = 0. Moreover, if @ < P and P < @, i.e., they have the same null
sets, then @ and P is said to be equivalent (denoted @ ~ P).

Theorem 2.1.1. (Radon-Nikodym)

Let Q < P, then there exists a nonnegative random variable A such that



E,(A) =1, and

Q(A) = Ep(A](A)) = / AdP (2.2)
A

for any measurable set A. The random variable A is unique P-almost surely.

Conversely, if there exists A with the above properties and Q) is defined by

(2.2), then it is a probability measure and Q < P.

Therefore, if P and @) are equivalent, i.e., they have the same null sets,
then there exists a nonnegative random variable, denoted A = %, called
the Radon-Nikodym derivative (which is the likelihood ratio for the density
of @ with respect to P), such that the probabilities under @) are given by
(2.2). Girsanov’s theorem gives the form of the likelihood ratio. We leave
the model specific likelihood ratio to a later stage. More specifically, we will
deal with the likelihood ratio for the change of measure for Lévy processes
in Chapter 3. Here, we give a general result for calculation of expectations

and conditional expectations under a change of measure (e.g. [34, p.275]).

Theorem 2.1.2. Let (0, F,F, P) be a filtered probability space on R. Let
Ay, 0 <t <T, be a positive P-martingale such that Ep(Ar) = 1. Define the
new probability measure () on the same space by the relation j—g = Arp, then

Q is absolutely continuous with respect to P. And for any random variable
X,
Eq(X) = Ep(ArX).

Furthermore,
A
B (x17) = B (X[7),
t
and if X 1s F; measurable, then for s <t,

A
Eo(X|F,) = Ep (A—tX‘J-“)

Following the theorem above, by taking the indicator function (X € A),



we obtain the distribution of X under @

Q(X € A) = Ep(ArI(X € A)). (2.3)

2.1.3 No-arbitrage and Risk-Neutral Pricing

Here, we highlight the concepts of pricing options by no-arbitrage approach
for continuous time model. The concepts for discrete time model are analo-
gous (e.g. [52], Chapter V, or [34], Chapter 11.2).

Arbitrage in Continuous Time Model

Arbitrage is defined in finance as a trading strategy that allows making a
profit out of nothing without taking any risk. Therefore, to make economic
sense, the pricing of options should be done in a way that is consistent with
no-arbitrage

However, there are different versions of the no-arbitrage concept in con-
tinuous time model: No Arbitrage (NA), No Free Lunch (NFL), No Free
Lunch with Bounded Risk (NFLBR), No Free Lunch with Vanishing Risk
(NFLVR), No Feasible Free Lunch with Vanishing Risk (NFFLVR), see e.g.
[12], [36], [52, p.651], [5, p.140]. But the main premise remains the same, that
is, the market is fair, rational, and does not allow one to make riskless profit
there. Underlying, this means there is an admissible self-financing strategy
(defined later) that replicates the value of the claim. What differs is the kind
or class of admissible self-financing strategies considered for the replication
(e.g. [52, p.651])).

Moreover, in continuous time settings with general semimartingale price
processes, existence of EMM implies the absence of arbitrage in a market, but
the converse is not true. It is only when the semimartingales are bounded,
then the absence of arbitrage is equivalent to the existence of a martingale
measure (e.g. [12] or [52, p.657]).

Therefore, for our purpose, we consider a two-asset market model on a
filtered probability space (€2, F,F, P) with finite time horizon T'. The market

model consists of a semimartingale S; representing the stock price process,

10



and a money (savings) account (3; with f; = 1, and both are adapted to
F. We further assume (3; > 0 P-almost surely and of finite variation. Since
price processes are bounded, we have the following result that guarantees
no-arbitrage for the model [10, p. 303].

Theorem 2.1.3. (First Fundamental Theorem of Asset Pricing)
A market model does not have arbitrage opportunities if and only if there
exists at least one equivalent martingale measure () such that the discounted

price process %, t € [0,T] is a Q-martingale.

In what follows, we look at some of the key ideas behind the concept of
no-arbitrage following ([34], Chapter 11.3) using a simpler formulation.

An investment or trading strategy in the market is described by a portfo-
lio. Let a; and by be, respectively, the number of shares of S; and the amount
of cash (in units of ;) held at time ¢. Assume a; and b, are F-predictable,
ie., a, b€ Fyro =gy Fo-

Definition 2.1.3. A strategy or portfolio is a F-predictable 2-dimensional

process m = (ay, by).

Note that both a; and b, are allowed to assume any positive or negative
values. A negative value of a; means short sale of stock, i.e., sell the stock
at time ¢; and a negative value of b, means borrowing money (from banks)
at some riskless interest rate r. The self-financing property of a strategy can

be defined as the following.

Definition 2.1.4. A strategy m; is said to be self-financing if the changes
in its value V", ¢t € [0, 7] comes only from the changes in the prices of the

assets, i.e.,
d‘/Zr = atdSt + btdﬁty

or equivalently,

t t
Vi =V + / ,dS, + / budf,. (2.4)
0 0

The integrals on the right-hand-side of (2.4) are It6 stochastic integrals

(in general, both S; and f3; can be stochastic processes). Ito integral has the

11



desired non-anticipating property: it integrates the integrand against the
forward increments of the integrator, which makes economic sense. To see
this, observe that, if the process a; is simple (piecewise constant), then the

stochastic integral is defined by

t
/ a,dS, = Z Qi (St,-ﬂ/\t - Stﬂ\t)a
0 i

where (Sti nt — S /\t) is the forward increments of S;. This means that the
gain in value is obtained by multiplying the increments of the price process
by the number of units of the asset held at the beginning of the relevant time
interval. For general integrand, the stochastic integral is defined by (e.g. [53,
p.134])

t t t
/ a,dS, = / a(w)dS(u) = lim [ a,(w)dS(u), 0<t<T,
where a,(t) is a sequence of simple processes such that as n — oo these
processes converge to the process a(t), i.e.,

T
lim [ |an(t) — a(t)|*dt = 0.
Similarly for the other integral if 3; is also stochastic.
The next theorem gives a criteria for a strategy to be self-financing in

terms of the discounted price process.

Theorem 2.1.4 (Theorem 11.11 [34]). A strategy m; is self-financing if and
only if the discounted value process % 15 a stochastic integral with respect to

the discounted price process

Vi e [
B 0
where Z; = %
Now let M denotes the set of probability measures on (2, F) that is
equivalent to P and under which the discounted price process Z; = % is a

12



martingale. By Theorem 2.1.3, we know that M is not empty. An example

of model that satisfies this assumption is the Black-Scholes model.

Example 2.1.1. (Example 11.11 [34])

For Black-Scholes model, S, = Spe#=2°)+7Bt and 8, = e™. Therefore, the
discounted price process Z, = e "tS, = Sper=394oB:  When pu = r, it
is the exponential martingale of o B;, thus is also a martingale. Otherwise,
it is not a martingale. By stochastic differentiation, we can write dS; =
oSy ( ’idt+dBt). Using change of measure for removing drift in diffusion, there
is a unique measure Q and a Q-Brownian motion B, such that Edt +dB; =
~dt + dB,. So, we have 0B, = rt + 0B, — ut. The discounted price process
Z, in terms of B, under Q is 7, = Speh"39)tH0Bt — G e—30°tH0Bt g

verifying that () is an EMM.
Let there be an EMM ) € M. Then the discounted value of a replicating

self-financing strategy % in Theorem 2.1.4 is a @)-local martingale, since it
is a stochastic integral with respect to the @)-martingale Z;. But we would

like it to be a martingale, because then the martingale property implies

_t:EQ(_T j:t> :EQ(£
Br

f Br
where X is the claim (note that in the last equality, we have used the concept

}"t>, (2.6)

of attainable claim which will be defined later). The way to achieve this is
to fix a reference EMM () € M and restricting attention to strategies 7; for
which % is a martingale, not just a local martingale, under ). This leads

to the following definition for admissible strategy.

Definition 2.1.5. A predictable and self-financing strategy @1, = (dy, by) is

admissible if

t
/ @2d(Z, 2], 0<t<T,
0

is finite and locally integrable under (). Moreover, Z; = % is a non-negative

@-martingale.

Remark 2.1. There ezists suicide strategy [34, p.300], a strategy with

nonzero initial value but zero final value. Adding such a strategy to any

13



other self-financing strategies will change the initial value but not the final
value. Therefore, to exclude undesirable strategies from consideration, only

martingale strategies are admissible.

Pricing of Claims

On the other hand, a financial derivative, such as an option, has some value

called claim or payoff at maturity 7.

Definition 2.1.6. A claim X is a non-negative random variable. It is attain-
able if it is integrable, E(X) < oo, and there exist an admissible self-financing

strategy 7, such that at maturity T, V/ = X.

In this case, the admissible self-financing strategy 7 is said to replicate
X. To avoid arbitrage, the price of the attainable claim X at any time ¢t < T,
denoted by C}, must also be the same as that of the replicating strategy at

time ¢, i.e., C; = V;*. Therefore, by martingale property of % and from (2.6)

we have the following pricing formula with no arbitrage for the claim X.

Theorem 2.1.5 (Theorem 11.13 [34]). The price C; of an attainable claim
X is given by the value of an admissible self-financing (replicating) strategy

V¥, which is equal to
Or
It is now easy to see that the price of a call option at time ¢, with claim

at maturity given in (2.1), is equal to
Cy=e " T VEQ[(Sr — K)*|F, (2.7)

where ) is an (not necessarily unique) EMM under which e™"S; is a mar-

tingale.

Remark 2.2. The pricing formula (2.7) is also known as the risk-neutral
pricing formula (e.g. [5, p.100]), since the price of the option is simply the
expected payoff over a period (T —t) discounted at the risk-free interest rate

over that period.
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Remark 2.3. The formula (2.7) is valid for any EMM’s @ (see Chapter
4.1).

Completeness of a Market Model

Definition 2.1.7. A market model is complete if any integrable claim is

attainable.

The next theorem classify all claims that are attainable by using the

predictable representation property of the discounted price process.

Theorem 2.1.6 (Theorem 11.14 [34]). Let X be an attainable claim and let
M, = EQ(%’}}), t € [0,T]. Then X is attainable if and only if M; admits

an integral representation of the form

t
M, = M, +/ H,dZ,,
0

for some predictable process Hy. Moreover, % = M, is the same for any

admissible self-financing portfolio that replicates X .

In other words, in a complete market model, any claim can be replicated
by an admissible self-financing portfolio and priced by no-arbitrage consid-
erations, i.e., there exist an EMM Q under which 7, = % is a martingale.
For a claim to be attainable, the martingale M; = EQ(%U-}) must have
a predictable representation property with respect to the ()-martingale Z;
(Theorem 2.1.6). This implies that the martingale Z; also has a predictable
representation property, since a martingale has the predictable representation
property if any other martingale can be represented as a stochastic integral
with respect to it [34, p. 237]. The next theorem gives a full characterization
of a complete market model which connects completeness to martingale mea-

sures and the predictable representation property of Z; (e.g. [34, p. 302]).

Theorem 2.1.7. (Second Fundamental Theorem of Asset Pricing)

The following statements are equivalent:

1. The market model is complete.
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2. The martingale Z; has the predictable representation property.

3. The EMM @ that makes Z; = % into a martingale is unique.

2.1.4 Change of Numeraire

In option pricing, it is sometimes convenient to change the numeraire as the
choice of appropriate numeraire will provide the easiest calculations and the

relevant hedging portfolio [24].

Definition 2.1.8. A numeraire is a price process ; almost surely strictly

positive for each ¢ € [0, 7.

An example of numeraire is the money account, i.e., 8, = e, which we
have let By = 1. A change of numeraire does not change the self-financing
portfolio of assets, and for every attainable claim in a given numeraire, it is
also attainable in any other numeraire [24]. Hence, other probability mea-
sures that give prices of any security S relative to a numeraire of choice can
be defined in a similar way as equivalent measures. In particular, the next
theorem characterizes the change of numeraire (measure), which writes the
stock price S; as the numeraire, i.e., pricing through the reciprocal process
(e.g. [34, p. 310])

Theorem 2.1.8. Let ) and Q1 be two probability measures defined on the
same space, and let Sy/B;, 0 <t < T be a positive Q-martingale. Define (Qq

by
AQ_  Sr/S)

aQ T BBy

Then [3;/S; is a Q1-martingale. Moreover, the price of an attainable claim

(2.8)

X at time t is related under the different numeraire by the formula

C, = Eg (%X‘}}> — Eo, (%X‘ft> . (2.9)
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2.2 Option Pricing with Log-symmetric Dis-
tribution in Discrete Time

This section contains a brief account of the works by Klebaner and Landsman
[35].

2.2.1 Log-symmetric and Symmetric Distributions

In this subsection, we study the properties of log-symmetric and symmetric

distributions that are used in [35] and also in this thesis later.

Definition 2.2.1. A random variable Y has a symmetric distribution if there

is a number p, called the location parameter, such that

(Y =) 2 (Y - p).

The characteristic function of a symmetric random variable Y with loca-

tion p and scale o can be expressed in the form

. 0'2
@y(U,IU, g, w> = eluﬂ¢ (?U2) ) (210)

where the function ¥(u) : [0,00) — R is called the characteristic generator

of the symmetric family (e.g. [20, p.32]).

Example 2.2.1. The normal family of distributions has the characteristic

generator ¢ (u) = e~ *.

In general, a member of the symmetric family of distributions need not

have a density. But if the density exists, it takes the form

fy(y,p.0,9) = Cég (M) :

202

where ¢ is a constant, and the function g(z) is known as the density generator
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of the symmetric family (e.g. [20], Chapter 2.2) that satisfies the condition

/ 27 Y2g(2)dz < oco.
0

The normalizing constant ¢ can be determined explicitly, which equals

c= % (/OOO zl/Qg(z)dz)_l : (2.11)

Example 2.2.2. For the normal family, the density generator is g(z) = e™*

and the normalizing constant ¢ = \%(F(%))_l = \/LTW

Moreover, if the density generator g(z) satisfies the condition

/ g(z)dz < o0,
0

then the symmetric distribution has a mean (e.g. [38]) which equals the loca-
tion parameter pu, i.e., E(Y) = u. If in addition the characteristic generator

satisfies
4" (0)] < o0,

then the variance of the symmetric distribution exist and is equal to
Var(Y) = —/'(0)0”.

The characteristic generator can be chosen such that

then the variance becomes equal to the parameter o2, i.e., Var(Y) = o2. We
shall always use such generators in this thesis.

The family of a symmetric distribution can be specified by the character-
istic generator 1 or the density generator g. For a random variable Y from
a symmetric family with mean u, variance o2, we denote by Y ~ S(u, 02, )
if the distribution is specified by the characteristic generator. If the density

generator is used instead of the characteristic generator, then Y ~ S(u, o2, g).
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For the symmetric distributions considered in this thesis, we will specify the
characteristic generator ¢ due to its close relation with the Lévy-Khintchine

representation.

Definition 2.2.2. Two symmetric distributions belong to the same family

if and only if they have the same characteristic generator .

The next two properties show that the symmetric family is closed under

linear transformations.

Proposition 2.2.1. All symmetric families are invariant under location

shift.

Proof. 1Y ~ S(p,0?,9) and ¢ any constant, then Y’ =Y + ¢ has charac-

teristic function

oy (1) = E(ez’u(Y—i-c)) _ emcE(emy) _ eiu(,u—l—c)l/} <U—u2) ’

2
which implies that Y/ ~ S(u + ¢,0?%,4) from the same family. ]
Proposition 2.2.2. Let Y;,....,Y, be n i.i.d random variables with each

having symmetric distribution S(u,02,v), and Z = Y, + ... +Y,. Then
Z ~ S(np,no’ by), where ¥y, (u) = [1(%)]".

Proof. By independence, the characteristic function of Z yields

902(16) _ E(eiu(Y1+...+Yn))
_ E(emyl) . ~E(ei“Y")

2 2
_ ) |y ”_“2u2
2n

2
_ piulnp) no_ 2
e ¢n(2u>
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For option pricing, we require that Y, which represents returns, to have

finite first exponential moment, i.e.,
E(e") < oc. (2.12)

This implies that the moment generating function of Y, which can be ob-
tained by
My (u) = E(e") = py(—iu), u€eR.

exists and is finite for u = 1. As such, the condition (2.12) also extends the
domain of the characteristic generator v of the symmetric distribution to the
negative region (or at least to its subset), so the moment generating function
of Y is given by (see (2.10))

My (u) = ) (——2u ) (2.13)

Definition 2.2.3. A random variable X is said to have a log-symmetric
distribution, denoted by X ~ LS(u,0?% ), if the logarithm of X has a
symmetric distribution, Y = In(X) ~ S(u, 02, ).

If the moment generating function of Y exist for u < 1, then the mean of

a log-symmetric distribution is finite [35] and is given by

E(X) = e (—";) . (2.14)

The key observation useful for option pricing is the following property of

log-symmetric distributions.

Proposition 2.2.3 (Proposition 3.1 [35]). Let X be log-symmetric, X ~
LS(p,0%,v). Then  is also log-symmetric LS(—p, 02, 1)).

Proof. Let X = €Y, where Y ~ S(u,0?,v). Then Y ~ S(—pu, 0% 1) due to
the definition of a symmetric distribution, —(Y — ) 2 (Y — ) ~ S(0,02,1)).
Hence, % =e Y ~ LS(—p, 0% ).

[l
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2.2.2 Modified Option Pricing Formula in Discrete Time

In this subsection, we highlight some of the results in [35] that gave mod-
ifications to the Black-Scholes formula (1.1) for a variety of log-symmetric
distributions in discrete time.

The model in [35] assumes a filtered probability space (2, F,F, P) where
F is a discrete filtration. The stock price process S,, is observed at discrete
timesn =0,1,2,..., N. The returns X, defined by

(2.15)

are strictly positive (prices are positive), independent and identically dis-
tributed with a log-symmetric distribution LS(u,0?,1). The stock price at

time NNV is given by the product of returns

N
Sy = So [ [ Xn-
n=1
While retaining the rest of the assumptions of the Black-Scholes model, the
option price is then valued based on Sy by no-arbitrage approach. Their
main result is an explicit formula for option pricing with log-symmetric dis-

tributions of the form
C()(N) = S()Ql(SN > K) — €_TNKQ(SN > K),

where K is the strike, and ) and (); are EMM'’s described below.

The choice of EMM is the one that keeps the returns in the same log-
symmetric family of distributions. They called the EMM a natural EMM.
Such EMM can be obtained by a natural change of measure, which is de-
scribed in the next theorem with a proof. Adopting their notations, let us
first denote by f, the density under probability measure P of the log-returns,
Y, = In(X,,) ~ S(u,0% ). The Density f is indexed only by the location

parameter u because it is a one-parameter family with ¢ and ¢ fixed.
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Theorem 2.2.1 (Theorem 3.1 [35]). Let a measure Q be defined by

N
fu* (Yn)
= , (2.16)
700
then @) is equivalent to P. Moreover, the returns X1, Xo,..., Xy remain

independent and identically distributed under ) with the QQ-density function
of the returns in the same log-symmetric family with the location parameter

w1 replaced by p* and the density function f,-.

Proof. This proof is due to Klebaner and Landsman [35]. Denote a set in RY
by A= {(u1,...,un):us <y1,...,uy < yn} for some fixed yq,...,yny < 00,
and for each 1 <n < N, denote A,, = {u, : u, <y,}. The indicator function
of A, IA((ul, . ,uN)) is equal to 1 if (uq,...,uy) € A and 0 otherwise, has
the property Ia((ui,...,uy)) = [T, I, (u,). Consider the probability
QYr<wy,....Yn<yn) = Q((Yl,...,YN) € A), we have

Qi < yrs ., Y S yv) = Bo(La((¥,- . Yw)))

Ep<ANIA((Y1,---,YN))>
= Ep(}_[1 fi((;;l; [An(Yn)>'

The expectation can be obtained by integrating with respect to the joint P-

density of Y7, ..., Yy, which equals to ngl fu(u,) by independence. There-

fore we have

N
QUi <yr,. .. Yn < yw) = / /Hh T, (1) T fultum)dus - dux
= / .. / H fﬂ* (un)IAn(un)dul Ce dUN
N
= H/A Jor (uy)du,.

Now taking all y; = oo for i # n, we obtain that all the Y,,’s are identically
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distributed in @ and have the density f,- since

QY <) = /A Fo () ditn.

Putting this expression into the equation above, we obtain ()-independence

N
Q(}/l S y1>"'7YN S yN) = HQ(Yn S yn)a
n=1
and this completes the proof. ]

It turns out that there are many equivalent measures that keep returns
in the same log-symmetric family. However, with ¢ and v fixed, there is a
unique EMM with the location parameter p* satisfying the following condi-

tion.

Theorem 2.2.2 (Theorem 3.2 [35]). Let () be defined by (2.16). For the dis-
counted stock price process €S, n < N, to be a martingale, it is necessary

and sufficient that Q) s risk-neutral, i.e.,
pt=r—Inyp(—c?/2). (2.17)
Proof. By the properties of conditional expectation and (2.15), we have
Eq (e’r(”H)SnH‘fn) =e S Eq(e " Xpp1) =177 S, Eq (e X0),

where the last equality is because the returns are identically distributed under
Q. It can be seen that for e™™S,, to be a ()-martingale, it is necessary and
sufficient that

Eq(Xy) =¢€".

By (2.14), the claim follows.
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By a change of numeraire, another natural EMM (); which is defined by

Qi _, _ Sy
aQ Sy

(2.18)

was introduced under which e /Sy is a martingale. The necessary and
sufficient condition for ()1 to be a martingale measure is given in the theorem

below.

Theorem 2.2.3 (Theorem 3.2 [35]). Let Q1 be defined by (2.18). For the
reciprocal process € /S,, n < N, to be a martingale, it is necessary and
sufficient that

wi=r+Inyp(—0?/2). (2.19)

Proof. Similar to Theorem 2.2.2, we obtain that the necessary and sufficient

condition for €™ /S, to be a Q;-martingale is

1
EQ1 (Z) = efr.

By Proposition 2.2.3 and (2.14), the claim follows.
O

The next theorem is the main result of [35], which gives the option pricing
formula in terms of the natural EMM’s ) and ;.

Theorem 2.2.4 (Theorem 3.3 [35]). Let X = ¥ ~ LS(u,02,9) with
E(X) < oco. Then the arbitrage-free price of a call option with N periods

to expiration is given by
C()(N) = S()Ql (SN > K) — €_TNKQ(SN > K), (220)

where the Q-distribution of Y is S(u*, 0%,v) with u* = r —Iny(—0?/2), and
the Q1-distribution of Y is S(uf, 02, ¢) with ui = r + Iny(—0?/2).

Apply Theorems 2.2.2, 2.2.3 and the central limit theorem to In(Sy) for
@ and @ in the formula (2.20), the modified option pricing formula that

gives a correction to the Black-Scholes formula is obtained.
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Proposition 2.2.4. For large N,

ColN) ~ S (1“ () + (r+Ing(=5 )N )

N g (W (5) + (r = (=F))N
—e ""K® ( TN ) )

(2.21)

If returns follows a lognormal distribution where the characteristic gen-
erator for normal family is ¢(u) = e, then the modified option pricing
formula (2.21) is identical to the Black-Scholes formula (1.1) for any N.

Modified option pricing formulae for various other log-symmetric distri-
butions were obtained in [35] as a direct application of (2.21). The following

case is of particular importance.

Corollary 2.2.1. Let returns follow a log-mizture of two normal distribu-
tions, N(u,0%) and N (u,o3), with contamination parameter 0 < ¢ < 1. Then

the modified option pricing formula (2.21) is given by
In (52) + (r +1In ((1 - €)e”t/? + 66"5/2)>N
V(1 —¢€)o? +eo3V/N
In (52) + (7“ —In ((1 — €)e”/? + 66“3/2)>N
V({1 —€)o? + eo3V/N

C(](N) =~ SO(I)

—e " VK®

Numerical results showed that the Black-Scholes formula generally under-
prices options. Compared to the modified formula for log-mixture of normal
distributions, the difference can be as much as 30% when the ratio k = Z—f
increases even for small percentage of contamination e.

2.3 Lévy Processes

In this section, we study some of the important properties of Lévy pro-
cesses. The cases of symmetric Lévy processes, VG process, NIG process

and Lévy processes in discrete time are given due focus with a subsection
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dedicated to each.

2.3.1 Definitions and Properties

A Lévy process is defined as the following (e.g. [10, p.69]).

Definition 2.3.1. (Lévy Process) A cadldg (right-continuous with left
limits) stochastic process Y;, ¢ > 0, on a probability space (2, F, P) with
values in R such that Yy = 0 is called a Lévy process if it possesses the

following properties:

1. Independent increments: for every increasing sequence of times {#},
k=0,1,...,n, the random variables Y;,, Y;, — Yy,,..., Y3, — Y, _, are

independent.
2. Stationary increments: the law of Y;,, — Y; does not depend on t.

3. Stochastic continuity:

Ve >0, lim P([Y,n = Y| 2 €) = 0.

The third condition also means that the jump discontinuities happen at
random times as the probability of seeing a jump at any particular time ¢ is
Zero.

There is a close relationship between Lévy processes and infinitely divis-

1ble distributions.

Definition 2.3.2. (Infinite Divisibility) A probability distribution F' on
R is said to be infinitely divisible if for any integer n > 2, there exists n i.i.d
random variables &, ..., &, such that the sum & + ... + &, has distribution
F.

Example 2.3.1. The normal distribution N(yu,c?) is infinitely divisible be-
cause the sum of n random variables & ~ N(u/n,0?/n), k = 1,...,n, has

the original normal distribution, i.e.,
Ei4 . A& ~Np/n+...+u/no?/n+...+0*/n) QN(,LL,JQ).
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The next proposition describes the relationship (e.g. [10, p.70]).

Proposition 2.3.1. LetY,, t > 0, be a Lévy process. Then for everyt, Y, has
an infinitely divisible distribution. Conversely, if F' is an infinitely divisible
distribution, then there exists a Lévy process Y; such that the distribution of

Y1 is given by F.

The characteristic function of infinitely divisible distributions is given by
the celebrated Lévy-Khintchine representation (e.g. [49], Theorem 8.1). Due
to the relationship given in Proposition 2.3.1, the characteristic function of

a Lévy process has a specific form (e.g. [10, p.85]).

Theorem 2.3.1. (Lévy-Khintchine representation for Lévy process)
LetY;, t > 0 be a Lévy process on R defined on a probability space (2, F, P).
There exist a triplet (a,c,v) with a € R, ¢ > 0 and v is a measure satisfying
v({0}) =0 and [5(1 A |y[*)v(dy) < oo, such that

E (ei“Yt) =™y e R,

where

1 .
U(u) =iau — 502u2 + / (€™ — 1 — duylyy<1y)v(dy) (2.22)
R

1s called the characteristic exponent.

In Theorem 2.3.1, it is not hard to see that the characteristic function of
Y; is €Y. Therefore, a Lévy process is fully determined by its initial value
(Yo = 0), and the distribution of the increment over one unit of time, ;. The
triplet (a,c,v) is referred to as the characteristic triplet of the Lévy process
Y;, where a is the drift, c is the Gaussian or diffusion coefficient and v is the

Lévy measure.

Definition 2.3.3. The Lévy process is without a Brownian component if

c =0, i.e., a pure jump process.

Intuitively, the Lévy measure v(A) gives the expected number of jumps
whose size belongs to A in a time interval of unit length. Many useful infor-

mation regarding the richness of the class of Lévy processes and the structure
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of the Lévy process can be derived from the integrability properties of the

Lévy measure.

Definition 2.3.4. A Lévy process is said to have finite activity if, almost all
paths have a finite number of jumps on every compact interval. On the other
hand, if almost all paths have infinite number of jumps on every compact

interval, then the Lévy process has infinite activity.

Proposition 2.3.2. Let Y;, t > 0, be a Lévy process with characteristic
triplet (a,c,v).

(1) If v(R) < oo, then Y; has finite activity.
(2) If v(R) = oo, then Y; has infinite activity.
Proof. See [49], Theorem 21.3. O

Whether the variation of the sample paths of Y; is finite or infinite also
depends on the Lévy measure (and on the presence or absence of a Brownian
component). Recall that the total variation of a function f : [a,0] — R is
defined by (e.g. [10, p.88])

Vi(f) =sup > [f(t:) = f(tia)l,
i=1
where the supremum is taken over all finite partitions a =ty < t; < ... <
tn—1 < t, = b of the interval [a, b].

Proposition 2.3.3. Let Y;, t > 0, be a Lévy process with characteristic
triplet (a,c,v). Then almost all paths of Y; have

(1) finite variation if ¢ =0 and f|y|§1 lylv(dy) < oc.
(2) infinite variation if ¢ # 0 or f‘y|<1 lylv(dy) = oc.

Proof. See e.g. [10], Proposition 3.9 or [49], Theorem 21.9. ]
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For option pricing, a necessary condition for the discounted stock price
process e S, = e " Sye¥* to be a martingale is that the Lévy process Y; has

finite first exponential moment (which implies finite moments of all order)
E(eyt) < 00.

In this case, E(e'*) = =) where W is the characteristic exponent (2.22)
(e.g [10, p.95]). The next proposition characterizes such Lévy processes in

terms of their Lévy measure.

Proposition 2.3.4. Let Y;, t > 0, be a Lévy process with characteristic
triplet (a,c,v). Then

(1) Yy has finite p-th moment for p € RT, i.e., E(|Yt|p) < 00, if and only
if J o1 [PV (dy) < oo.
(2) Y; has finite p-th exponential moment for p € R, i.e., E(eP¥) < oo, if

and only if f|y|>1 ePVu(dy) < oo.

Proof. See [49], Theorem 25.3. O

Consequently, Such Lévy processes have finite mean and variance of the

following form (see e.g. [10], Proposition 3.13).

Proposition 2.3.5. For a Lévy process with finite exponential moment, the

mean and variance are, respectively,

B(Y;) = t(a+ A}blyy(dy)), (2.23)

Var(Y;) =t <c2 + /R y21/(dy)> : (2.24)

A Lévy process can be decomposed into four independent components:
a linear drift, a Brownian motion, a compound Poisson process and a pure

jump martingale (e.g. [10, p.81]).
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Theorem 2.3.2. (Lévy-Ité6 decomposition) Let Y; be a Lévy process on
R defined on a probability space (2, F, P) and v its Lévy measure satisfying
v({0}) = 0 and [L(1 A |y*)v(dy) < oo. Denote by J the jump measure
(Poisson random measure) of Y on RT x R with intensity measure v(dy)dt.

There exists a € R and a Brownian motion B; such that

t
Yt:at—l—Bt—i-/ / yJ(ds,dy)
0 Jly|>1

+ lim /Ot /E<y|§1 y(J(ds, dy) — v(dy)dt), (2.25)

€l0

where the convergence in the last term is almost sure and uniform in t €
[0,T].

Consequently, the canonical form of a Lévy process Y; with characteristic

triplet (a,c,v) is

t
K:at—l—th—l—/ / yJ(ds,dy)
0 Jly|>1

! (/ot /mglyj(ds’dy) _t/|y|§1yy(dy)> . (226

where W; is the 1-dimensional standard Brownian motion (Wiener process).
For a Lévy process with finite first moment, its canonical form is (e.g. [10,

p.85]) given by

Y, = pt + W, + (/Ot/RyJ(ds,dy) —t/ﬂ{yu(dy)), (2.27)

where p = a + f‘y|>1 yv(dy) = E(Y7) (see (2.23)). Its characteristic triplet

becomes (i, ¢, ) and the corresponding Lévy-Khintchine formula takes the

U(u

form €Y where

1 .
U(u) = ipu — §c2u2 + /(ewy — 1 —uy)v(dy). (2.28)
R
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2.3.2 Constructing Lévy Processes

Several common methods of constructing a Lévy process are described below.
Other methods can be found in [10] (Chapter 4). Naturally, some processes

can be constructed by more than one methods.

(1) Specifying a Lévy triplet (u,c,v)

This method construct a Lévy process by specifying the presence or absence

of a drift, a Brownian component and what is the Lévy measure.

Example 2.3.2. The Lévy triplet (0, 1, 0) represents the standard Brownian
motion, and the Lévy triplet (0,0, Ad;), where §; is the Dirac delta measure

with unit mass at 1, represents the Poisson process with rate A.

Example 2.3.3. A Lévy process with characteristic triplet (a, 0, v) is a pure
jump process. Moreover, if the drift a = %(2@(p) — 1), where 9, p > 0 and ®

is the standard normal distribution function, and the Lévy measure

v(dy) =

1 12
- e 2PY] dy’
/—QW((Sy)g, {y>0}

then it is the inverse Gaussian process [50, p. 53].

2) Specifying the density of the increments at time scale 1
ying

This method utilizes the fact that a Lévy process is fully determined by its
initial value and the distribution of Y;. A Lévy process is generated when it

is taken along time intervals of length 1 with Yy =0 and Y; — Y;_4 L Y.

Example 2.3.4. If Y; ~ N(u,0?), it generates a Lévy process Yy, t > 0,
that has marginal distribution N (ut, 0®t) which is equivalent to a Brownian
motion with drift, i.e., Y; = ut + oW,.

Example 2.3.5. The normal inverse Gaussian (NIG) process introduced
by Barndorff-Nielsen ([2], [3]) is a Lévy process generated by a NIG dis-
tribution at time scale 1, Y7 ~ NIG(«, 3,0, ). Hence, the NIG process
Y, ~ NIG(«a, 3,6t ut) for all t. More details of this process in Subsection
2.3.5.
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(3) Adding a linear drift

A linear drift does not effect the infinite divisibility property nor the self-
decomposability of the marginal distribution of a Lévy process ([50], p.67).
Therefore, we can construct a new Lévy process from a known Lévy process

by altering its drift.

Example 2.3.6. Let X, be a Lévy process with characteristic triplet (a, ¢, v).
Define the process
Y; - Xt + mta

then Y; is a Lévy process with characteristic triplet (a + m,c,v).

(4) Time-changing Brownian motion with an independent subor-

dinator

This method is also known as subordination. In this method, a Lévy process
is constructed by substituting the (calendar) time ¢ of a Brownian motion B,

by an independent Lévy process called the subordinator.

Definition 2.3.5. A subordinator is an a.s. increasing Lévy process, Y; > 0
for every t > 0. Equivalently, the characteristic triplet (a,c,v) of a subor-
dinator must satisfy a > 0, ¢ = 0, f(—oo,O) v(dy) = 0 and f(o,l] yv(dy) < oo,
i.e., subordinator has no diffusion component, only positive drift and positive

jumps of finite variation.

Example 2.3.7. The inverse Gaussian process in Example 2.3.3 is a subor-
dinator. This can be verified directly as it has no diffusion component, the
drift is positive

a= %(2@(;)) -1)>0,
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and the jumps are positive with finite variation since f(_oo 0) v(dy) = 0, and

12
e 27 Ydy

l/ _—
- uv(dy y T 5y -

\/W
mr/

-7 )

< Q.

t=re~tdt

Next is an example of a time-changed Brownian motion: NIG process.

Example 2.3.8. Let Z(t;6,p) be an inverse Gaussian process with pa-
rameters 0 and p, which is a subordinator as seen in Example 2.3.7. Let
B, = B(t;3,1) denotes a Brownian motion with drift § and diffusion co-
efficient 1. Then the NIG process, denoted by Y; = Y (t;a, 3,6, 1), can be

obtained by time-changing a Brownian motion as follows [3]:
Y, = By, + ut = 82 + Wy, + ut, (2.29)

where W; is the standard Brownian motion, and Z; = Z(t;6,v/a? — (3?) is

an inverse Gaussian process with the given parameters, independent of B;.

Remark 2.4. The subordination method also applies to time-changing other
Lévy processes (see [10], Theorem 4.2).

2.3.3 Symmetric Lévy processes

There are many ways to define a symmetric Lévy process. For example, [18§]
defined symmetry as when a certain law of the Lévy process before and after
the change of measure through Girsanov’s theorem coincide. In our work,
we assume the Lévy process has finite mean and take the following classical

definition of symmetry for distributions.
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Definition 2.3.6. A Lévy process is said to be symmetric if its marginal

distributions are symmetric, i.e., —(Y; — p) Z (Y7 — ) where p = E(Y7).

This is equivalent to saying that a symmetric Lévy process has a sym-
metric Lévy measure (symmetrical about 0). Recall the characteristic triplet

of a Lévy process with finite mean is (p, ¢, v) where u = E(Y}).

Proposition 2.3.6. LetY; is a Lévy process with characteristic triplet (u, ¢, v)
where p 1s the mean of Y1. Then'Y; is symmetric if and only if its Lévy mea-

sure v is a symmetric measure with v(—A) = v(A), where —A = {z € R :
—x € A}

Proof. 1t is easy to see then (Y} — p) is a Lévy process with characteristic
triplet (0,¢,v), and —(Y; — p) is a Lévy process with characteristic triplet
(O, c, 1/). By Lévy-Khintchine representation (2.28), the corresponding char-

acteristic functions are

E [eiu(Yl—u)] = exp (_%C2u2 +/ (eiuy —1- zuy)u(dy)) )
R

E [ez‘u[f(yﬁp)]} — exp (—%czvf +/ (eiu(*y) — 1= iu<_y))y(dy)) .
R

The two characteristic functions are the same (and therefore have the same
distribution) if and only if v(—dy) = v(dy).
O

Remark 2.5. In ([49], p.263), a symmetric Lévy process is generated by a
characteristic triplet of the form (0,c,v) where v is symmetric, i.e., both the
process and its Lévy measure are symmetric about the origin. The symmetric
Lévy process in Proposition 2.3.6 consists of a linear drift ut and another

symmetric Lévy process with characteristic triplet (0,c,v) for any time t.

When v is symmetric, the characteristic exponent of a Lévy process sim-
plifies (e.g. [49], p.263):
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Proposition 2.3.7. The characteristic exponent of a symmetric Lévy process

Y: with characteristic triplet (u,c,v) can be written as

U(u) = iup — %C2u2 - 2/000(1 — cosuy)v(dy). (2.30)

Proof. For a symmetric Lévy process with characteristic triplet (u, ¢, v), the
first two terms of its characteristic exponent are straight forward. The third

term can be simplified as follows:

/ (™ =1 = duylyy<iy)v(dy)
R

= / (€™ =1 —duylyy<iy)v(dy) + . (™ =1 = duylyy<iy)v(dy)
R- R

:/ (e7™ — 1+ duylyy<y)v(=dy) + | (™ =1 —duylyy<iy)v(dy)
R+ -

:/ (zuy+€ uy 2) (dy)
R+

2/ (1 — cosuy)v(dy).
0

2.3.4 Variance Gamma Process

There are several ways of describing a Variance Gamma (VG) process. The
one we present below is by time-changing a Brownian motion with drift by
a gamma subordinator [39]. Alternatively, a VG process can be described as
the difference of two independent increasing gamma processes ([39], [41]), or

by specifying an alternative form of Lévy measure for the VG process [40].

Gamma Subordinator

The Gamma process with mean rate o and variance rate x, denoted by
v(t; o, k), is the process of independent gamma increments over non-overlapping
time intervals (¢,¢ 4+ h). The increment g = (¢t + h; «, k) — ¥(t; o, k) has a

gamma distribution with mean ah and variance kh whose density, denoted
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fn(g), is given by [39]

BaB—lo—%9
3) SN (2.31)

o) =(3) 55

K

where § = % and I'() is the gamma function. The characteristic function

of gamma density is given by

a2t

] JOLK ]' -
P (1) = (™)) = ( > :

1—uz
«

The Lévy measure of gamma process [39] is given explicitly by

a? exp ( — %g)
kg

Vv(Q)dg = 1{g>0}dg-

The Lévy measure has infinite mass and therefore the gamma process has
an infinite arrival rate of (positive) jumps, mostly small, as indicated by the
concentration of the Lévy measure at the origin.

VG Process as Time-changed Brownian Motion

Let B(t;0,0) denote a Brownian motion with drift # and volatility o, i.e.,
B(t,0,0) = 0t + oW,

where W, is a standard Brownian motion. A VG process Y (t;0,0,k) is
obtained by time-changing a Brownian motion B(t; 6, c) with a gamma sub-

ordinator of unit mean rate y(¢; 1, k) [39]:
Y(t;0,0,k) = B(y(t; 1,k);0, a) =0v(t;1,k) + aB(y(t; 1,k);0, 1). (2.32)

The process provides two additional dimensions of control on the distribu-
tion over and above that of the volatility: the control over skewness via 6
and over kurtosis with k. The density function for the marginal distribution

of VG process at time ¢ [39] can be obtained by first expressing the condi-
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tional density conditioned on the realization of the gamma time change g
as a Normal density function, then integrating out g using the density of
gamma distribution (2.31). This gives the density function for the marginal

distribution of VG process Y; as

Frly) = /Ooo L oo ( _ = 99)2) 921‘(35 dg. (2.33)

o\/27g 202g

The characteristic function of the VG process Y; is given by

B(eY) = ( ! ) (2.34)

242 .
1+ *37 —ifru

The VG process is a pure jump process with characteristic triplet (0,0, v),

where the Lévy measure v, in terms of (6,0, k), is given by [39]

c _, c _,
V(y) = me _Iy\l{y<0} + ge +y1{y>0}, (2.35)

\/02+202 /K 0
and oy = Y——— — &,

\/02+202 /K 0
Yooty =

where C =1, a_ = 5
K ag

Explicit expression of mean, variance, skewness and kurtosis of the VG

process at time t = 1 are given in [50, p.58]. Specifically,

Mean = ¢ (2.36)
Variance = o2 + k6> (2.37)
Skewness = k60(30° + 2k6°)(0? + K6%) /> (2.38)
Kurtosis = 3(1 4 2k — ko*(0” + k6°)7?). (2.39)

When 6 = 0, it is clear from (2.36) and (2.38) that there is no skewness
and the VG process is symmetrical about zero. We will largely work with
symmetric VG process in our model in Chapter 5. The characteristics of a

symmetric VG process and its marginals are given in Section 5.1.
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2.3.5 Normal Inverse Gaussian Process

The Lévy process with normal inverse Gaussian (NIG) marginal distributions
is known as a NIG Lévy process or motion. The NIG distribution was first
introduced by Barndorff-Nielsen [2] as a subclass of the Generalized Hyper-
bolic distribution with parameter A = —%. Denote a random variable with
NIG distribution by Y ~ NIG(«, 3,9, i) where p is the location parameter,
0 is the scale parameter, « is the shape parameter and (3 is for skewness, the

density of Y is given by [3]

(y) = LSV -52+80-1) i <a5V - (%)ﬂ : (2.40)

fy

where K is the modified Bessel function of the third kind, y,u € R, § > 0
and 0 < |4] < a. The characteristic function of NIG distribution is [3]
o/ 0252

R 2.41

and the mean, variance, skewness and kurtosis of NIG distribution are (e.g.
[50, p.60] or [47])

Mean = p + \/ozf—dfﬁQ (2.42)
Variance = L. (2.43)
(Vo)
Skewness = 30 : (2.44)
a0/ = )}
2 2
Kurtosis = 3(1 + 50;\/%). (2.45)

The NIG distribution is infinitely divisible and closed under convolution
[3]. In Example 2.3.5, we have seen that a Lévy process taken along time
intervals of length 1 with Yy = 0 and Y, — Y,_1 2 Y} ~ NIG(a, 8,6, p)
generates a NIG Lévy process Y; ~ NIG(«, 3,6t ut), and its characteristic
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function

(u) = [ (U)]t = lunt Ve
o ™ =l
Alternatively, a NIG process can be constructed by time-changing a Brownian
motion with drift by an IG subordinator (see Example 2.3.8 or [3]). The NIG
process is also a pure jump process, and its Lévy measure is given by [3]
v(dy) = 2L e, (alyl)dy.
mly|

When 3 = 0 (skewness (2.44) is zero), the NIG process is symmetric

about p. The characteristics of a symmetric NIG process and its marginals

are given in Section 6.1 where the symmetric NIG model is considered.

2.3.6 Lévy Processes in Discrete Time

In the discrete time setting, suppose we have a filtered probability space
(Q, F,F, P) in discrete time.

Definition 2.3.7. A discrete time Lévy process Y,,, n € N is a process

adapted to F with stationary independent increments.

Note that the notion of right-continuous with left limits has no significance
here. A discrete time Lévy process can be expressed as the cumulative sum

of all the increments (e.g. [31], p.93)

N
Yy =) AY,

n=1
where AY,, =Y, — Y,,_; denotes the n-th increment. All AY,,, n=1,...,N
are independent and have the same distribution as the distribution of AYj.
If AY; ~ S(p,02,4), then the Lévy process in discrete time Yy is symmetric.
Denote by f(y,) the density function of AY,,. By independence, the joint
density of AY7,..., AYy is

N

[y, yn) = Hf(yn)- (2.46)

n=1
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Remark 2.6. Intuitively, a discrete time Lévy process can be seen as a dis-
crete time series drawn from a continuous time Lévy process at equidistant
time-points. It is a special case contained in the continuous time case. A
discrete time model is important for applications, as the empirical data of
stock prices is essentially a discrete time series. It can also serve as an

approzimation to the continuous time model.
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Chapter 3

The Natural Change of

Measure

This chapter addresses the issue of finding a natural equivalent martingale
measure for option pricing with log-symmetric Lévy price processes. We
first investigate the continuous time model followed by the discrete time
model. Our approach to construct a natural change of measure starts with
the Girsanov theorem for Lévy processes which gives the characteristics of
the Lévy processes under equivalent measures. Then for symmetric Lévy pro-
cesses, additional constrains on these characteristics are imposed to ensure
the Lévy processes remain symmetric and have a law that remains in the
same family of symmetric distributions. The main results for the natural
change of measure are Theorems 3.2.3 and 3.2.4 for the continuous time

case, and Theorems 3.3.3 and 3.3.4 for the discrete time case.

3.1 Symmetric Lévy Processes and Marginal

Distributions

In this section, we identify the relations between the characteristic triplet
(i, c,v) of a symmetric Lévy process and the parameters of the symmetric
distribution S(u, 02, 1).

Recall that a symmetric Lévy process Y; has symmetric marginals, i.e.,
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—(Y1—p) 2 (Y1 — p) (see Definition 2.3.6). In what follows we consider Y;
with finite mean and variance (in fact with finite exponential moments). By
the properties of Lévy process (Proposition 2.3.5), it can be seen that the
mean of Y] is pu,

E(Y) = 4 (3.1)

and the variance is o2 given by

o? = Var(Y;) = 2 + /RyQV(dy). (3.2)

The marginal distribution for Y; is symmetric S(u, 02,1) (see Section 2.2.1
for properties of symmetric distributions). The following proposition gives

the relations between the two sets of parameters.

Proposition 3.1.1. The relations between (u,c,v) and the parameters in
distribution S(u,0%,v) of Y1 are given by equations (3.1) and (3.2), and
(3.3) below

2

b(o) = expd =S~ [T (1= cos(yvBojo))udy) b, (3.3)
e }

o2
where v = "22“2. Furthermore, the distribution of Y; is also symmetric from
the family S(ut,o*t,vy), with

D(v) = [(3)]" (3.4)

Proof. Follows from the characteristic functions (2.10) and (2.30). The form
of ¢y is due to

e iyt ¢ wut ¢ (O
B = ()] = gy (1) = et ().
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3.2 Equivalent Change of Measure for Lévy pro-

cesses

In general, a Lévy process under an equivalent measure need not remain
a Lévy process, as independence of increments is not preserved (e.g. [10,
p.322]). However, there is a class of equivalent measures under which the
process remains a Lévy process. The following theorem gives such measures

and shows how the characteristic triplet is transformed.

Theorem 3.2.1. Let Y, be a Lévy process on R with characteristic triplet
(i, c,v) under P, n € R and ¢ : R — R satisfy

/(~e¢(y)/2 —1)*v(dy) < .
R

Then the following statements hold true.

1. The limit

lim > Ay, —t / (e?®) — 1)u(dy)
<10 s<t, |AYs|>e ly|>e

exists (uniformly in t on any bounded interval).

2. The process

Dt=an—n

— nut

sim( 3 e@v)-t [ (@0 -ty |,

€l0
s<t, |AYa|>e ly|>e

where Y, is the continuous part of Y, defines a probability measure ()

equivalent to P by
dQ

_ Dt
7P et (3.5)

Fi

3. The process Y; remains a Lévy process under () with characteristic
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triplet (fi,c, V), where

ﬂ=u+/ly(ﬂ—V)(dy)+C2n

and
v(dy) = e Wu(dy).

4. Conversely, any probability measure equivalent to P under which Y;
remains a Lévy process must be of the form (3.5) and the characteristic

triplet must be (fi,c,v) as specified above.

Proof. This theorem is paraphrasing Lemma 33.6 and Theorems 33.1 and
33.2 of Sato [49] to suit our purposes. 1. and 2. follow from Lemma 33.6.
The Lévy property of the process Y; under @ is a consequence of Theorem
33.2. The form of its characteristic triplet is given by Theorem 33.1. The

converse (4.) is given by Theorems 33.1 and 33.2.
[l

Consider now a symmetric Lévy process Y;, i.e., its Lévy measure v is
symmetric under P. In order for the Lévy process to remain symmetric
under an equivalent measure @), it is necessary and sufficient that ¢(y) is an
even function. Transformation of the parameters of the symmetric family is

given in the following result.

Theorem 3.2.2. Let () be an equivalent change of measure for a symmet-
ric Lévy process under which it remains a symmetric Lévy process. The
Lévy measure v is symmetric if and only if ¢(—y) = ¢(y) v-a.e. The Q-
distribution of Yy is S(ji, 52, 1) where

fi =+, (3.6)

5P =c*+ /]R y* o (dy), (3.7)

D(v) = exp 4 — o — 2 00(1—cos(y\/%/a))a(dy) . (3.8)
{52 }
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Proof. 1f ¢(y) is even then 7 is symmetric,
v(—dy) = " Vv(=dy) = "Vu(dy) = v(dy).

Conversely, if 7 is symmetric, then for all -measurable (thus also v-measurable)

function g,
/g(y)ﬂ(dy) = /g(—y)ﬂ(dy)-

Expending,

/ 9(y)e? W (dy) = / 9(=y)e”Wu(dy) = / 9()e® Vv (dy).

Hence,
efb(y)y(dy) — e¢(_y)y(dy)

by the uniqueness of Radon-Nikodym derivative,

Furthermore, if 7 and v are both symmetric, then f_ll y(r —v)(dy) = 0.
Hence, i = p + c*n. The rest of the parameters of the symmetric family
of distributions are obtained from Proposition 3.1.1, namely (3.1), (3.2) and
(3.3).

[l

3.2.1 The Natural Change of Measure

The purpose of this Section is to state and prove a result that gives equivalent
changes of measure under which a symmetric Lévy process remains Lévy with
marginals from the same symmetric family.

Consider a symmetric Lévy process Y; with characteristic triplet (u, ¢, v)
and the P-distribution of Y from S(u,0% ). We define “natural” in the

change of measure as the following.

Definition 3.2.1. An equivalent measure () ~ P is a natural change of

measure if it keeps the distribution of Y] in the same family of symmetric
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distributions, i.e., the @-distribution of Y; has the same 1.

Since we consider equivalent measures () that preserve Lévy property
and symmetry, we denote the characteristic triplet under @ with (g, c, 7).
By Theorems 3.2.1 and 3.2.2, we know that [ is (3.6) and

v(dy) = e¢(y)y(dy), (3.9)

for some even function ¢.

The next result gives necessary conditions that must hold when the
change of measure is a natural equivalent measure. It shows that for pro-
cesses with a Brownian component a natural change of measure results only
in the change of the drift y, and for processes without Brownian component

it results only in the change of the Lévy measure v.

Theorem 3.2.3. Let Y, be a symmetric Lévy process with characteristic
triplet (u,c,v) and the P-distribution of Yy from S(u, 02,v), and Q a natural

change of measure.

(1) If ¢ # 0, a Brownian component is present, then under @, the charac-
teristic triplet becomes (fi,c,v), where ji = p + ¢*n, for some n € R,

while ¢ and v do not change.

(2) If c =0, a Brownian component is absent, then under () the character-
istic triplet becomes (p,0,v) where v(A) = [ 1ia1(By)v(dy), for some
B > 0, while v (and ¢) do not change.

Proof. The proof of the Theorem uses Theorems 3.2.1 and 3.2.2 and an an-
alytical lemma.

Using the expression for ¢ from (3.8) and (3.3), we can see that @ is
natural (i.e., ¢ = zﬁ) if and only if for all v > 0, the even function ¢ in (3.9)

satisfies the following integral equation

/000 [(1—COS(?/\/%/5'))@¢(Z/)—(1—(}08(?;@/0‘))}y(dy)+c2_v(a___> _
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In Lemma 3.2.1 we will show that

im [ % [(1 — cos(yv/2v/5))e?W) — (1 — Cos(y\/%/a))} v(dy) = 0. (3.11)

vV—00 0
Hence by dividing by v and taking limit in (3.10) we must have

A1 1

5(— - —) — 0. (3.12)

G2 o2

(1). Consider first the case ¢ # 0. It then follows from (3.12) that 6% = .
With w = @ — ¥Y2u > (), rewrite (3.10) using (3.12) as

G

/000 (1 — cos(wy))v(dy) = /000 (1 —cos(wy))v(dy), Vw>0. (3.13)

We shall show that (3.13) implies 7 = v.

Since v and ¥ are not probability measures, extra work is required to see
that they are equal a.e. given that they have the same transform above. To
show it, we derive that the Mellin transform (see appendix A.2) for their as-

sociated probability distributions are the same. Consider Laplace transform
of (3.13) in w

/ooo em</ooo (- COSW/))ﬂ(dy))dw
) /OOO o ( /0°° (1- COS(W))”(C@)) dw.

By Fubini’s theorem, we obtain

/ooo (/OO (1~ Cos<wy>>dw)ﬂ<dy>

- /Ooo (/OOO e (1- COS(wy))dw> v(dy).  (3.14)

Now, consider the inner integral of (3.14), by using complex exponential
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(cos(wy) = Re(e™¥)), we have

/000 e (1 = cos(wy))dw =

= (3.15)

in which we have used the fact ﬁ = /\)‘QLJ:;/Q Hence (3.14) yields from (3.15)

and after multiplying both sides by A,

o0 2 [e%} 2
Y - Y

= d YA > 0. 3.16

/0 g W) /0 el d) VA (3.16)

Now let -
R =/ y*(dy) < oo,
0

K :/ y*v(dy) < oo.
0

Since 6% = 02, we have from (3.7) and (3.2) that & = k. Therefore, we can
rewrite (3.16) as

/°° y? D(dy):/"" y*  v(dy) (3.17)
0o A2+y? R o NM+y2 ok '

Let now the measures on (0,00), n(dy) = %ﬁ(dy) and n(dy) = %V(dy),

such that - 4 -
/0 h(yz)yzy(%y) = /0 h(y)n(dy),
/OOO h(yg)yﬂ(zy) = /Ooo h(y)n(dy)
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The measures n and n are probability measures since

/Oooﬁ(dy) =/Oooy2@ =1,

and similarly for n. Applying 7 and n to (3.17) yields

/000;~<dy) :/Ooo Ai n(dy), VYA>0. (3.18)

n
Aty Y

Next, let 5 and & be two random variables that have the laws n and n
respectively. Let s € [0,1], and denote the probability generating functions
of £ and ¢ by

Fo) =) = [ satan)
f(s) =E(s%) = /OOO s'n(dy).

Then the Mellin transformation of f and f are

M = [ O (s = / 1 o ([ satan )as

and similarly,

MF(N) = /0 1 F(s)ds —




Therefore, it follows from (3.18) that, YA > 0,

M[A) = MFQA).

By the uniqueness of Mellin transformation, we have f = f. This implies
that the probability measures n = n. Consequently, by the definitions of the

probability measures

n(dy) = yQﬁédy) yQV,idy) = n(dy),

which implies that 7(dy) = v(dy) since & = k.
(2). Consider now the case ¢ = 0. With § =2 and A = @ we have from
(3.10) and using (3.12)

/OOO (1—cos(/\y))ﬂ(dy):/ooo (1— cos(BAp))w(dy), ¥A>0. (3.19)

Denote the measure V(%dy) = vg(dy) such that

/ h(By)v(dy) = / B(y)vs(dy).

Then (3.19) becomes

/000 (1 — cos(Ay))o(dy) = /000 (1 — cos(My))vs(dy), VA > 0.

But we have seen in the proof above in the first part (see (3.13)) that this
implies 7 = vg.

]

Lemma 3.2.1.

lim ! [(1 — cos(yv2v/5))e?™ — (1 — cos(y\/Z_v/o))] v(dy) = 0.

V—00 0 v
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Proof. Let
£ul) = [ (1~ cos(yv/20/))e*®) — (1~ cos(yvB0/0))]

From (3.10), it is clear that {f,} are integrable functions on (R,B(R),v).
For any fixed y, (1 — cos(yv2v/5))e?™ — (1 — cos(yv/2v/0)) is a bounded

function of v, and so

lim f,(y) =0
Using , \ ; )
t T
1—008(:6):5—I+5— S?,

and the triangular inequality, we obtain

£ < | (1= cos(y/B0/3)e® + (1 cos(yvB0/o))

2 2

Y Y
S ﬁed’(y) + ﬁ - G(y)

The function G(y) > 0 is integrable with respect to v, since the Lévy mea-

sures r and v satisfy

/(1 A yH)D(dy) < oo, and /(1 A y*)v(dy) < oo,
R R
and the existence of variance implies
/ y*0(dy) < oo, and / y*v(dy) < oo.
ly|>1 ly|>1
Hence, we have

/yQﬁ(dy) < 00, and /y21/(dy) < 00.
R R
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Therefore,

[ cwmtan = [ (Lew+ L )ota)

1 [~ . 1 [
= y*o(dy) + = / y*v(dy)
= Jo

a2 Jo

< OQ.

The result follows by dominated convergence theorem (see appendix A.1).
O

The next result shows that natural change of measure exists.

Theorem 3.2.4. Let Y, be a symmetric Lévy process with characteristic
triplet (u,c,v), and the P-distribution of Y1 from S(u,c? 1)).

(1) Let ¢ # 0. Then for any n € R, there is a natural change of measure Q)
such that the characteristic triplet becomes (fi,c, V), where ji = u+ c*n.
The Q-distribution of Yy is S(ji,0?,)).

(2) Let ¢ = 0. Then for any § > 0, there is a natural change of measure
Q such that the characteristic triplet becomes (u,0,7), where v(A) =
J Loy (By)v(dy). The Q-distribution of Yy is S(p,c%,v), where 6* =
Jey?o(dy) = 3°0*, (B=2).
Proof. The existence of a natural change of measure @) follows by using The-
orems 3.2.1, 3.2.2 and 3.2.3, where the transformation of the characteristic
triplet are given by Theorem 3.2.3. The @Q-distribution of Y; are as claimed
following Theorems 3.2.2 and 3.2.3.
O

The explicit Radon-Nikodym derivative for the natural change of measure

is given below (consequence of Theorems 3.2.1, 3.2.2 and 3.2.3).

Corollary 3.2.1. Let Y; be a symmetric Lévy process on R with characteris-
tic triplet (u,c,v), and the P-distribution of Y1 from S(u,o%,1). A measure
Q defined by

—| =et 3.20
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s a natural change of measure if Dy is in one of the following forms.

(1) If ¢ # 0, then

nc*t

Dy =nY — 9

—nut (3.21)

for any n € R. In this case, Q is a natural change of measure that

changes only the p while ¢ and v do not change.

(2) If c =0, then

D, = lim > Ay, —t / (e?® — 1)v(dy) (3.22)

€l0
s<t, |AY;|>e ly|>e

for any even function ¢ satisfying [p(e?®/? — 1)*v(dy) < oo, and

é(y) = In Zggz; where 0(A) = [1ay(By)v(dy), 8 > 0. In this case,

@ is a natural change of measure that changes only the v, while u (and

c) do not change.

3.2.2 Natural Equivalent Martingale Measures

Let now S; = Spe'* be a model for stock prices, where Y; is a symmetric
Lévy process. According to the Fundamental Theorems of Mathematical
Finance (see Section 2.1.3), options on stock are priced by using an equiva-
lent martingale measure (EMM) @, under which the discounted stock price

process e "tS,, 0 <t < T is a martingale.

Definition 3.2.2. A natural change of measure is an EMM, called natural

EMM, if it makes the discounted price e™"S, into a martingale.

The next theorem characterizes all the natural EMM'’s obtained by nat-

ural change of measure.

Theorem 3.2.5. 1. Let QQ be a natural EMM for a symmetric Lévy pro-
cess, then the following relation must hold between the parameters of the

Q-distribution of Y7,

;1+1n¢(— ):r. (3.23)
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Hence
2. If a Brownian component is present (¢ # 0) and Q is a natural EMM,

then )

i =r—1Int (-%) . (3.24)

Further, such ) exists and is unique.

3. If a Brownian component is absent (¢ =0) and Q is a natural EMM,

2

then ¢° is a root of the equation

5.2
1n¢<—7> —r— o (3.25)
Further, such Q exists if and only if the i < r, and when it exists it is unique.
Proof. The result follows from the martingale property of ¢ "S; by using
symmetry and independent and stationary increments properties of Y;. We

have, for 0 < 7 < t,

EQ <€_Ttst|f7—) = G_TTS[)eyTEQ (e_r(t_’f)eYt—Y-r’FT)
— efrTSTEQ (efr(th)eYt_,.) .

So @ is an EMM if and only if Eg (e7"""e¥t=) =1, i.e.,
Eq (") = e,

Since under natural EMM @, Y; is from the same symmetric family Y; ~
S(jit, 52, 4by), with ¥y(u) = [1(%)]", we have
~2
Eo (%) = eﬁ(t—7)¢t—7< _ U_)_
Therefore, the martingale property holds if and only if
~2

eﬁ(tff)wtfﬂ'( . O_) _ er(tff)
9 )
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or by taking logarithms equals

~2

[L—l—lnzb(—%) =T

By the natural change of measure (Theorem 3.2.3), if ¢ # 0, only p can
be changed, consequently we obtain (3.24). If ¢ = 0, only 02 can be changed,
hence we obtain (3.25).

When ¢ = 0, we have by Jensen’s inequality Eg(e'?) > eBe(1) = et But
by (2.10) (or (2.13)), Eg(e") = e“z/1< - %) Hence ¢< - %) > 1. Thus
equation (3.25) has a positive solution for 62 if and only if p < r.

O

3.2.3 Dichotomy in the Natural Change of Measure

Here, we investigate the canonical decomposition of Lévy processes under
natural EMM’s to explain why when ¢ = 0 (no Brownian component), only
the Lévy measure changes but not the mean; and when ¢ # 0 (with Brownian
component), only the mean changes and not the Lévy measure.

Recall that the canonical decomposition of a Lévy process Y; with char-
acteristic triplet (a,0,v) is (see (2.26))

Y, = at+/0t/|y>1yJ(dy,ds) +/Ot /y|§1y<J(dy,ds) — I/(dy)ds>.

Observe that if Y, is symmetric, then the process

t
/ / yJ (dy, ds)
0 Jy|>1

is a martingale, since f|y|>1y1/(dy) = 0 (v is symmetric). In particular,
a = p = E(Y7). This also implies that Y; is a special martingale and its

canonical decomposition is Y; = M; + A;, where A; = at is predictable and

Mt:/Ot /ymyj(dy,ds)+/Ot/|y§1y<J(dy,ds)—y(dy)ds)
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is a martingale under P.

Under a natural equivalent measure (), the canonical decomposition of Y;

t t
Y, = at +/ / yJ(dy,ds) + / / y(J(dy, ds) — e¢(y)u(dy)ds>
0 Jly[>1 0 Jlyl<i
t t
—at + / / yJ (dy, ds) + / / y(J(dy, ds) — u(dy)ds)
0 Jly[>1 0 Jlyl<1

+t/y|<1 ((dy)—e (dy)) (3.26)

1S

By symmetry of the Lévy measures, the last term in (3.26) is

Aum < (dy) = e (dy)> /ymy(”(dy)—ﬂ(dy)) =

Thus, M, is also a Q-martingale, and that M;e”* is a P-martingale, or equiv-
alently, < M,eP >,= 0 under P. This can also be checked directly. Recall
(Theorem 3.2.1) that

D, = / / J(dy, ds) — (e o) 1)1/(dy)ds>.
So, AD; = ¢(AY;), and
AePt = Pt — Dt

— oDi (eADt . 1) — D (e¢(AYt) _ 1)'

The quadratic covariation between M, and eP* is

eVl =D el AY (P87 — / e / J(dy, ds).

s<t

Hence,

t
D — / eDs_ /y(e¢(y) — 1)V(dy)ds =0,
0 R

because v is symmetry and ¢(y) is even, i.e., [M,eP]; is also a martingale.
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Therefore, M; is a P-martingale and a ()-martingale. So, there is no change in
the martingale under ). What really changes is the compensator of [M, M|,

since it depends on the measure. We have, under P,

<M,M >;= t/yQV(dy),
R

whereas under (),
< M,M >,= t/y2e¢(y)y(dy),
R

which is the second moment (variance) (see (2.24)).

In the case when Brownian component is present, the natural change of
measure is equivalent to the change of measure for Brownian motion in the
classical case. In particular, < M, M >, does not change under ). But
the martingale changes, where M; = B; is the martingale under P, and

M, = B, — ¢*nt is the martingale under Q.

3.3 Change of Measure for Symmetric Lévy Pro-

cesses in Discrete time

Let Yy = ZnN:1 AY,, be a Lévy process in discrete time on a filtered probabil-
ity space (2, F,F, P). It is a sum of independent and identically distributed
(i.i.d) random variables AYy, ..., AYy. The change of measure for Lévy pro-
cesses in discrete time can be characterized in terms of the joint densities of
AYy,...,AYy (e.g. [17]). The process Yy remains Lévy under equivalent
measures if AY7j, ... AYy remain i.i.d. The next result gives the class of

equivalent measures under which AY7, ..., AYy remain i.i.d.
Theorem 3.3.1. Let f and f be two probability densities, and f(y,) is the
P-density of the increments AY,,, n=1,...,N. Define a measure () by

aQ
dP

e (3.27)

]:N n=1

where Fy is a filtration generated by AYy,...,AYx'. Then Q is equivalent
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to P. The increments AY7,...,AYy remain independent and identically
distributed under (Q with the Q-density function of AY, becomes f(yn)

Proof. Denote a set in RY by A = {(uy,...,un) : us < y1,...,un < yn}
for some fixed y1,...,yny < 00, and for each 1 < n < N, denote A, =
{u, : u, < y,}. The indicator function of A, I4((u1,...,uy)) is equal to
1if (ug,...,uy) € A and 0 otherwise, has the property IA((ul, . ,uN)) =
1Y, 14, (uy). Consider the probability Q(AY; < yi,...,AYy < yy) =

n=1

Q((AY:,...,AYy) € A), we have

QAY: < yi,.., AYy <) = Bo(Lu((AYi,..., AYy)) )

The expectation can be obtained by integrating the function of a random
vector with respect to the joint P-density of AY7,..., AYy, which equals to
[T, f(u,) by independence. Therefore we have

N

n:l

:/ /ﬂ Flu) La, (wn)dus . .. dux.
ZE/A f(un)duy,.

Now taking all y; = oo for i # n, we obtain that all the AY,,’s are identically

F(AY,)
F(AYR)
has P-probability 0 of occurring.

L As usual, one may let =1 (or any other value) whenever f(AY,,) = 0, which
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distributed in @ and have the density f since
QAY, <) = [ )i,
An

Putting this expression into the equation above, we obtain )-independence

N
QAY: <y, AYy < yy) = [ QAY: < wn),

n=1

and this completes the proof.
m

In Theorem 3.3.1, any density function f used will produce an equivalent
measure ), under which the increments AY7, ..., AYy remain i.i.d.

For a symmetric Lévy process Yy with the P-density of AY,,, denoted
f(yn), from a symmetric family S(u, 02, 1). It remains a symmetric Lévy pro-
cess under Q if all AY,’s remain i.i.d with Q-density f(y,) that belongs to
a symmetric family (not necessary the same as the symmetric family under
P).

Theorem 3.3.2. In the same setting as Theorem 3.3.1, let the P-density f
belongs to the symmetric family S(p, 02,v). For any density f that belongs to
a symmetric family S(f, 52, zﬁ), the measure @) is equivalent to P. The incre-
ments AYi, ..., AYy remain independent and identically distributed under Q)
with the Q-density of AY,, becomes f(yn)

Proof. Follows from Theorem 3.3.1 with f belongs to the symmetric family
S(fi,6°%,).
O

3.3.1 Natural Change of Measure

Consider now a symmetric Lévy process Yy = 27]:7:1 AY,, where AY, ~
S(p,0%,v) with P-density f(y,). A natural change of measure preserves
i.i.d and the symmetric family of the distributions of AY,,. The next result
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describes all natural changes of measures. It states that they are obtained

by changing the mean and variance of AY,,.

Theorem 3.3.3. In the same setting as Theorems 3.3.1 and 3.3.2, if f and
f belongs to the same symmetric family (v = z;), then the measure () ~ P
is a natural change of measure. The increments AY,,, n=1,... N remain
independent and identically distributed under Q and AY,, ~ S(ji, 2 1) with

Q-density f(yn).
Proof. Follows from Theorem 3.3.1 and 3.3.2 with ¢ = . ]

Remark 3.1. In [35] it was assumed that, in addition to having same 1,
the variance (scale parameter) o* is also the same under natural change

of measures. Such is a subclass of natural change of measure under which

AY; ~ S(ji,02,1).

3.3.2 Natural Equivalent Martingale Measure

Let now Sy = Spe¥™ be a model for the stock prices, where Yy = 27]:[:1 AY,
is a symmetric Lévy process in discrete time and AY; ~ S(u, 0% ). For
option pricing, it is required that () is an EMM, under which the discounted
stock price e7™S,,, n < N is a martingale. The next result gives a necessary
and sufficient condition for ) to be a natural EMM. The condition is an
equation of ji and &, similar to that of the continuous time case but without

the dichotomy.

Theorem 3.3.4. Let Q) be a natural change of measure defined by (3.27). For
the process e”™S,,n < N to be a martingale, it is necessary and sufficient

that i and & satisfy
—52
i+ 1mp(7) _— (3.28)

Proof. For e™™S,, to be a )-martingale, we must have

Eq (e*r(n+1)5n+1}fn) = TS, By (e2Y01) = pmS,)
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which implies that

Eq (eAY"“) =",

Since the increments are identically distributed under @, AY,, 4 2 AY; ~
S(ji,5%,1). Using the expression for the mean of log-symmetric random
variable (2.14), the claim follows.

O

The equation (3.28) admits infinitely many solutions of i and 52, which
implies that the natural EMM for discrete time model is not unique. How-
ever, if we consider the subclass of natural change of measures that only
changes y, but not 02 and 1 (see Remark 3.1 or [35]), then the natural EMM

is unique with the location parameter fi satisfying the following condition.

Proposition 3.3.1. Let () be the subclass of natural change of measures
under which AY; ~ S(ji,0?,v). For the process e”™S,,n < N to be a

martingale, it is necessary and sufficient that

2

f=r— lnz/;(%). (3.29)

Remark 3.2. In this thesis, we shall always use this subclass of natural
change of measure when a discrete time model is considered for option pric-
ing. Therefore, in discrete time, a natural EMM always exists and it is
unique. It is obtained by changing only the location parameter (mean) p,

while o and 1 do not change.

3.3.3 Difference Between Discrete and Continuous Time
Cases

In this subsection, we use the canonical decomposition of Lévy process to

explain why the dichotomy in the natural change of measure in continuous

time does not occur in discrete time.

Recall the canonical decomposition of a symmetric Lévy process Y; with
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characteristic triplet (u,c,v) is (see (2.27))

Y, = ,ut—i—th—i—/ / J(dy,ds) —V(dy)ds>

For t = n € N, the increments AY,, can be represented as a Lévy process

on a unit time interval
AY,=Y,-Y,_

_,u+c(W — W) / / J(dy,ds) —y(dy)ds)
n—1

Using the properties of Lévy process, we have

E(AY,) = E(AY}) = 4, (3.30)

Var(AY,) = Var(AY)) = ¢ + / y?v(dy). (3.31)

The distribution of AY,, is symmetric S(u,0?,1). Let f be the density
of the distribution of AY,,, we have

p=E(AY,) = /Ryf(y)dy, (3.32)
o* = Var(AY,) = / (v — 1> (y)dy. (3.33)

From (3.32) and (3.33), it can be seen that the density function f of the
random variable AY,, has control over both the mean p and variance 0. Since
the natural change of measure in discrete time changes the density function
f, it leads to a change in p and o2, regardless of the value of the parameter c.
Therefore, the natural EMM is a measure from the family S(ji, 62, 1)), where
i and &% satisfy (3.28). Moreover, if o2 is fixed, we obtain the subclass
of natural EMM under which AY,, ~ S(ji,0?%, 1), where ji satisfying (3.29)
regardless of the value of c.

However, this is not the case for the continuous time. Clearly, (3.30)
shows that only the drift term p has control over the mean, and (3.31) shows

that the Lévy measure v only has control over the variance. Therefore, when
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¢ = 0, the natural change of measure changes the Lévy measure v, which
in turn changes only the ¢2. In this case, the unique natural EMM is the
one associated with S(u,d?%,1). When ¢ # 0, the natural change of measure
changes the drift p, which is also the mean. In this case, the unique natural
EMM is the one associated with S(ji, 02, 1).
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Chapter 4

Option Pricing with a Natural

Equivalent Martingale Measure

In this chapter, we explore option pricing with a natural EMM for log-

symmetric Lévy price processes.

4.1 Derivation of Option Pricing Formula

Let there be a filtered probability space (2, F,F, P). According to pricing

by no arbitrage approach, the price of options is given by
Cr = e " VEq[(Sr — K)*|F, (4.1)

where @ is an EMM such that e7"S, is a Q-martingale. We propose that Q
be a natural EMM.

Firstly, observe that under natural EMM’s, a symmetric Lévy process
(which represents returns) remains to be a symmetric Lévy process. By
independent of increments, it is Markov. Using Markov’s property, the con-

ditional expectation for a function g of S; becomes

E(9(Sr)|F:) = E(9(Sr)[S:) = E(9(Sr-+)|S0)-
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Hence, it is enough to derive the pricing formula at time ¢ = 0,
Co = e "TEg[(Sr — K)']. (4.2)

The formula for ¢ > 0 given by (4.1) can be recovered by identifying ¢ with
0 and T with T" — ¢.

Secondly, pricing of options by formula (4.2) (or (4.1)) using a natural
EMM @ is arbitrage-free. This is because the formula is valid for any EMM
Q ~ P (e.g. [52, p.398] or [5, p.148]). In fact, denote by M, the class of
probability measures on (Q, F) that is equivalent to P, under which e~"S;
is a martingale, there is an interval of option prices at time 0 that does not

allow for arbitrage opportunities [52, 398]

Col@) € ( jnf Col@), sup Go(@)).

QEM QeM

In particular, [13] proved the following statements that gave a range of the
arbitrage-free prices of options on stock, using all possible EMM’s for the
valuation, when the underlying model for stock price S; is a pure jump

Lévy process.

Theorem 4.1.1 (Theorem 2 [13]). Let M be the class of measures equivalent
to P, under which ™S, is a martingale. Suppose the Lévy measure v of the

Lévy process Y, under P has the following properties:
(i) v((—o0,a]) >0 Va€R.
(ii) v has no atom and satisfies [, o [ylv(dy) = [, yv(dy) = .

Then M is not empty, and for any EMM Q) € M, the price of options
C()(Q) = G_TTEQ [g(ST)} € (G_TTQ(GTTSO)7 SO)

where g(St) is the payoff function of the option.

For the class of EMM that preserves Lévy processes, M’ C M, the range
of option prices is the full interval (e7"Tg(e""Sp), Sp) (see [13], Remark 3).
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Leaving the specificity of the measure ) to the next section, we write
the option pricing formula (4.2) using change of numeraire (see [24], or [34],

section 11.5), which proceeds as follows

Co=e¢""Eq[(Sr — K)*]
=e¢ "TEq[SrI(Sr > K)] — e ""KEqg[I(Sr > K)]
= SoQ1 (ST > K) — €7TTKQ(ST > K), (43)

where ()1, defined by

dQ STe_TT Yor T
= =e 7" 4.4

is the measure under which the process €/S; is a martingale.

In the remaining of this chapter, we will determine the measures () and
(1 for option pricing with log-symmetric Lévy price processes and derive
the corresponding option pricing formulae. Three cases are considered: Con-
tinuous time log-symmetric Lévy model with Brownian component, without

Brownian component, and discrete time model.

4.2 Log-symmetric Lévy Model with Brown-

ian Component

Let now S; = Spe¥t, t > 0 be a stock price process where Y; is a symmetric
Lévy process with characteristic triplets (u, ¢, v), ¢ # 0, and the distribution
of Y} belongs to S(u,0?,v) under P.

We first obtain the EMM (@ by a natural change of measure which shifts
only the mean. According to Theorems 3.2.3 and 3.2.5, Y; remains a symmet-
ric Lévy process with characteristic triplet (f, ¢,v) and the Q-distribution of
Y1 belongs to S(ji,02,%), where fi = T—lﬂ@b(— %2) Hence, Y; has marginals
from S(ft, o%t, 1) under Q (see Proposition 3.1.1).

For the second EMM (@)1, the next result shows that it is also a natural

EMM when Brownian component is present in Y;, and gives the condition
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such that S; e’ is a Q;-martingale.

Theorem 4.2.1. Let Y, be a symmetric Lévy process with characteristic
triplet (fi,c,v), ¢ # 0, under @ and the Q-distribution of Y1 belongs to
S(ii,02,1). The measure Q; defined in (4.4) is a unique natural EMM if
and only if the Q-distribution of Yy is S(fi1,02,1), where

2

ﬁ1:r+lnw<—%>. (4.5)

Proof. Notice that S; 'e™ = Sy e "+ is also a log-symmetric Lévy process,
because —Y; is a Lévy process with characteristic triplets (—fi, ¢, ), and the
distribution of —Y; ~ S(—fi,0%,9) (see Proposition 2.2.3). For S; e to
be a Q;-martingale, its expectation under @, is constant which equals Sy .

Taking ¢t = 1, we obtain the necessary condition
Eq, (e_yl) =e .

The exponential moment of —Y] is given by

2

E(e_Yl) = e_ﬂ@D( — %)

Solving these two equations for fi, we obtain the ();-distribution of Y; belongs

to the symmetric family S(ji1, 02, 1) where

2

ﬂlzr—l—ln@/)<—%>.

By the uniqueness of i1, ()1 is unique.
[

Hence under @, Y; is a symmetric Lévy process with characteristic
triplets (fi1, c,v) and has marginals from the family S(fiit, o2t, ;).

Observe that the distribution of the standardized variable %\/%YT) is the
same for all three probability measures P, ) and ();. This can be verified
from its characteristic function, which is, under all probabilities, given by (see

Proposition 3.1.1) ¢T(%) Denote by Fr(y) the corresponding cumulative
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distribution function of the standardized variable, then

Yy — T ) (YT—ﬁT ) (YT—M )
F - p < — S - — < .
) ( 1 V)T v =) T =Y
Consequently, we obtain the following pricing formula.

Theorem 4.2.2. For stock price process S; = Spe¥ where Y, is a symmetric
Lévy process with characteristic triplet (u,c,v), ¢ # 0, and the P-distribution
of Y1 belongs to S(u,02,v), the option pricing formula is given by

B In (%) + (r +In(—2))T
CO = S()FT ( Uﬁ )

_ e—rTKFT <1n (%) + (T _ lnw(—%z))T> ) (4.6)

Proof. Since Fr is symmetric about zero, it holds that 1 — Fr(a) = Fr(—a).
From Theorem 3.2.5 and (3.4), we obtain

2T 2
AT =T — Iy (-%) — T — Tlne (—%) .
Therefore,
Yy — aT a—ﬁT) (—a—l—[LT)
Yr>a)= > — | —1
Q¥ >a) Q( T vt ) T\ o

B —a+ (r— lnw(—(’;))T

Similarly for @y, equations (4.5) and (3.4) give

2

T 2
T =T + Inep (-%) — T + Tl (-%) .

Therefore we obtain

QI(YT > a) _ FT <_a+ (7“ ti;lg(_%))T) )
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Finally, using a = In (Sﬁo), we obtain the formula.

4.3 Log-symmetric Lévy Model without Brow-

nian Component

Consider now a stock price process S; = Spe', t > 0 where Y, is a symmetric
Lévy process with characteristic triplets (u,0,v), and the distribution of Y;
belongs to S(u,0?,) under P.

The natural EMM () changes the Lévy measure which in turn changes
the variance of the marginal distribution yielding 62, which is the root of the
equation

~2

lnzb(%) =r—pu, (4.7)

and exists only if © < r. Hence, Y; remains a symmetric Lévy process
with characteristic triplet (u,0,7) and the Q-distribution of Y; belongs to
S(ut, 5%, vr).

For the second EMM (@;, the next observation shows that it is not a
natural EMM when Y; has no Brownian component due to symmetry not

preserved.

Proposition 4.3.1. Let Y; be a symmetric Lévy process with characteristic
triplet (u,0,7) under a natural EMM @, and ¢ : R — R satisfy fR(e¢(y)/2 —
1)?0(dy) < oo. Then under the equivalent measure Q; defined in (4.4), the
process Yy is a Lévy process with characteristic triplet (ay,0,04), where the
drift

ap = p+ /1y51(dy)- (4.8)

and the Lévy measure iy (dy) = e®Wi(dy) is not symmetric.
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Proof. The proof uses Theorems 3.2.1 and 3.2.2. Let

d;Ql — e "S5, — Yirt
dQ |5 So

= e, (4.9)

We have Eg(eVt) = e " Eg(e't) = e (=) = 1 if and only if ¥(—i) = r.
Using the canonical form (see (2.27)) of a Lévy process Y; (finite mean)

with characteristic triplet (i, 0,7), we can write
Ut = Y;g —rt

=(—r+pt+ lellrgl Z AY, — t/ yo(dy)

s<t, |AYs|>e ly|>e

= (—7"+M+/R(€y—1—y)ﬁ(dy))t
+leilr(r)1 Z AY; —t/ (e — 1)i(dy)

s<t, |AYs|>e ly|>e
= lim Z AY; — t/ (e = 1)o(dy) |,
€0 s<t, |AYs|>e ly[>e

in which we have used W(—i) = p+ [; (¥ — 1 — y)i(dy) = r in the last
equality.

Clearly, U; conforms with D, in Theorem 3.2.1 for the case n = 0. Hence,
(4.9) is a change of measure that preserves Lévy process. However, the
function ¢(y) = y is not an even function. Therefore, by Theorem 3.2.2, the
Lévy measure 7 is not symmetric, which implies that the Lévy process Y; is
asymmetric under @);. The expressions of the characteristic triplet (aq,0, 77)

under ), follows from Theorem 3.2.1 for the case ¢ = 0 and 7 symmetric.
O

Corollary 4.3.1. Under QQ1, the asymmetric Lévy process Y; has finite mean
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and variance. They are it and 63t respectively, where (see Proposition 2.5.5)

i ZEQl(Yl)IalJr/ yﬁl(dy)zwr/yﬂl(dy%
R

ly|>1

52 = Varg, (Vi) = / v (dy).
R

Although @, is not a natural EMM, it is useful for option pricing. The

@1-distribution of Y; can be determined using the following observation.

Proposition 4.3.2. Denote by f}% the Q-density of Y;. Then the Q1-density
of Y, is given by

M y) = e R Y). (4.10)

Proof. By the definition of equivalent measure ()1, we have Eg (eYt_”’) =1,
and for A = {y:y < u},

Q1(Y; € A) = Eq, (1(Y; € 4)) = Eq(e" "1(Y, € A)) = /A e (y)dy.

]

In specific cases considered in this thesis, namely Variance Gamma and
Normal Inverse Gaussian (see Chapters 5 and 6, respectively), we are able
to identify the distributions using (4.10). In such cases, denote by F{j?Tl
the cumulative distribution function of the standardized random variable
(Yr—muT)/ &1V/T under @y, and by FgT the cumulative distribution function
of the standardized random variable (Y7 — ') /6+/T under ), we obtain the

exact option pricing formula

C() = S()Ql(ST > K) — G_TTKQ(ST > K)

In (52 T
=5y 1—F}%1<_D(K)+ul )

VT

In (52) + uT
— e TKFS (M) (4.11)

VT
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4.4 Log-symmetric Lévy Model in Discrete
Time

Let now Sy = Spe¥™ be a model for stock prices, where Yy = 25:1 AY,, is
a symmetric Lévy process in discrete time, and AY,,, n =1,... N are i.i.d
with a symmetric distribution from S(p,0?,1) under P.

The natural EMM @ always exist (see Remark 3.2), which can be obtained
by changing only the location parameter (mean) p. The @Q-distribution of
AY,, belongs to S(ji,0% 1)), where i = r — lnw( — %2) Hence, Yy has
distribution S(iN, 02N, y) for all N under Q.

By Theorem 2.2.3 (see also [35], Theorem 3.2), the measure () defined
by

AQ[  _ Sye
dQ |~ S

(4.12)

is a unique natural EMM. The Q,-distribution of AY,, belongs to S(jii, 0%, )
where fi; =+ lnw( — "72) Hence, Yy has distribution S(ji; N, 02N, y) for
all N under ;.

Notice that the distribution of the standardized variable %\/%N) is the
same for all three probability measures P, ) and @);. Denote by Fiy(y) the

cumulative distribution function of the standardized variable, then

FN(y)=P<%Sy)=Q<%SQ>ZQ1<%SZJ)

Theorem 4.4.1. Let stock price Sy = Sype’™ where Yy is a symmetric
Lévy process in discrete time, and the P-distribution of the AY,,,n=1,..., N,
belongs to S(p,02,v). The option pricing formula is given by

oV N
_e—rNK—FN (ln (%) + (r—lnqﬁ(—%))N) ‘ (4_13)

o S <1n (%) +(r+ 1mp(—%))N>
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Proof. Since Fy is symmetric about zero, it holds that 1 — Fiy (o) = Fy(—a).
By theorem 3.2.5 and (3.4), we obtain

~2N ~2
iN = rN — Ingy (—“2 ) — N — Nlny (—%) .

Therefore,

QYy >a)=Q (Y];\_/N’w > aa_\/%N) =Fy (%)
_ (—a+ (r— lnw(—%2>)N> _

av/N

Similarly for ()1, we obtain

Q1(Yy >a)=Fy <_a hl (r ha lnzﬂ(—”—S))N) )

oV N

Using a = In (550), we obtain the formula.
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Chapter 5

Log-symmetric Variance
Gamma Model

This chapter contains application of the natural EMM approach to option

pricing with log-symmetric VG price process.

5.1 Symmetric Variance Gamma Process and

Distribution

The marginal distributions of the VG process was originally given in [39] in
terms of special functions involving the modified Bessel function of the sec-
ond kind and the degenerate hypergeometric function. In the special case of
symmetric processes, the marginals turn out to be symmetric Bessel distri-
bution. A brief introduction of the Bessel distribution is given in Appendix
B.

Denote by Bessel(ju, 02, \) the Bessel distribution with mean pu, variance
0% and shape parameter \. A random variable X with symmetric Bessel

distribution has mean p = 0, and has characteristic function (B.9) of the

E( iuX) ( 1 ))\
e )= \T e )
1+ 2\

form
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The density function of the symmetric Bessel distribution is given by (B.8)

[ox ( Da\*% 1 a2
=1\/—1/— —K, 1|2/ — 5.1
fx(@) TOo2 ( 202> '(\) A2 ( 202) ’ (5-1)
where K, (.) is the modified Bessel function of the second kind. Therefore,
X shifted by a constant p has a symmetric Bessel distribution with mean ,

ie., Y = X + p ~ Bessel(u,0%, )\). The characteristic function of a shifted

symmetric Bessel random variable Y is given by

. . 1 A
Be) = () 5:2)
I+ 53

2

and the density function of Y is given by

() = fx(y—w),

where fx(-) is defined in (5.1). We always consider symmetric Bessel dis-
tribution of this kind but we will drop the word “shifted” for brevity. The
symmetric Bessel distribution Bessel(u, 02, \) belongs to the family of sym-

metric distributions S(u, 0%, 1) with characteristic generator

v = (15 ) (53)

142

This can be easily checked from the characteristic function (5.2). Note that
the kurtosis of symmetric Bessel distribution is 3 + % and hence, the shape
parameter A is related to the excess kurtosis by A = % (since the excess
kurtosis of a random variable Y is y = E[(C—Z’“‘m
v =0).

A symmetric VG process Z; also has zero mean (see Section 2.3.4). The

—3. For Normal distribution,

characteristic function of the marginal distribution of a symmetric VG pro-

cess at time t is given by [39]

t

. 1 ®

B = (1 )
14 wos
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where o2

is the variance of Z; and k is the variance rate of the gamma
subordinator. By adding a drift pt, the Lévy process Y; = Z; + ut has

characteristic function

k2 At
E(eY) = et (%) " gt (%) 7 (5.4)
I+ %= 1L+ 5%

in which we have employed \ = % Again, for brevity, we will refer to a

symmetric VG process with drift as just symmetric VG process.
In the following theorem, we identify the marginals of a symmetric VG

process for any time t.

Theorem 5.1.1. The marginals of a symmetric Variance Gamma process
Y; is a symmetric Bessel distribution with mean ut, variance o*t and shape
parameter At, i.e., Y; ~ Bessel(ut,o?t, \t), which belongs to the family of
symmetric distributions S(ut,c?t,v;) where the characteristic generator is

given by

L\
= ]t = : 5.5
o) = iero) = (1) (55)
Proof. The proof follows immediately upon comparing the characteristic
function of a symmetric VG process (5.4) and the characteristic function
of a symmetric Bessel distribution (5.2). By using (3.4) and (5.3), we obtain
the characteristic generator (5.5).

[l

Remark 5.1. In [39], the density function for the marginal distributions of
VG process was known, and has the form (2.33). However, they did not link

them to the class of symmetric Bessel distributions.

Remark 5.2. The marginals of a VG process is not Bessel distribution in
general. Only when the VG process is symmetric, then it has a symmetric

Bessel distribution for all time t.

76



5.2 Option Pricing with Log-symmetric Vari-

ance Gamma Process in Continuous Time

Let now S, = Spet be a stock price process, where Y; is a symmetric VG
process with characteristic triplets (p,0, ) under P. Since the VG process
has no Brownian component, the derivation of the option pricing formula
follows the arguments presented in Sections 4.3. Assuming the condition
i < r is met, it remains to determine the distributions of Y; under the
EMM’s @ (natural) and () (not natural).

By Theorems 3.2.3 and 3.2.5, the @)-distribution of Y; is symmetric Bessel
distribution Bessel(u,52,1) where 2 is a solution of the equation

52

lnw<—7>:r—u. (5.6)

For symmetric Bessel distribution, this solution exist and it is unique. Using
(5.3) we get from (5.6)
52 =2\(1 — e~ =1/, (5.7)
Hence, the Q-distribution Y; is Bessel(ut, 5%, A\t) where 62 is given in (5.7).
Under @), the distribution of Y; is identified in the following result.

Proposition 5.2.1. Denote by ff,i the Q-density of Y; ~ Bessel(ut, 5%t \t).
Then the Q1-density of Y, given by ey_”fg(y), is the density function of an

asymmetric Bessel distribution.

Proof. Using (5.1), the @;-density of Y; is give by

e 2 (y)

- \/ 7322(\/%@2;525)2)”_5%%%(2 W) (5.8)

For any time ¢, (5.6) gives

a2t

lnwt(— 7) =rt — ut.
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Using the characteristic generator (5.5) for the symmetric Bessel distribution,

it follows that
5_2 At
eV = eV (1 — ﬁ) : (5.9)

Now, apply (5.9) and let y* = y — ut, the expression in the second line of
(5.8) becomes

~2\ At *)2 At—% *)2
(1 9 \/2~)\ \/)\(?{) 1 K, . 2)\(~y ) .
2\ o 252 () 2 o

Subsequently, let m = A\t — %, a=—/% and b =

y—rt pQ T 2 m+% 1_ |y*| m; @
'y (y) = (1-a?) bﬁ(2b) F(m+%)Km b

(1—a?)™ ]y ™ .
= K,, ) 5.10
V/m2mom T (m + %) c ( )

*

Y

b

On closer observation, we immediately recognize that the density written
in the form (5.10) is the density of an asymmetric Bessel distribution (see
Appendix B, eq.(B.2) or [32], p.50), where a = — %, b= —aand m =
M- 1L

O

Let the auxiliary process Y,* = Y; — ut, it follows from (5.10) that Y/
has asymmetric Bessel distribution, denoted Bessel(uit, 53t, At), where the
mean j;t and variance Git are given by (B.4) and (B.5) respectively. In

particular,

L =2X\ (e — 1), (5.11)
Var(Yy) = 67 = 2\ (e /A — 1) (201" — 1), (5.12)

in which we have employed (5.7). Then under Q1, Y; = Y;*+ut ~ Bessel(ut+
pat, a3t At) for all time t.
Finally, denote by By(y) the cumulative distribution function of the stan-

dardized symmetric Bessel random variable % ~ Bessel(0, 1, At) under @,
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and by B3, (y) the cumulative distribution function of the standardized asym-
metric Bessel random variable % ~ Bessel*(0,1, \t) under Q;. The

exact option pricing formula is given next.

Theorem 5.2.1. Let the stock price Sy = Spe¥t where Y; is a symmetric VG
process with marginals Bessel(ut,a*t, \t), and p < r. Then the arbitrage-

free price using natural EMM of a call option with time to expiration T is

given by
In (52) + puT + T
Co =8y |1 - Bl —n(K)~ i
Ulﬁ
In (52) + uT
— e TKByr <M) , (5.13)
ovT

where pi; = 2X\(el"=W/* — 1), 57 = 2X\(el=m/* — 1) (2e"=M/A — 1) and 6% =
2A(1 — e~ (r=m/),

Note that formulae for option pricing with VG process were given in ([40],
eq. 6.7) and ([39], eq. 25), where a non-symmetric case was also included.
They derived it by analytical methods and used the Normal density function
integrated with respect to a gamma density. For comparison, we reproduce
below, the closed form option pricing formula given in [39]. Specifically,
denote by Y (t;0,0,k) the VG process obtained by gamma time-changed
Brownian motion [39], where 6 and o are, respectively, the drift and the
volatility of the Brownian motion, and « is the variance rate of the gamma
time change. Then the option price on stock when the risk neutral dynamics
of the stock price is governed by a VG process (with risk-neutral parameters

0, o, k) is given by

. ]_—ll K T
C’O—SOT<d\/ - ,(C+1)s,/1_ll,ﬂ>
_KeirTT (d 1_l2vcs2 : ’Z>7
V & \/1—[2 K
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where

ly = %H(CS‘)Q,

and the function T is defined by
a’y+%esign(a)a(1 + u)'y
V2rl(y)y
1
K,Y_‘_%(Oé)@ (’% I Y5 I+ s
Oﬂ—i—%esign(a)a(l 4 u)l—f—'y
varl(y)(1+7)
1
K, 1(a)® (1+%1 7,2+

T(a,b,) =

+u
2

,ﬂgm@au+u0

— sign(a)

+u
2

y—

ﬁﬁgm@aa+u0

a'ﬂr%esign(a)a(l + u)'y

+ sign(a) Neoe
1
KW—%<a)@ (’% 1- e 1+ s %7 - sign(a)a(l + U)) )

where a = |a|v2+ b%, u = %, K, is the modified Bessel function of the

second kind of order w, and © is the degenerate hypergeometric function of

two variables which has the integral representation

O\, pyx,y) = %/{) w1 = w)P AN — ) e du.

As we can see, for symmetric case, the formula (5.13) is much simpler

and elegant.
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5.3 Option Pricing with Log-symmetric Vari-

ance Gamma Process in Discrete Time

Let now Sy = Spe¥™ be a model for stock prices, where Yy = 25:1 AY,, is
a symmetric VG process in discrete time under P. The AY,, n=1,...,N
are i.i.d with symmetric Bessel distribution Bessel(u, o2, \).

It is possible to choose both ) and ()1 as natural EMM’s that shift only
the location parameter (see Section 4.4). Hence, the @Q-distribution of AY,,
is Bessel(fi, 02, \) with ji = r — In¢( — Z). The Q;-distribution of AY,, is
Bessel(fiy, 0%, \) with ji; = r + 1n¢( — %2) Apply (5.3), we obtain

2 2

1nw(—%) — Al (1-%). (5.14)

Denote by Byy(y) the cumulative distribution function of the standardized
symmetric Bessel random variable %, we obtain the following result for

option pricing formula.

Theorem 5.3.1. Let AY,, follow a symmetric Bessel distribution Bessel(p, 0%, \),
then the arbitrage-free price of a call option with N periods to expiration is

given by

NP CCEESEE Ty

_ e—TNKB)\N <ln (%) + (T:\/)\Nln(l B %))N) ‘ (515)

5.4 Numerical Comparisons

For comparisons, we approximate the distributions of the standardized Bessel
random variables (Y7 —pT) /ov/T (the time T is replaced by N in the discrete
case) by the standard Normal, in other words, Byr by ®. We also approxi-
mate the standardized asymmetric Bessel random variable that arises in the
continuous time case by the standard Normal, i.e., B}, by ®, because its

distribution is only slightly negatively skewed and therefore it is negligible.
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We will assume this is the case (skewness is small) in our approximation.
Moreover, recall that the shape parameter A\ and the excess kurtosis v of
the symmetric Bessel distribution are related by \ = % Thus, for each of
the continuous time and discrete time cases, we obtain an easy to use Black-
Scholes type formula for option pricing which gives correction that accounts
for the access kurtosis.

In the continuous time case, the generalized or modified Black-Scholes

formula for log-symmetric VG model (VG-C) is given by

In (52) + uT + T In (52) + uT
OozSoq><n(K)+M i )—e—TTK@(MK)Jr“ > (5.16)

GVT VT

where p1 = %(Q(T*H)’Y/i’) _ ]_)7 6—% = %(G(T‘*M)’Y/Z’» _ 1) (26(7‘*:“)"//3 _ 1) and &2 =
%(1 — e~(=#1/3) " Note that the Black-Scholes formula is a special case of

the generalized version (VG-C) (5.16) when v — 0 due to the followings:

i = g(ewﬂ/s —1) = 20— p),
52 = %(ew—u)ws S 1) (2B 1) oo — ),
52 = %(1 — e_(”_“”/?’) — 2(r — ).

And if 2(r — p) = o2, which is a constant as in the Black-Scholes model
(Recall that under the risk-neutral measure ), the mean y = r — %2 and
the volatility o is a constant), then by using these results and some simple
manipulations, it is not hard to see that the generalized formula (VG-C)
(5.16) is the exact Black-Scholes formula.

In the discrete time case, the modified Black-Scholes formula for log-
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symmetric VG model (VG-D) is given by

(5.17)

It can be seen that the Black-Scholes formula is a limit of the generalized
version (VG-D) (5.17) for every N when v — 0 due to

Su(1-22) - -7,
¥ 6 2

The classical Black-Scholes formula (BS) is considered robust in the sense
that for small values of excess kurtosis 7, it coincides with the modified Black-
Scholes formulae in both continuous time and discrete time cases. Note that
the robustness of Black-Scholes formula was discussed in [16] and [46]. In
their papers, the robustness is with respect to stochastic volatility. More
specifically, [16] provided conditions under which the Black-Scholes formula
is robust when there is a misspecification of volatility in a two-asset market
model for option pricing. While [46] gave some sufficient conditions for the
reduction of the Black-Scholes-Barenblatt equation, which is a nonlinear par-
tial differential equation that arises in multi-asset market model for European
options, to a linear Black-Scholes equation. In our case, the robustness of
Black-Scholes formula is with respect to the heavy tail probability of the sym-
metric distributions. However, even for the moderate values of excess kurtosis
7, the distinction between the modified Black-Scholes formulae (VG-C and
VG-D) and BS is noticeable (see Figure 5.1), with the disagreement between
VG-C and BS formulae being greater than the disagreement between VG-D
and BS. The exact prices and percentage differences are represented in Table
5.1.
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Figure 5.1: Option prices obtained by VG-C, VG-D and BS formulae for log-symmetric
Bessel distribution weekly returns, Sp = K = 10, r = 0.06, 0 = 0.19, 1 = 0.03, v =4

| Time to maturity (weeks) | 2 | 12 | 22 [ 32 [ 42 | 52 |
BS formula 0.1603 | 0.4344 | 0.6221 | 0.7823 | 0.9273 | 1.0622
VG-D formula 0.1621 | 0.4388 | 0.6279 | 0.7892 | 0.9351 | 1.0707
Percentage difference (%) | 1.13 1.01 0.94 0.88 0.84 0.80
VG-C formula 0.1921 | 0.5112 | 0.7245 | 0.9040 | 1.0647 | 1.2127
Percentage difference (%) | 19.85 | 17.67 | 16.46 | 15.55 | 14.81 | 14.17

Table 5.1: Option prices and percentage differences obtained by VG-C, VG-D and BS
formulae for log-symmetric Bessel distribution weekly returns, So = K = 10, » = 0.06,
c=0.19, un =0.03, vy =4
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Chapter 6

Log-symmetric Normal Inverse

Gaussian Model

This chapter contains application of the natural EMM approach to option

pricing for log-symmetric NIG price process.

6.1 Symmetric NIG Process and Distribution

Recall from Section 2.3.5 that a NIG process is a pure jump Lévy process
with NIG marginal distributions, denoted by NIG(«, 3,6, ). Therefore, a
symmetric NIG Lévy process has symmetric NIG marginal distributions, i.e.,
when (= 0. The density of a symmetric NIG (see (2.40)) distribution is

fry) = Lens (edy/1+ C57) (6.1

T ey

where K is the modified Bessel function of the third kind. The characteristic
function for symmetric NIG (see (2.41)) is

o(u) = ei“"ea‘s(l_v 1+(%)2). (6.2)

85



It follows from equations (2.42), (2.43) and (2.45), respectively, that p is the

mean, variance is g and kurtosis is 3 + C%. We will denote the distribution

of a symmetric NIG by SNIG(«, 0,0, u).

Proposition 6.1.1. The characteristic generator of the symmetric NIG fam-

ily of distributions is given by
p(o) = 0%,

where { = ad.
Proof. Denote by o2, the variance of symmetric NIG, then

2_0 _ ¢
(%

o = = @
The characteristic function of symmetric NIG can be written as
QO(U) = eiuMQOZ&(l_\/W) — iuueaé(l—\/@)
= w”e( —J1eg 22)

where ( = ad. Thus, the characteristic generator is
_ 112
wf) = 0V,

where v = , and it is not hard to verify that ¢'(0) = —1.

2

(6.3)

]

Thus, the marginals of a symmetric NIG process Y; is SNIG(«, 0, 0t, jit)

which belongs to the family S(ut, o?t,1);) with o2 = g, and

d(v) = [wlw/t)] = £ 08D,

(6.4)

Note that the parameter ( is related to the excess kurtosis v by v = %
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6.2 Option Pricing with Log-symmetric NIG

Process in Continuous Time

Let S; = Spe'* be the stock price process where Y, is a symmetric NIG
Lévy process with characteristic triplets (u,0,7) under P. Since the NIG
process has no Brownian component, the derivation of the option pricing
formula follows the arguments presented in Section 4.3. Assume p < r, we
determine the distributions of ¥; under the EMM’s @ (natural) and @; (not
natural).

By Theorems 3.2.3 and 3.2.5, the -distribution of Y; is symmetric NIG
distribution SNIG(«, 0, 5, ), where g = 52 solves the equation

~2

ln¢(—%):r—u. (6.5)

For symmetric NIG, this solution exist and it is unique. Using (6.3) we get
from (6.5)

ao

52:2(r—u)—<r_u)2. (6.6)

Consequently, Y; ~ SNIG(«,0, ot, pt) under @ with mean ut and variance

G2t = o,
(07

Under @), the distribution of Y; is identified in the following result.

Proposition 6.2.1. Denote by f}% the Q-density of Y; ~ SNIG(av, 0, 0t, ut).
Then the QQ1-density of Yy, given by ey_”fg(y), 15 the density function of an
asymmetric NIG distribution, i.e., Y; ~ NIG(a, 1, ot, pt) under Q1.

Proof. For any time t, (6.5) gives

52t

lnwt(— 7) =rt — ut.

Using the characteristic generator (6.4) for the symmetric NIG distribution,
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we can write

rt:ut+ln¢t(—%>
. 52
—pttadt[1-1-2
ad

5 o
=ut+odt|1—4/1 — —
8 (ad)?
= ut + adt — otV a2 — 1,

in which we have applied 62 = g = %. It then follows that

K1<a5t +(y ”t )

ey—rtfgt( )_ ey ut—adt46ty/a2— CY a(St

1+ (5)°
ot y-pt 2)
— %ey—ut+5t\/a2 (a +( 5; ) . (6.7)
L+ (%59)

One can verify that (6.7) is the density function of an asymmetric NIG dis-
tribution (see (2.40)) with parameters a (unchange), f = 1, p = put and
5 = ot.

]

The mean and variance of Y; ~ NIG(a, 1,0t, ut) are given by (2.42) and
(2.43), respectively. In particular,

EY)=m=p+

Var(Y;) = 62 = ( o 1) 2, (6.9)

where 2 is given by (6.6).
Denote by Fsyig(y), the cumulative distribution function of the stan-
dardized symmetric NIG random variable f—\[i ~ SNIG(a,0,a,0) under
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@, and denote by Fy¢(y) the cumulative distribution function of the stan-
dardized asymmetric NIG random variable % ~ NIG(a,1,a,0) under
(1, we obtain the explicit option pricing formula for log-symmetric NIG

Lévy price process.

Theorem 6.2.1. Let the stock price S, = Spe¥t where Y; is a symmetric
NIG Lévy process with marginals SNIG (a0, 8t, ut) under P, and p < r.
Then the arbitrage-free price using natural EMM of a call option with time
to expiration T s given by

So
1_ FNIG (_IH(K) +M1T>

Co = 5o T aTT
1

In (52) + uT
— e TK Fynie (M> . (6.10)

3
where iy = p+ /agila—?’ (}% = ( a§i1> % and 6% = 2(r — ﬂ) _ (T(X—Ju)?

6.3 Option Pricing with Log-symmetric NIG

Process in Discrete Time

Consider now the stock price process Sy = Spe’™ where Yy = Zﬁf:l AY,, is
a symmetric NIG Lévy process in discrete time, and AY,,, n =1,..., N are
i.i.d with symmetric NIG distribution SNIG(«, 0,6, 1) under P.

Recall that for fixed 02 (and 1), we can obtain two natural EMM’s Q
and @); by changing only the location parameter p (see Section 4.4) so that
Yy remains a symmetric NIG Lévy process. The @Q-distribution of AY),
is SNIG(«, 0,9, i) where i = r — lnw( — "72), and the -distribution of

AY, is SNIG(c,0,6, 1) with iy = r + Iny( — %2) By (6.3) and using

¢ = ad = 0%, we obtain

1mp<—%2):g<1—,/1—%2> = a%0? — ao®Va? — 1. (6.11)
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Therefore, we obtain the following result for the exact option pricing formula

with log-symmetric NIG process in discrete time.

Theorem 6.3.1. Let AY,, follow a symmetric NIG distribution SNIG(«, 0,6, 1),
then the arbitrage-free price of a call option with N periods to expiration is

given by

In (@) + (r + a?0? — ac*Va? — 1)N
Cy = SyF. K
0 0 SNIG( TN

@ _A242 2 2
In (22) + (r — a%0® + ac’*Va 1)N>' (6.12)

— ¢ "VKF
SNIG O'\/N

6.4 Numerical Comparisons

For comparisons, we approximate the standardized symmetric NIG distri-
bution by the standard normal, in other words, Fsy;q by ®. We also ap-
proximate the standardized asymmetric NIG distribution that arises in the
continuous time case by the standard Normal, i.e., Fy;g by @, since it is only
slightly positively skewed. Therefore, we assume that the skewness is negligi-
ble. Moreover, recall that the shape parameter ( = ad = a?0? and the excess
kurtosis v of the symmetric NIG distribution are related by v = % Thus,
for each of the continuous time and discrete time cases, we obtain an easy
to use Black-Scholes type formula for option pricing which gives correction
that accounts for the access kurtosis.

In the continuous time case, the generalized or modified Black-Scholes

formula for the log-symmetric NIG model (NIG-C) is given by

In (52) + T In (52) + puT
Com So@ | —E4—— | —e"KO | —£—— 6.13
0 0 ( 5T € ) ( )

3
where 11 = i+ /5262, 63 = (2 ) 6% and 6 = 200 = ) = 3 (r — o)

in which we have applied the fact that

a? a’o? ad 3

a2—1 a?202—-02 ad—o02 3—n~o?
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Observe that, when v — 0, we have 62 — 2(r — p) and # — 1. Conse-

quently, the Black-Scholes formula is a special case of the generalized version

(NIG-C) (6.13) when v — 0 because

3 2
RV w4 — i+ 2(r — p),
3 3
~2 ~2
01—( 3_702> g —2(r—p).
And let 2(r — p) = o2, which is a constant as in the Black-Scholes model
(Recall that under the risk-neutral measure ), the mean p = r — "72 and

the volatility o is a constant), then by using these results and some simple
manipulations, it is not hard to see that the generalized formula (NIG-C)
(6.13) is the exact Black-Scholes formula.

In the discrete time case, the modified Black-Scholes formula for log-
symmetric NIG model (NIG-D) is given by

In (52) + (r+%(1— @))N

Co ~ Sy®
0 0 J\/N

— e VKd

(6.14)

It can be seen that the Black-Scholes formula is a limit of the generalized
version (NIG-D) (6.14) for every N when v — 0 due to

2 2
Siohi-22) o
¥ 3 2

An example of the option price formulae plotted against the expiration
time T using the similar set of parameter values as in the log-symmetric
VG model (Chapter 5) is given below (see Figure 6.1). Again, it is evident
that the distinction between the modified Black-Scholes formulae (NIG-C
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and NIG-D) and the Black-Scholes formula (BS) is noticeable even for this
moderate values of 7 (see Figure 6.1). As in the log-symmetric VG model, the
disagreement between NIG-C and BS formulae is greater than the disagree-
ment between NIG-D and BS. The exact prices and percentage differences

are represented in Table 6.1.

14

I
®

Option price

o
o

0.4

0.2 4

0 10 20 30 40 50 60
T

Figure 6.1: Option prices obtained by NIG-C, NIG-D and BS formulae for log-NIG
distribution weekly returns, Sy = K =10, r = 0.06, 0 = 0.19, . = 0.03, v =4

| Time to maturity (weeks) | 2 | 12 | 22 [ 32 [ 42 | 52 |
BS formula 0.1603 | 0.4344 | 0.6221 | 0.7823 | 0.9273 | 1.0622
NIG-D formula 0.1621 | 0.4388 | 0.6279 | 0.7893 | 0.9352 | 1.0708
Percentage difference (%) | 1.14 1.01 0.94 0.89 0.85 0.81
NIG-C formula 0.1954 | 0.5192 | 0.7352 | 0.9167 | 1.0791 | 1.2286
Percentage difference (%) | 21.91 | 19.52 | 18.18 | 17.18 | 16.36 | 15.66

Table 6.1: Option prices and percentage differences obtained by NIG-C, NIG-D and BS
formulae for log-NIG distribution weekly returns, So = K = 10, » = 0.06, ¢ = 0.19,
pw=20.03,~v=4
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Chapter 7
Conclusions and Discussions

We have generalized the natural change of measure suggested by Klebaner
and Landsman [35] for symmetric Lévy processes in continuous time (The-
orem 3.2.3). The natural change of measure preserves symmetric Lévy pro-
cesses and keeps the marginals in the same family of symmetric distributions.

In continuous time, if the symmetric Lévy process has a Brownian compo-
nent, the natural change of measure changes the drift which leads to a unique
natural EMM that changes only the location (mean) parameter p, while the

2 and the characteristic generator ¢ do not change. If the

scale (variance) o
symmetric Lévy process has no Brownian component, the natural change of
measure changes the Lévy measure. If, in addition, g < r, then a unique
natural EMM exists that changes only the scale (variance) o2, while 4 and
Y do not change (Theorems 3.2.3, 3.2.4 and 3.2.5).

In discrete time, the natural change of measure changes the location p and
scale 02 parameters of the symmetric distribution, regardless of the presence
of Brownian component in the Lévy process. Thus, the natural EMM always
exist but not unique (Theorem 3.3.3). However, if we fixed the variance o2, in
addition to the characteristic generator 1, we obtain unique natural EMM’s
that changes only the location parameter p (Proposition 3.3.1). These re-
sults complement [35]. The reason we choose this unique natural EMM as

our pricing measure for discrete time models is in accordance to the Black-

Scholes model (volatility o is constant) and [35]. However, we agree that
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this may not be the best practice for choosing the pricing measure. The final
choice of pricing measure may require further procedures, such as calibration
using historical option quotes, or other analytical methods similar to the op-
timization of the relative entropy or some other utility functions considered
in the literature (e.g. [17]). This requires further analysis in future.

We considered option pricing with a natural EMM and derived explicit op-
tion pricing formulae for log-symmetric Lévy models of price process. These
option pricing formulae are arbitrage-free. New option pricing formulae are
derived for log-symmetric VG and log-symmetric NIG models (Chapters 5
and 6, respectively). In the VG case, the new option pricing formula is much
simpler and elegant than the formula given in [39].

For continuous time models, two important information are required for
our derivation: the structure of the underlying Lévy process, i.e, whether or
not the Brownian component is present; and the marginal distributions of
the underlying Lévy process. This is because the natural change of measure
depends on the presence of Brownian component, and the corresponding nat-
ural EMM do not change the family of the marginal distributions. This poses
a challenge for us to provide an explicit example for option pricing using nat-
ural EMM for log-symmetric Lévy processes with Brownian component other
than the geometric Brownian motion with drifts which has a lognormal dis-
tribution. Pricing of options with geometric Brownian motions using natural
EMM will lead to the Black-Scholes formula. The classes of Lévy process
with Brownian component, other than the Brownian motion with drifts, is
the jump-diffusion Lévy processes. However, to the best knowledge of the
author, there is no known distribution for the marginals of the jump-diffusion
processes.

Another shortcoming of the natural EMM approach in continuous time
is that p < r for log-symmetric Lévy models without Brownian component.
This is overcome by using the discrete time, where natural EMM exists also
when p > 7.

The discrete time models do not require the knowledge of the presence
of Brownian component in the underlying Lévy process. For any symmetric

Levy process with known marginal distributions, it is always possible to
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derive a formula for pricing options under a natural EMM.

In Chapters 5 and 6, We obtained modified Black-scholes formulae, in
continuous time as well as in discrete time, that gives correction for the
kurtosis by approximating the respective Bessel distributions and NIG dis-
tributions with normal distribution. The modified Black-Scholes formulae
can be used for any distribution with a positive excess kurtosis, in the same
way as the Black-Scholes formula is used without fitting a distribution to
the returns. In particular, for the log-symmetric VG model, the suggested
modified Black-Scholes formulae for continuous time (5.16) and and discrete
time (5.17) present a good alternative to the option pricing formula given by
[40] and [39], since their formula requires numerical integration.

For future works, it would be interesting to investigate the sensitivity of

the option prices obtained by the new formulae in this thesis to small change

in the underlying parameters. The delta, A = %, is the sensitivity of the

. . . . . . e
option price C' with respect to the underlying stock price S; the vega, V = 32,
is the sensitivity with respect to the volatility of the underlying stock; the
theta, © = %, is the sensitivity with respect to the time ¢; the rho, p = %,
is the sensitivity with respect to the interest rate r; and gamma, I' = %,

measures the rate of change of delta A with respect to the changes in the
underlying stock price S. These are some of the common sensitivity measures
(Greeks) that are vital for risk management, especially to the derivatives
traders who seek to hedge their portfolios from adverse changes in market
conditions. In particular, the delta A of an option is closely related to the
self-financing strategy in the sense that it reveals the number of shares to be
held in order to replicate the option. However, the process of delta hedging
requires constant monitoring and rebalancing of the hedge over time.

We also suggest to extend the use of our approach in this thesis, i.e., a
log-symmetric Lévy market model and the concept of a natural change of
measure, to pricing American options, barrier options, Asian options and
other exotic options. Note that it is possible to obtain closed form formula
for these options under the Black-Scholes framework (e.g. ([50], Chapter 9)
and [25]). However, in the Lévy framework, finding explicit formula becomes

a challenge. Descriptions of how prices of some exotic options, including
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barrier options, can in principle be calculated is available in ([50], Chapter
9), but the analytical calculations are very involved. A survey of results in
the literature is also provided. In most cases, results are obtained with some
specific model restrictions. It is our desire to see some simplifications in the
calculations under the assumptions made in this thesis that lead to new and
elegant formula for exotic options.

We notice that both the VG process and the NIG process are subclasses of
the Generalized Hyperbolic (GH) Lévy process ([8], [15]). The GH Lévy pro-
cess constitute a large subclass of Lévy processes that are generated by the
GH distributions (the GH distributions is infinitely divisible [15] and there-
fore generate a Lévy process Y; such that the distribution of Y] is given by
the GH distribution). The GH distributions were first introduced in [1] in
relation with geology, but was picked up by a number of authors for finance
(e.g. [14], [48]). Other important subclasses include the hyperbolic distribu-
tions (H) and the generalized inverse Gaussian (GIG) distributions [8]. For
future works, we suggest to use GH distributions in our approach for option
pricing using natural change of measure. However, one problem surfaces as
GH distribution is not closed under convolution in general. Only two sub-
classes, namely the VG and NIG distributions are closed under convolution
([8], [15]), which is an important property for option pricing. Therefore, fur-
ther generalization of the natural change of measure is required for the GH

model.
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Appendices

A  Some Mathematical Tools

A.1 Dominated Convergence Theorem

Dominated convergence theorem is one of the most important theorem on
Lebesgue integral. We recall that a real-valued measurable function f is said

to be integrable or summable on a measure space (2,3, ) if fQ fdp < oo.

Theorem A.1. Dominated Convergence Theorem
Let {f,} be a sequence of integrable functions on (2, %, 1). Suppose that

lim fn(w) = f(x)

n—oo

exists for every x € R, and there exist a u-integrable function G(x) > 0 such
that, for each v € R,
|fu(z)| < G(z) Vn.

Then
|f(z)] < G(w),

and

fin [ fua)dua) = [ f@into)

n—oo Q

A.2 Mellin Transform

The Mellin transform, name after Finnish mathematician Hjalmar Mellin, is
an integral transform that may be regarded as the multiplicative version of
the two-sided Laplace transform. It is closely related to Laplace transform
and Fourier transform, and the theory of the gamma function and allied

special functions. The Mellin transform of a function f is

MF(s) = /0 () da,
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B Bessel Function Distribution

Let X, and X5 be mutually independent random variables, each distributed
as Chi-squared x? with d degrees of freedom. The Bessel function distribu-
tions ([32], p.50) can be obtained as distributions of X 07 + Xy02. The first
form, Z = X 0% + X502 has probability density function

z

b

1_a2m+%zm
fate) = L=l

= *%[m<
VAL + )

), 2> 0, (B.1)

with

a=(of +03)(0f —03) " > 1,

b= doto}(o} — o)

m=2d+ 1,

where I,,,(.) is the modified Bessel function of the first kind of order m. The

second form, Y = X;0? — X502 has probability density function

oty = e, (1Y) (B2)
V2o (m 4+ ) "\bl) '
with
a=—(of —oy)(oi +03)7", ol <1,

b= t0to3(ot + ),
m = 2d+ 1,
where K,,(.) is the modified Bessel function of the second kind of order m.

For both kinds of distributions (B.1) and (B.2), the moment generating
function ([32], p.50) can be written as

1

it = (= am)
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with the corresponding values of a and b for the kind of distribution W being
either Y or Z. Replacing t = iu in the moment generating function, we
obtain, for both kinds of distributions with appropriate values of a and b,

the characteristic function of Bessel function distribution

- 1—a? mt3
E(e"") = My (iu) = | ———— . B.3
(@) = Mnlin) = (=) (B.3)
Explicit expression of mean, variance, skewness and kurtosis of Bessel func-

tion distribution are given in ([32], p.51). Specifically,

Mean = (2m + 1)ba(a® — 1)7" (B.4)
Variance = (2m + 1)b*(a® + 1)(a® — 1) 2 (B.5)
Skewness = 2a(a® + 3)(2m + 1)"Y2(a? + 1)7/2 (B.6)
Kurtosis = 3 + 6(a* + 6a* + 1)(2m + 1) (a® + 1) 2. (B.7)

In Chapter 5, we primarily work with the Bessel function distribution of
the second kind (B.2) with |a| < 1, b > 0 and m > 0. In particular, the
symmetric version of this form (when a = 0) is symmetrical about the origin
(zero mean) with variance and kurtosis equal to, respectively, (2m +1)b? and
3+6(2m+1)"1.

We denote the Bessel function as a function of three parameters, ¥ ~

2 is the variance and the shape pa-

Bessel (i, 0%, \) where p is the mean, o
rameter A = m+ % Then a symmetric Bessel function distribution has mean
= 0, variance 02 = 2Xb* and the kurtosis 3+ 2. Consequently, (B.2) yields

the density of a symmetric Bessel function distribution (see also [32], p.50)

ly|™

y
: et
V2mbm T (m 4 1) <b>
1
oA [ a2\ 21 Ay
=/ 5 (/5L ) ==K, (2455 B.8
7ra2< 202) I'(A) )‘2< 202 )’ (B8

and (B.3) yields the characteristic function of a symmetric Bessel function

fr(y)
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distribution (see also [32], p.51)

1

E(e™) = ( ! )m+2 ( ! )A
=\ 7 =\77az )
1+ u?b? 1+ %3
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