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1 Introduction
The system equations for the three examples of the paper are given in § 2, § 3 and § 4. These
were automatically derived from the bond graphs of the three systems given in Figures 1b, 3b
and 7b respectively using the approach outlined in the paper pAppendix and other publications
[1–4].
§ 5 gives the simulation parameters for the SGLT example of § 6 of the paper. The parameters

are derived as discussed in § 6 of the paper.
Section 6 derives a formula for the steady-state flow for a special case of the Hill model.

2 Glycolysis example (§ 2 of paper)

2.1 Chemical Equations

ATP
r1−⇀↽− ADP

ATP + F6P
r2−⇀↽− ADP + F2P

F2P
r3−⇀↽− F6P

GLC + ATP
r4−⇀↽− ADP +G6P

G6P
r5−⇀↽− F6P

ATP + F6P
r6−⇀↽− ADP + 2TP

2ADP + TP
r7−⇀↽− Pyr + 2ATP

ATP + AMP
r8−⇀↽− 2ADP

G6P
r9−⇀↽− G1P
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2.2 Stoichiometric Matrices

X =



xGLC

xPyr

xATP

xADP

xG1P

xG6P

xF6P

xTP

xF2P

xAMP


N =



0 0 0 −1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
−1 −1 0 −1 0 −1 2 −1 0
1 1 0 1 0 1 −2 2 0
0 0 0 0 0 0 0 0 1
0 0 0 1 −1 0 0 0 −1
0 −1 1 0 1 −1 0 0 0
0 0 0 0 0 2 −1 0 0
0 1 −1 0 0 0 0 0 0
0 0 0 0 0 0 0 −1 0


V =



vr1
vr2
vr3
vr4
vr5
vr6
vr7
vr8
vr9



N f =



0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 1 0 1 0 1 0 1 0
0 0 0 0 0 0 2 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 1
0 1 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0


N r =



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 2 0 0
1 1 0 1 0 1 0 2 0
0 0 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0 0
0 0 1 0 1 0 0 0 0
0 0 0 0 0 2 0 0 0
0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0



N cd =



0 0 0 −0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
−0 −0 0 −0 0 −0 0 −0 0
0 0 0 0 0 0 −0 0 0
0 0 0 0 0 0 0 0 1
0 0 0 1 −1 0 0 0 −1
0 −1 1 0 1 −1 0 0 0
0 0 0 0 0 2 −1 0 0
0 1 −1 0 0 0 0 0 0
0 0 0 0 0 0 0 −1 0


Kp =



1 0 0
0 1 0
0 1 0
0 0 1
0 0 1
0 0 1
0 0 2
0 0 0
0 0 0


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2.3 Differential equations

ẋGLC = −vr4
ẋPyr = +vr7

ẋATP = −vr1 − vr2 − vr4 − vr6 + 2vr7 − vr8
ẋADP = +vr1 + vr2 + vr4 + vr6 − 2vr7 + 2vr8

ẋG1P = +vr9

ẋG6P = +vr4 − vr5 − vr9
ẋF6P = −vr2 + vr3 + vr5 − vr6
ẋTP = +2vr6 − vr7
ẋF2P = +vr2 − vr3
ẋAMP = −vr8

2.4 Flows

vr1 = κr1(KATPxATP −KADPxADP )

vr2 = κr2(KATPxATPKF6PxF6P −KADPxADPKF2PxF2P )

vr3 = κr3(KF2PxF2P −KF6PxF6P )

vr4 = κr4(KGLCxGLCKATPxATP −KADPxADPKG6PxG6P )

vr5 = κr5(KG6PxG6P −KF6PxF6P )

vr6 = κr6(KATPxATPKF6PxF6P −KADPxADPK
2
TPx

2
TP )

vr7 = κr7(K
2
ADPx

2
ADPKTPxTP −KPyrxPyrK

2
ATPx

2
ATP )

vr8 = κr8(KATPxATPKAMPxAMP −K2
ADPx

2
ADP )

vr9 = κr9(KG6PxG6P −KG1PxG1P )
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3 Biomolecular Cycle example (§ 5 of paper)

3.1 Chemical Equations

Mi+ E
em−⇀↽− EM

Li+ EM
lem−−⇀↽−− LEM

LEM
lesm−−⇀↽−− LEsM

LEsM
esm−−⇀↽−− Lo+ EsM

EsM
es−⇀↽−Mo+ Es

Es
e−⇀↽− E

EM
slip−−⇀↽−− EsM

3.2 Stoichiometric Matrices

X =



xLi
xLo
xMi

xMo

xE
xEM

xLEM

xEs

xEsM

xLEsM


N =



0 −1 0 0 0 0 0
0 0 0 1 0 0 0
−1 0 0 0 0 0 0
0 0 0 0 1 0 0
−1 0 0 0 0 1 0
1 −1 0 0 0 0 −1
0 1 −1 0 0 0 0
0 0 0 0 1 −1 0
0 0 0 1 −1 0 1
0 0 1 −1 0 0 0


V =



vem
vlem
vlesm
vesm
ves
ve
vslip


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N f =



0 1 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 1
0 0 1 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 1 0 0
0 0 0 1 0 0 0


N r =



0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 1 0 0 1
0 0 1 0 0 0 0



N cd =



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
−1 0 0 0 0 1 0
1 −1 0 0 0 0 −1
0 1 −1 0 0 0 0
0 0 0 0 1 −1 0
0 0 0 1 −1 0 1
0 0 1 −1 0 0 0


Kp =



1 1
1 0
1 0
1 0
1 1
1 1
0 1



3.3 Differential equations

ẋLi = −vlem
ẋLo = +vesm

ẋMi = −vem
ẋMo = +ves

ẋE = −vem + ve

ẋEM = +vem − vlem − vslip
ẋLEM = +vlem − vlesm
ẋEs = +ves − ve

ẋEsM = +vesm − ves + vslip

ẋLEsM = +vlesm − vesm
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3.4 Flows

vem = κem(KMixMiKExE −KEMxEM)

vlem = κlem(KLixLiKEMxEM −KLEMxLEM)

vlesm = κlesm(KLEMxLEM −KLEsMxLEsM)

vesm = κesm(KLEsMxLEsM −KLoxLoKEsMxEsM)

ves = κes(KEsMxEsM −KMoxMoKEsxEs)

ve = κe(KEsxEs −KExE)

vslip = κslip(KEMxEM −KEsMxEsM)

4 SGLT example (§ 6 of paper)

4.1 Chemical Equations

2Mi+ E
em−⇀↽− EM

Li+ EM
lem−−⇀↽−− LEM

LEM
lesm−−⇀↽−− LEsM

LEsM
esm−−⇀↽−− Lo+ EsM

EsM
es−⇀↽− 2Mo+ Es

Es
e−⇀↽− E

EM
slip−−⇀↽−− EsM

4.2 Stoichiometric Matrices

X =



xLi
xLo
xMi

xMo

xE
xEM

xLEM

xEs

xEsM

xLEsM


N =



0 −1 0 0 0 0 0
0 0 0 1 0 0 0
−2 0 0 0 0 0 0
0 0 0 0 2 0 0
−1 0 0 0 0 1 0
1 −1 0 0 0 0 −1
0 1 −1 0 0 0 0
0 0 0 0 1 −1 0
0 0 0 1 −1 0 1
0 0 1 −1 0 0 0


V =



vem
vlem
vlesm
vesm
ves
ve
vslip


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N f =



0 1 0 0 0 0 0
0 0 0 0 0 0 0
2 0 0 0 0 0 0
0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 1
0 0 1 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 1 0 0
0 0 0 1 0 0 0


N r =



0 0 0 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 2 0 0
0 0 0 0 0 1 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 1 0 0 1
0 0 1 0 0 0 0



N cd =



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
−1 0 0 0 0 1 0
1 −1 0 0 0 0 −1
0 1 −1 0 0 0 0
0 0 0 0 1 −1 0
0 0 0 1 −1 0 1
0 0 1 −1 0 0 0


Kp =



1 1
1 0
1 0
1 0
1 1
1 1
0 1



4.3 Differential equations

ẋLi = −vlem
ẋLo = +vesm

ẋMi = −2vem

ẋMo = +2ves

ẋE = −vem + ve

ẋEM = +vem − vlem − vslip
ẋLEM = +vlem − vlesm
ẋEs = +ves − ve

ẋEsM = +vesm − ves + vslip

ẋLEsM = +vlesm − vesm

9
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4.4 Flows

vem = κem(K2
Mix

2
MiKExE −KEMxEM)

vlem = κlem(KLixLiKEMxEM −KLEMxLEM)

vlesm = κlesm(KLEMxLEM −KLEsMxLEsM)

vesm = κesm(KLEsMxLEsM −KLoxLoKEsMxEsM)

ves = κes(KEsMxEsM −K2
Mox

2
MoKEsxEs)

ve = κe(KEsxEs −KExE)

vslip = κslip(KEMxEM −KEsMxEsM)

5 SGLT example: simulation parameters

Reaction kf kr Keq =
kf
kr

κ mol s−1

r12 80000 500 160 10.1796
r23 100000 20 5000 202.023
r34 50 50 1 505.058
r45 800 12190 0.0656276 8080.93
r56 10 4500 0.00222222 67.1184
r61 3 350 0.00857143 8.67804
r25 0.3 0.00091 329.67 0.00610777

Table 1: Reaction Parameters for the SGLT example. As discussed in Appendix A, the formu-
lation used here has dimensionless kf , kr and Keq. However the constants given by Eskandari
et al. [5, Figure 6] have units of either mol−1 or mol−2 according to the reaction. In this paper,
the reference quantity is taken as 1 mol and thus the numerical values of the dimensionless kf ,
kr and Keq are the same as the numerical values of the quantities given by Eskandari et al. [5,
Figure 6]. See Keener and Sneyd [6, § 1.1] for a discussion of this point.

6 Biomolecular Cycle: steady-state analysis
Consider a special case of the Hill model of Figure 3 of the paper where all of the thermodynamic
constants Kci = 1, all of the rate constants κi = κ0, the slippage (via Re:slip) is zero, and the
chemostats are defined by:

xMi = xM xMo = 1 xLi = 1 xLo = xL (6.1)

10
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Species K

So 10.0777
Si 10.1247
Nao 13.9591
Nai 13.9263
Co 40.3317
CNao 49.1178
SCNao 0.0989984
Ci 0.3457
CNai 0.148991
SCNai 0.0989984

Table 2: Species Parameters for the SGLT example

It is convenient to index the free species and the reactions numerically (as in Figure 7 of the
paper) so that:

X =



xLi
xLo
xMi

xMo

xE
xEM

xLEM

xEs

xEsM

xLEsM


=



1
xL
xM
1
x1
x2
x3
x6
x5
x4


V =



vem
vlem
vlesm
vesm
ves
ve
vslip


=



v1
v2
v3
v4
v5
v6
v7


(6.2)

In this case, the equations given in § 6 of this document become

v1 = κ0(xMx1 − x2) (6.3)
v2 = κ0(x2 − x3) (6.4)
v3 = κ0(x3 − x4) (6.5)
v4 = κ0(x4 − xLx5) (6.6)
v5 = κ0(x5 − x6) (6.7)
v6 = κ0(x6 − x1) (6.8)
v7 = 0 (6.9)

Assuming steady-state conditions, v1 = v2 = v3 = v4 = v5 = v6 = v and defining v̄ =
v

κ0
,

11
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the reactions defined by the six equations (6.3) - (6.8) imply that:

xmx1 = x2 + v̄ (6.10)
x2 = x3 + v̄ (6.11)
x3 = x4 + v̄ (6.12)
x4 = xLx5 + v̄ (6.13)
x5 = x6 + v̄ (6.14)
x6 = x1 + v̄ (6.15)

Consider the limiting case when xM →∞. From equation (6.10), it follows that x1 → 0. Hence,
working backwards through the six equations (6.10) - (6.15), gives

x6 = v̄ x5 = 2v̄ x4 = 2xLv̄ + v̄ x3 = 2xLv̄ + 2v̄ x2 = 2xLv̄ + 3v̄ (6.16)

Now the six states x1–x6 form a conserved moiety hence:

6∑
i=1

xi = xtot (6.17)

Combining Equations (6.16) and (6.17) it follows that, in the steady-state, v saturates as xM →
∞ at a value given by

vmax =
κ0xtot

9 + 6xL
(6.18)
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