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1 Introduction

The system equations for the three examples of the paper are given in § 2, § 3 and § 4. These
were automatically derived from the bond graphs of the three systems given in Figures 1b, 3b
and 7b respectively using the approach outlined in the paper pAppendix and other publications
[1-4].

§ 5 gives the simulation parameters for the SGLT example of § 6 of the paper. The parameters

are derived as discussed in § 6 of the paper.
Section 6 derives a formula for the steady-state flow for a special case of the Hill model.

2 Glycolysis example (§ 2 of paper)

2.1 Chemical Equations

ATP & ADP
ATP + F6P 2 ADP + F2P
FoP & F6P
GLC + ATP & ADP + GGP
G6P = F6P
ATP + F6P 2 ADP + 2TP
9ADP + TP <& Pyr + 2ATP
ATP + AMP 2 24DP

G6P 2 G1P



Energy-based Analysis of Biomolecular Pathways: Supplementary Material

2.2 Stoichiometric Matrices
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2.3 Differential equations

2.4 Flows

Ur1 =

Ur2
Ur3

Ura

Ure =

Ur7

Urg =

TGre = —Ups

:thr = +Ur7

jjATP = —Up] — Up2 — Upq — Upg T 2Ur7 — Urg
+Ur1 + Up2 + Upg + Uy — 2Ur7 + 2UT8

Tgip = +rg

TADP

Tgep = +Urs — Ups — Upg

:tFGP = —Up2 + Urg + Up5 — Urg
jjTP = +2Ur6 — Upr

Trop = +Ur2 — Ur3

TAMP = —Upg

ket (Karptarp — Kappxapp)
Kr2(Karptarp Kreptrep — Kapptapp KpapXpap)
kr3(KpopTrop — KF6P$F6P)

ra(Kerortere Karptarp — KapprappKeepTaep)

s &

»
N

2 2
r6 rrZarpKrepTrep — KappTapp K. pl’Tp)

=

7 KADPxADPKTprP - KPyT‘IPyTKATPmATP)

(

(

(

(
r5(Kaspzasp — KrepTrop)

(K4

(
trs(KarptarpKavpravp — Kipptipp)
(

= kro(Kaerraer — Kaiptcip)
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3 Biomolecular Cycle example (5 5 of paper)

3.1 Chemical Equations

Mi+E = EM
Li+ EM &% LEM

lesm,

LEM —= LEsM
LEsM == Lo+ EsM
EsM = Mo+ Es
Es=E

slip
EM — EsM

3.2 Stoichiometric Matrices

Tr; 0O -1 0 0 0 0 0
Tl O 0 0 1 0 0 0
ot 10 0 0 0 0 O Ve
Tato O 0 0 0 1 0 0 :ll@m
Tg 10 0 0 0 1 0 esm
X=1 o N=11 10 0 0 0 -1 V= '”;ST”
TILEM 0 1 —1 0 0 0 0 Ues
TEs O 0 0 0 1 -1 0 ¢
Tgsnr o 0 0 1 -1 0 1 Ustip
TILEsM 0 0 1 -1 0 0 0
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3.3 Differential equations

Tri = —Vlem

= +Vesm

TLo

Tpi = —Vem

= +Ves

T Mo

—Vem + Ve

Tp =

TEM = +Vem — Viem — Uslip

TLEM = +Vlem — Vlesm

Tps = +Ves — Ve

TEsM = +Vesm — Ves + VUslip

j:LEsM = +Vlesm — Vesm



Energy-based Analysis of Biomolecular Pathways: Supplementary Material

3.4 Flows

Vem = Kem(KMixMiKEIE - KEMZUEM)
Viem = Kiem(Kriti Kpntem — Kppm®rem)
Viesm = fﬁlesm(KLEMl’LEM - KLESMSE'LESM)
Vesm = '%esm(KLEsMxLEsM - KLoxLoKEsMxEsM>
Ves = Kes(KEsMxEsJ\/[ - KMoxMoKEsts)
Ve = Kle(KEsts - KEZ'E)

Ustip = Kstip(KpmTem — KpsmTrsm)

4 SGLT example (§ 6 of paper)

4.1 Chemical Equations

IMi+ E 2 EM

lem

Li+ FEM — LEM

lesm

LEM —= LEsM

esm

LEsM — Lo+ EsM
EsM = 9Mo + Es

Es=F
M 22 psir
4.2 Stoichiometric Matrices
T 0 -1 0 0 0 0 0
Tro O 0 0O 1 0 0 0 .
Tasi 2 0 0 0 0 0 0 U””
Mo 0O 0 0 0 2 0 0 Ulem
| oz -1 0 0o 0o 0o 1 0 | e
X=1 ton N=11 10 0 0 0 -1 V= “;Sm
TLEM 0 1 -1 0 0 0 0 Ues
T 0O 0 0 0 1 —1 0 . ‘
T EsM 0O 0 0 1 -1 0 1 stip
TLEsM 0 0 1 -1 0 0 0
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4.3 Differential equations

Tri = —Vlem

= +Vesm

TLo

i'Mi = _2Uem

Tpo = 205

—Vem + Ve

Tp =

TEM = +Vem — Viem — Uslip

TLEM = +Vlem — Vlesm

Tps = +Ves — Ve

TEsM = +Vesm — Ves + VUslip

j:LEsM = +Vlesm — Vesm
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4.4 Flows

2 2

Ve = Kem(KMﬂMiKEIE - KEMZUEM)

Viem = Fiem(Krix i Kpprpy — KppmTren)
Viesm = Kvlesm(KLEMxLE]VI - KLESMSE'LESM)
Vesm = '%esm(KLEsMxLEsM - KLoxLoKEsMxEsM>

2 2
Ves = "ies(KEsMxEsJ\/[ - KMoxMOKEsts)
Ve = Ke(KEsts - KEZ'E)

Ustip = Kstip(KpmTem — KpsmTrsm)

5 SGLT example: simulation parameters

’ Reaction H ky ‘ k, H Ky = ’Z—f ‘ % mols™!
r12 80000 | 500 160 10.1796
r23 100000 | 20 5000 202.023
r34 50 50 1 505.058
45 800 12190 0.0656276 | 8080.93
r56 10 4500 0.00222222 | 67.1184
r61 3 350 0.00857143 | 8.67804
r25 0.3 0.00091 || 329.67 0.00610777

Table 1: Reaction Parameters for the SGLT example. As discussed in Appendix A, the formu-
lation used here has dimensionless k¢, k, and K.,. However the constants given by Eskandari
et al. [5, Figure 6] have units of either mol~! or mol~2 according to the reaction. In this paper,
the reference quantity is taken as 1 mol and thus the numerical values of the dimensionless ky,
k, and K., are the same as the numerical values of the quantities given by Eskandari et al. [5,
Figure 6]. See Keener and Sneyd [6, § 1.1] for a discussion of this point.

6 Biomolecular Cycle: steady-state analysis

Consider a special case of the Hill model of Figure 3 of the paper where all of the thermodynamic
constants K.; = 1, all of the rate constants x; = ko, the slippage (via Re:slip) is zero, and the
chemostats are defined by:

Tri = Ty Tyo =1 Tr; =1 Tro = TL, (6.1)

10
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| Species || K |
So 10.0777
Si 10.1247
Nao 13.9591
Nai 13.9263
Co 40.3317

CNao 49.1178
SCNao || 0.0989984
Ci 0.3457
CNai 0.148991
SCNai || 0.0989984

Table 2: Species Parameters for the SGLT example

It is convenient to index the free species and the reactions numerically (as in Figure 7 of the
paper) so that:

Tri 1
T Ty
© Vem U1
T i Tm
Vlem (%)
T Mo 1
T T Viesm U3
X = Eol=|" V= Vesm | = | va (6.2)
TEm X2 v v
TLEM T3 ° °
Ve Vg
TEs e Vi v
TEsM Zs P
LLEsM Ly
In this case, the equations given in § 6 of this document become
v = Ko(Tpxy — 2) (6.3)
Vg = Ko(To — 23) (6.4)
V3 = Iio(l’g - (L’4> (65)
Vg = /‘60(334 - $L5E’5) (6.6)
U5 = /fo($5 - 5106) (6.7)
Vg = Ii()(xﬁ - 5(31) (68)
vy =10 (6.9)

. . U
Assuming steady-state conditions, v; = vy = v3 = v4 = v5 = vg = v and defining v = —,
Ko

11
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the reactions defined by the six equations (6.3) - (6.8) imply that:

Tl = Tog + U (6.10)
Ty =T34V (6.11)
T3 = T4+ (6.12)
T4 =TT+ U (6.13)
T5 =T+ (6.14)
T =T1 + U (6.15)

Consider the limiting case when z,; — oco. From equation (6.10), it follows that z; — 0. Hence,
working backwards through the six equations (6.10) - (6.15), gives

ZL‘GZT) 375:217 1'4:2ZELT)—|—@ ZE3:2[L'L@+2T) ZL‘QZQIL’D—I—?)T) (616)

Now the six states x1—x¢ form a conserved moiety hence:

6
D wi =ty (6.17)
=1

Combining Equations (6.16) and (6.17) it follows that, in the steady-state, v saturates as xp; —

oo at a value given by
RoZtot
maxr — 6.18
! 9+ 6az (6.18)
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