Supplementary Appendix

Supplement to : Zongwu Cai, Ying Fang, Ming Lin, and Jia Su, “Inferences for a Partially
Varying Coefficient Model with Endogenous Regressors”.

Lemma 1. Let (X1, Y1),..., (X,,Yy) bei.i.d random vectors, where the Y;’s are scalar random
variables. Assume that sup, [ |y|*f(z,y)dy < oo for some s > 2, where f(x,y) denotes the
joint density of (X;,Y;). Let K(x) be a bounded positive function with bounded support,
satisfying a Lipschitz condition, and let K(x) = K(x/h)/h. Given that n***'h — oo for
some e < 1—s71, then
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Proof of Lemma 1: The proof is given by Proposition 4 in Mack and Silverman (1982). [J

Lemma 2. Suppose that Assumptions A1-A7 hold, we have
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holds uniformly for u € €, where ¢, = [%} +h.
Proof of Lemma 2: Note that

T 17 Iy (u) 0
(D50 D@D - () (A1)
~ [DEH@D W] D [Dxw) - Dzt (T € ]
= [DLwH(D(w)]

X{ = Z{Mx(u) = (X — Z{ Tk (u)]
D7 (u)H(u) : :
XT = ZTMx() 2 (X7 — 27T ()]



By Lemma 1, we have
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where ps = [t*K(t)dt. Similarly, we can show that
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Combine (A.1), (A.2) and (A.3), we obtain that
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uniformly for v € €. This completes the proof. [J

Lemma 3 Suppose that Assumptions A1-A7 hold, then
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uniformly for u € Q, where py = [t*K(t)dt. Furthermore,
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Proof of Lemma 3: Note that
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This completes the proof. [J

Lemma 4 Suppose that Assumptions A1-A7 hold, then we have
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where 1 = E(Y,YT) with Tp, = T, (we) Zy — O (ug) @ (i) I% (wr) Zi.-
Proof of Lemma 4: Note that
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We first consider the terms SW and SW. By the similar argument in Lemma 2, we obtain



that X, = ZTTLx (ug,) + O,(cn) and Wy, = ZF Iy (ug) + O,(cy). Then by Lemma 3, we have
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We complete the proof. [J

Theorem 1. Suppose that Assumptions A1-A7 hold. When nh* — 0, we have
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where 1 = E(Ty YY) and ©f = E(Tei Y1) with
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Proof of Theorem 1: The estimator E is given by
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The first term converges to ¥;! by Lemma 4, we now consider the second term \/iﬁ \/7\\7T(I —
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By the similar argument in Lemma 4, it can be shown that r(u;) = O,(c,) uniformly for
ug € Q. Note that v/nO,(c2) = 0,(1), we have
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where

Let r_j(uy) be the leave-one-out version of r(uy) without using the k-th observation, that is,
replace all H(uy)’s in r(uy) by H_y(u) = diag(Kp(ui —ug), - -+, Kp(up—1 —uy,), 0, Kp (w1 —

k), Kp(u, — uk)) It can be shown that r(uy) — r_x(ug) = O, (—nlh). Since nh? — oo,
we have
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Conditional on uy, Ly(uy) and r_g(uy) are independent, and F [Lg(ug) | ug] = 0, so
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We further let r_;i,(u;) be the jackknife estimator of r(uy) without using the j, k-th obser-
vations, then for j # k,
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Therefore, we have
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Next, note that
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Since E(gy, | ux) = 0 and E { [T}, (ue) Zy — ®7 () @~ (wie) 0% (wi) Zi ] X | u} = 0, by the

similar argument of obtaining (A.8), we have
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By Lemma 4 and (A.4), (A.8), (A.9), we have
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This completes the proof. [J

Theorem 2. Suppose that [ is a \/n-consistent estimate of B and under Assumptions

A1-A7, we have
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ditionally homoskedastzc then, the asymptotic variance reduces to Yo = vyo2® ' (u) since
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We first consider the term J;. By Lemma 3 and the square root consistency of 5, we
have
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We now move to the term J,. By Lemma 2,
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Here & is a point between u; and wu.
Finally, we consider the term J;. Note that
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Here, we only focus on the variance of E(u), then we have
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By Lemma 3, we have
Loswrmwpse] (T L),
together with (A.11), (A.12) and (A.13), we have
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This completes the proof. [

Lemma 5 Suppose Assumptions A1-A7 hold, then under the null hypothesis,

% RSSl L) E { [Ek + ?}g;’k,Ao(uk; 0)}2 f(uk)} .

Proof of Lemma 5: We have
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The proof is complete. [
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Lemma 6 Let 0 and 3 be \/n-consistent estimates of @ and 3 under the null hypothesis,
respectively. Define

s ey ) o oo ) w1

h A} (u; 0)
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Suppose that Assumptions A1-A7 hold and nh* — 0, then under the null hypothesis,
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Proof of Lemma 6: Note that we have
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so the cross term

= 0.

A~

Furthermore, because ﬁ;(u)H(u)DX(u)

SO (U) — Sl (U)
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Note that 3 and 6 are y/n-consistent estimates. When nh* — 0, we have

Dy (u)H(u) :Y ~ W5~ Dx(u) ( hﬁ)o(zlu% )]

o X Ao(uq; 0) . .
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= =Dy (WH(we + —= Dy HWW(3 -7
1 AT 0Ao(u;0) 1 1 9
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Since = D (wH(u)W(8 — B) = 0,(1) and - D (w)H(w)X 22 (9 — ) = 0,(1), then

= P(u) + Ti(u) + Ta(u) + 0,(1/Vh).

This completes the proof.

Theorem 3. Suppose that Assumptions A1-A7 hold, when nh* — 0, under the null hypoth-
esis, we have

o7 O — ) =5 N(0,1),
where
(v + 115 1) E{Trace (& () A(ur) ) }
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Hn =

2
and o, =

with vy = [ K*(t)dt, vy = [2K?*(t)dt, puy = [2K(t)dt and g(t) = [ K(s)K(t + s)ds +
py ' [s(t + s)K(s)K(t + s)ds. Furthermore, if ), is conditionally homoskedastic, then,
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& (up)A(uy) = 021, so that

(Vo + p3 ' v2) po?

b e { & +v§kAo(Uk'9)}2f(u’“)}
and o2 = 2 [g*(t)dtpol E[f(u)]

h E2 { (e + 0% Ao (wi; 0)] f(uk)}
Proof of Theorem 3: Note that
RSS; — RSS; = —Z So(ux) — S1(ug)]

= P+ T, +Ts+o0,(1/Vh),

where P = 250" P(uy,), Ty = 2570 Ti(ug) and Ty = 2570 To(uy,).
By Lemma 3, we have

1 S I I N
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Similarly, we can obtain that

T, = 0,(1/Vh).
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Next, we focus on P. We have

= LS et B B (B D) | VB (e
1 < /h o
- %;\/;e H (ug) Dz (uy,)
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Define 1y = [ K*(t) dt and v = [t*K?(t) dt, then

n

Q, = 1 ZZ[Kh i — )2 Z T (g ) D~ () TI% (ug) Z; (A.14)

=1

1y V2 (i — ) <“ ;“k>2 gfzfnx(uk)cp*l(uk)nyuk)zi]

- % S 0 K2 ) e 2 M ) @ () 1T (1) 2,
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b K- w) ] (2

U,

)Qggzznxwk)@ w2+ 0, ()

n
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k=1

iy o B (€] Z] Tix (ug) @ (up) I (u) Zs | wi = g f(uk)} +0,(1/Vh)
-1 n
= Yot Hy V2 Trace { & (up) 1% (up) F ZZEZZT w; = ug | x (ug) f(ug) p 4 0p(1 Vh
nh X 7 p

= W E{Trace {q)_l(uk)A(uk)} } + O;D(l/\/E)-

Now we consider Q,. We have F(Q,) = 0 and

Q = - Z > [Kh wp, — i) K (ug — ug)eie; 21 Tx (uge) @7 (up) I (ug) Z5
i<j k#t,j
Kl = ) M i = 1) 5 e 2 )@ )T ()] + 0, ()
= % ;% k;” [Kh(uk — ;) K (ur, — wy)eie; 2] i (ug )@~ (ug) 1T (ug,) Z;
g K (g — i) - Y K (ug — uy) 2 - 4 gisjz?”nx(uk)qu(uk)nyuk)zj} +o, (1 /\/ﬁ)
= G x{ /o ( - t) dt f(u5) ;2] T () @7 ()L () Z3[1 4 Oy e,
1<J
+pp! / t (% + t) KK (% + t) dt f () 235 2] T () @ ()15 () Z4{1 + Oyca)] |
+0,(1/V'h)
= % Zg (Uz ; Uj> f ;) gig; Z T (uy) @ (ug ) 5 (w) Zi[1 + O, (cn)] + op(l/\/ﬁ)’

/K (s +1t)dt + py* /t(s+t)K(t)K(s+t)dt.
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Consider the variance of Q,, then

Var % ;g <%) F(ui) €ig; 2 T (us) @ (ua) I (ui) Z;
- e [ ( n ) P() €2} [ 2] Tk (u))@ <uz>nT<uZ>Zﬂ
_ _2“;];” E|g <“ : ) ¢ 3zfnx<uz)<1>1(ui>H§<ui>Zz~Z?Hx<ui><I>1<uz~>H§<Ui>Zj}
_ 2n=d) g (“ . ) 22T () & () T (1)

E (ZZ-E?ZZ-T | ui,uj, €5, Zj) HX(“i)f2<ui> ‘I’_l(ui)H§(ui)ZJ]

- 2D e “i;“ﬁ) 270 () () A ) @ ()T (1) 7 £ ()|
2o {08 )8 ) 2] 0,00
= —2fgh(t)dt E{Trace{‘Ifl(uj)A(ug)‘I)il(Uj)H§(Uj)Z 522 Iy (u )fQ(uj>}}+OP(1>

2 [ g

_ % B Trace {® (1)) A (1))@ (1) Aly) [ (15)} } + O(1).
By the argument similar to Theorem 5 in Fan et al. (2001), we have
Q,
¢ 2SO 12 Trace {7 (1) Any) B () A o) £ ()}

~25 N(0,1). (A.15)

Finally, we have

~ RSS, — RSS,

Qi+ ?{28;_177‘11 + T, + 0,(1/Vh)

Q1+ Q,
= RS /n TV

By Lemma 5 and (A.14), (A.15), (A.16), we complete the proof. [J

References

Fan, J., Zhang, C., and Zhang, J. (2001), “Generalized likelihood ratio statistics and Wilks
phenomenon,” Annals of Statistics, 29, 153-193.

Mack, Y. P. and Silverman, B. W. (1982), “Weak and strong uniform consistency of kernel
regression estimates,” Probability Theory and Related Fields, 61, 405-415.

17



