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Appendix A: MCMC scheme

We present the Markov Chain Monte Carlo (MCMC) algorithm for sampling from the joint
posterior distribution of the parameters of the proposed model. We need to obtain posterior
inference for the set of parameters Θ = {θt, λy, λθ,i, ωθ,ti , ρti , νti , βti , ξti , φi,j , ζi}. In particular,
for sampling from the full conditional distributions of these parameters, we consider Gibbs
sampling and Metropolis-Hastings algorithms. The MCMC scheme can be summarized in the
following steps:

• Sample the states (θt|α, λy, λθ,i, ωθ,ti , ρti , νti , βti , ξti , φi,j , ζi,j ,y1:t). In order to obtain pos-
terior inference on the state parameters θt = {θ0,t, θ1,t, θ2,t, . . . , θp,t}, we use the forward-
filtering backward-sampling (FFBS) method proposed by Fruwirth-Schnatter (1994), which
is practically a simulation of the smoothing recursions.

• Sample (λy|λθ,i, ωθ,ti , ρti , νti , βti , ξti , φi,j , ζi,y1:t) in a Gibbs step using a Gamma distribu-
tion,

λy|... ∼ Gamma

(
T + 2,

1

2
SSy∗ +

1

2
SS∗θ,i

)
,

where SSy∗ =
∑T

t=1 ωy,t(yt − Ftθt)2 and SS∗θ,i =
∑T

t=1 λθ,iωθ,ti(θti − (Gtθt−1)i)
2.

• Sample (λθ,i|α, λy, ωθ,ti , ρti , νti , βti , ξti , φi,j , ζi,j ,y1:t) in a Gibbs step from a Gamma distri-
bution,

λθ,i|· ∼Gamma

(
q +

T + νti − 1

2
,
1

2
SS∗∗θ,i + βtiρti

)
,

where SS∗∗θ,i =
∑T

t=1 λyωθ,ti(θti − (Gtθt−1)i)
2.
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• Sample (ωθ,ti |α, λy, λθ,i, ρti , νti , βti , ξti , φi,j , ζi,j ,y1:t) in a Gibbs step from a Gamma distri-
bution,

ωθ,ti |· ∼Gamma

(
νti + 1

2
,
νti + λyλθ,i(θti − (Gtθt−1)i)

2

2

)
.

• Sample (ρti |α, λy, λθ,i, ωθ,ti , νti , βti , ξti , φi,j , ζi,j ,y1:t) in a Gibbs step from a Gamma distri-
bution,

ρti |· ∼Gamma

(
νti + 1

2
, βtiλθ,i + 1

)
.

• Sample (βti |α, λy, λθ,i, ωθ,ti , ρtiνti , ξti , φi,j , ζi,j ,y1:t) in a Gibbs step from a Gamma distri-
bution,

βti |· ∼Gamma

(
νti + 1

2
, ρtiλyλθ,i + ξti

)
.

• Sample (ξti |α, λy, λθ,i, ωθ,ti , ρtiνti , βti , φi,j , ζi,j ,y1:t) in a Gibbs step from a Gamma distri-
bution,

ξti |· ∼Gamma (2, βti + 1) .

• Sample (νti |α, λy, λθ,i, ωθ,ti , ρti , βti , ξti , φi,j , ζi,j ,y1:t) in a Metropolis-Hastings step using
ARMS

p(νti = k) ∝ Gamma(ωθ,ti |(υti = k + 1)/2, ρti/βti)×Gamma(λθ,i|νθ,ti=k, νθ,ti=k)ϕi,

on the set {n1, n2, . . . , nk} for i = 1, . . . , p and t = 1, . . . , T ;

ϕi|... ∼ Dirichlet(αi, NI), (0.1)

where NI = {Ni,1, ...Ni,k} with, for each k, Ni,k =
∑T

i=1(νti = k), for i = 1, ..., p.

• Sample (φi,j |α, νtiλy, λθ,i, ωθ,ti , ρti , βti , ξti , ζi,j ,y1:t) from

φi,j =


0 with probability , 1− π∗ij

N(φi,j |µi,j , β2i,j) with probability π∗ij .

(0.2)
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where

π∗ij =
πp1(θ

∗
i,j,t)

πp1(θ
∗
i,t) + (1− π)p2(θ

∗
i,j,t)

, βi,j =

[
1

η2ij
+ θ∗

′

j,t−1λθ,iθ
∗
j,t−1

]−1
,

and

µi,j = βi,j

[
θ∗

′
j,t−1λθ,iθ

∗
i,j,t

]
, p1(θ

∗
i,j,t) = NT (θ∗i,j,t|0, λ−1θ,i I + ζi,jθ

∗
j,t−1θ

∗′
j,t−1),

p2(θ
∗
i,j,t) = NT (θ∗i,j,t|0, λ−1θ,i I) (0.3)

where p1(θ
∗
i,j,t) and p2(θ

∗
i,j,t) are the predictive multivariate normal densities. Here

θ∗i,j,t = θi,t −
∑
k 6=j

φi,k(xk,t−1)(θk,t−1) = φi,j(xj,t−1)(θj,t−1) + ωi,t. (0.4)

Using the usual notation for linear regression:



θ∗i,j,1
θ∗i,j,2
.
.
.

θ∗i,j,T

 =



(xj,0)(θj,0)
(xj,1)(θj,1)

.

.

.
(xj,T−1)(θj,T−1)

φi,j +



ωi,1
ωi,2
.
.
.

ωi,T

 , (0.5)

which can be expressed in matrix notation as follows:

θ∗i,j,t = θ∗j,t−1φi,j + ωi,t t = 1, 2, ..., T

θ∗j,t−1 = xj,t−1θj,t−1 ωi,t ∼ N(0, λ−1θ,i I).

• Sample (ζi,j |α, νtiλy, λθ,i, ωθ,ti , ρti , βti , ξti , φi,j ,y1:t) in a Gibbs step from a Gamma distri-
bution, Gamma(ζi,j |aζi,j ,bζi,j ), with:

aζi,j = c+
3

2
, bζi,j = d+

φ2i,j
2
. (0.6)
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Appendix B: The marginal prior for states

Proof. Integrating out ωθ,t, we have θt ∼ Student’s t(Gtθt−1, στt, υt) where υt corresponds to
the degrees of freedom, Gtθt−1 corresponds to the location and στt corresponds to the scale of
the Student’s t density:

π(θt|Gt, θt−1, σ, τt, υt) =
k1
στt

(
1 +

1

υt

(
θt −Gtθt−1

στt

)2
)−(υt+1)/2

where k1 =
Γ((υt + 1)/2)

Γ(υt/2)
√
υtπ

. Using the fact that τ2t ∼ Gamma(1, βt/ρt) and ρt ∼ Gamma((υt −

1)/2, 1), we have that

π(θt|Gtθt−1) =


k(σβt)

(νt−1)/2ν
νt/2
t /(θt −Gtθt−1)νt/22F1((υt + 1)/2, υt/2, υt/2 + 1, 1− σβtνt/(θt −Gtθt−1)2),

if θt 6= Gtθt−1,

k1Be(1/2, υt/2)/(β
1/2
t Be(1, (υt − 1)/2)), if θt = Gtθt−1,

where k = k1Be(υt/2, 1 + υt/2)/Be(1, (υt − 1)/2). Here, Be(a, b) denotes the beta function and
2F1(a, b, c, z) denotes the hypergeometric function. Finally, we use the identities (15.3.5) and
(15.1.13) for θt 6= Gtθt−1 from the book of Abramowitz & Stegun (1970).
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Appendix C: Plots from simulation study

Case λ−1θ,i /λ
−1
y,i = 2 and λθ,i = 1 known

p(φ11 = 0|data)= 0.951 
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Figure 1: Posterior distributions of the mean of the connectivity regions φij .
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Figure 2: Posterior distributions of the precision of the connectivity regions φij .
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Figure 3: Posterior distribution: observational variances, trends and weights.
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Figure 4: 95% posterior credible interval (shadow) of the state parameters using the FFBS
algorithm and true simulated state parameters (black line).
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Case λ−1θ,i /λ
−1
y,i = 2 and λθ,i = 1 unknown

p(φ11 = 0|data)=0.938 
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Figure 5: Posterior distributions of the mean of the connectivity regions φij .
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Figure 6: Posterior distributions of the precision of the connectivity regions φij .
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Figure 7: Posterior distribution: observational and state variances, trends and weights.
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Figure 8: 95% posterior credible interval (shadow) of the state parameters using the FFBS
algorithm and true simulated state parameters (black line).
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Case λ−1θ,i /λ
−1
y,i = 1 and λθ,i = 1 known

p(φ11 = 0|data)= 0.913 

gibbsphiburn[gibbsphiburn[, 1] != 0, 1]

D
en

si
ty

−0.4 −0.2 0.0 0.2

0
1

2
3

4

●

p(φ12 = 0|data)=0.536 

gibbsphiburn[gibbsphiburn[, 2] != 0, 2]

D
en

si
ty

−0.5 0.0 0.5 1.0 1.5

0.
0

0.
5

1.
0

1.
5

●

p(φ13 = 0|data)=0.000 

gibbsphiburn[gibbsphiburn[, 3] != 0, 3]

D
en

si
ty

−4 −3 −2 −1

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

●

p(φ21 = 0|data)=0.939 

gibbsphiburn[gibbsphiburn[, 4] != 0, 4]

D
en

si
ty

−0.2 0.0 0.1 0.2

0
1

2
3

4
5

●

p(φ22 = 0|data)=0.531 

gibbsphiburn[gibbsphiburn[, 5] != 0, 5]

D
en

si
ty

−0.5 0.0 0.5 1.0

0.
0

0.
5

1.
0

1.
5

●

p(φ23 = 0|data)=0.515 

gibbsphiburn[gibbsphiburn[, 6] != 0, 6]

D
en

si
ty

−0.8 −0.4 0.0 0.4

0.
0

0.
5

1.
0

1.
5

●

p(φ31 = 0|data)=0.791 

D
en

si
ty

0.0 0.2 0.4 0.6

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

●

p(φ32 = 0|data)=  0.435 

D
en

si
ty

−0.5 0.0 0.5 1.0 1.5

0.
0

0.
5

1.
0

1.
5

●

p(φ33 = 0|data)= 0.558

D
en

si
ty

−0.4 −0.2 0.0 0.2 0.4

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

●

Figure 9: Posterior distributions of the mean of the connectivity regions φij .

13



τ11

gibbstaus[−(1:burn), 1]

D
en

si
ty

0.0 0.5 1.0 1.5 2.0

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0 τ12

gibbstaus[−(1:burn), 2]

D
en

si
ty

0.0 0.4 0.8 1.2

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

τ13

gibbstaus[−(1:burn), 3]

D
en

si
ty

0 2 4 6 8 10

0.
0

0.
1

0.
2

0.
3

0.
4

τ21

gibbstaus[−(1:burn), 4]

D
en

si
ty

0.0 0.5 1.0 1.5

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0 τ22

gibbstaus[−(1:burn), 5]

D
en

si
ty

0.0 0.5 1.0 1.5

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

τ23

gibbstaus[−(1:burn), 6]

D
en

si
ty

0.0 0.5 1.0 1.5

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

τ31

D
en

si
ty

0.0 0.5 1.0 1.5

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

τ32

D
en

si
ty

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0 τ33

D
en

si
ty

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

Figure 10: Posterior distributions of the precision of the connectivity regions φij .
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Figure 11: Posterior distribution: observational variances, trends and weights.
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Figure 12: 95% posterior credible interval (shadow) of the state parameters using the FFBS
algorithm and true simulated state parameters (black line).
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Case λ−1θ,i /λ
−1
y,i = 1 and λθ,i = 1 unknown
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Figure 13: Posterior distributions of the mean of the connectivity regions φij .
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Figure 14: Posterior distributions of the precision of the connectivity regions φij .
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Figure 15: Posterior distribution: observational and state variances, trends and weights.
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Figure 16: 95% posterior credible interval (shadow) of the state parameters using the FFBS
algorithm and true simulated state parameters (black line).
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Case λ−1θ,i /λ
−1
y,i = 0.5 and λθ,i known
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Figure 17: Posterior distributions of the mean of the connectivity regions φij .
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Figure 18: Posterior distributions of the precision of the connectivity regions φij .
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Figure 19: Posterior distribution: observational variances, trends and weights.
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Figure 20: 95% posterior credible interval (shadow) of the state parameters using the FFBS
algorithm and true simulated state parameters (black line).
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Case λ−1θ,i /λ
−1
y,i = 0.5 and λθ,i unknown
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Figure 21: Posterior distributions of the mean of the connectivity regions φij .
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Figure 22: Posterior distributions of the precision of the connectivity regions φij .
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Figure 23: Posterior distribution: observational and state variances, trends and weights.
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Figure 24: 95% posterior credible interval (shadow) of the state parameters using the FFBS
algorithm and true simulated state parameters (black line).
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