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Correlation between the equation of motion and the Hamiltonian matrix: As stated in the

manuscript, the equation of motion for the coupled harmonic oscillators can be written as:

X + 2y%; + wfx; + 2 z &ij 9ij%j = O1sprE ()
J

For steady state solution:

(a)l-2 + 2iwy; — wH)x; + Ziwz &ij 9ijxj = 61sprEo
j

We now apply the near-resonance condition w~w;, and remove the driving force for now to solve

only for the eigenstate problem, the equation is then simplified to:

((A)i + lYL —(A))xi + lZEUgUx] =0

J

Rewriting the expression in the matrix form:

W, +iy; —w 1G12 1g13 {14 915 X1
—1g12 wy iy, —w 1923 1924 1925 X2
—ig13 —1923 w3 +iyz3 —w [g34 ig3s X31=0
—1914 —1924 —ig34 Wy + 1Yy —w [Gas Xg
—ig1s —i925 —i93s5 —i04s5 ws +1y; — w 1Xs

By rearranging the matrix, we obtain:
HY = E¥

Where E = Aw and H stands for the Hamiltonian matrix of the system:

wy + 1y g1z 1g13 114 1915
_ —1912 wy + 1y, 1923 1924 1925
H=h| —igi3 —ig23 W3 +1iy3 [g34 1935
—1914 —i924 —ig3s Wit iy, iGas

=915 —i92s5 —i93s5 —igss Ws +iYs

Hence by writing the equation of motion in the current form, the dimension and coefficient of the

2



coupling strength g;; is consistent with the coupling strengths calculated from the Hamiltonian
method.

In a two-level system, there is generally some freedom to choose the phase such that the
coupling strength is real' without affecting the solution of the system’s optical responses, e.g.,
absorption, scattering, emission, etc. In a mutually-coupled multi-level system such as the case in
our system, of excitons coupled to a plasmonic lattice, however, the relative phases between the
different coupling strengths can affect the dispersion spectra of the coupled system. In our study,
we also examined the EOM fitting by changing the phases of the coupling strengths, and found

that the best fit to the experiment was obtained when g;; is real.

Figure S1. Validation of the near-resonance condition approximation (NRA)
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Figure S1 shows the calculated |x;spg|? spectra corresponding to Figure 4 (f)-(j) with and without
the near-resonance condition approximation (NRA), where wZ — w? is approximated as

2w(wy — w). Good correspondence between the two sets of simulated spectra indicates that this

approximation is valid within the wavelength range of our study.
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