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Regression” by Eliana Christou and Michael G.
Akritas.

Lemma C.1 Assume that for some r > 2, E|Q.(Y|X)|" < oo and sup,, E[|Q,(Y|X)|"|b{ X =
t]fu(t) < oo holds for allb € O, where Ty, = {t : t = b/ x,x € Xy}, A} is the compact support of X,
and fy is the density of b X. Moreover, assume that Q,(Y|x) is in Hy(Xy) for some s with [s] < k,
where Hy(Xy) is defined in Appendiz A and k is the order of the local polynomial conditional quantile
estimators Q,(Y|X;) and QVS(Y|X,) (used in (m and (-) respectively).

1. Under Assumptions GSI1-GS2 and Assumptions A1-Ab given in Appendiz A,

sup g (¢]b) — g(t[b)| = O, (a}, + an + %),
beO,teTy

where gNW (t|b) is defined in , ar = (logn/n)"** and a, = [logn/(nh)]">.

2. Under the sparsity assumption, Assumptions GS1-GS3, Assumptions A1-A7 given in Appendix
A, and the conditions nh* = o(1), where h is the bandwidth used in , A1 — 0 and /n\; —

00 as n — 00, where \ is the tuning parameter used in ,

sup |Gy’ (¢b) — g(t[b)| = O, (a)" + an + 17)
beO,teT,

where gi'¥ (t|b) is defined in , and a** = (log n/n)s/ 2s4d")

Proof. The proof uses the same steps as those in the proof of Proposition 3.1 of Christou and Akritas
(2016). We outline here the basic steps.

Let g(t[b) denote either gV (¢|b), defined in (2.3), or ¥ (¢/b), defined in (2.6). Also, let
Q*(Y|x) denote either Q,(Y|x) or QVS(Y|x); see Section 2. Set Kj(-) = K(-/h), and write §(t|b) =

U(t|b)/ fiu(t), where U(t[b) = (nh) "' 1, Q:(Y|X;) Ky (t — b X,) and fiu(t) = (nh) ™' Y0, Kj (t — b X,).



For the denominator, we use Theorem 6 of Hansen (2008) [take his f = oo and the mixing

coefficients as «,, = 0] to obtain

1/2
(l(;gh"> + 12| = O,(a, + 1?). (C.1)

For the numerator, we show that W(t|b) is consistent estimator of W(t[b) = g(t|b) fi,(¢), uniformly in

sup_ |Fult) = folt)| = O,

beO,te%y,

b € O and t € Tp,. By letting U*(¢|b) = (nh) ™' 31, Q-(Y|X;)K), (t — b{ X;), we can show that

T (¢[b) — W*(¢[b)] hz[ (Y]X,) QT(Y|Xi)]Kh(t—b1TXi)

< sup |Q5(Y]Xi) - Qr(

1<i<n

—h ZKh (t—b{X,),
1=1

and

- O,(a;), it QLY X)) = Q. (Y[X,)
sup  |U(t|b) — U*(t|b)| = (C.2)

beO,teTy Op(ar), if @T_(Y‘Xz) = Q\ZS(Y’XZ%

n

where the last equality follows from relation , Assumption A2, and the uniform consistency results
for Q,(Y|X;) (cf. Guerre and Sabbah 2012), and for QV5(Y|X,) (see Proposition. Next, Theorem
2 of Hansen (2008) yields suppee ez, |V*(t[b) — E[U*(t/b)]| = O, (a,), where a, = [logn/(nh)]"/?,
and recalling the notation ¥(t|b) = g(¢|b) fu(¢), and using Assumption A4, E[U*(t|b)] = ¥(¢|b) +
O(h?). Thus, Supyee ex, |V*(tb) — ¥(t[b)| = Oy(a, + h*) which, together with yields

_ Op (a5, +an+h?) i QL(V[X) = Q(V[Xy)
T(t[b) — \If(t\b)’ — (C.3)

O, (@ + a, + h?), i Qx(Y[X;) = QYS(Y]X,).

sup
beO,te%y,

Therefore, using (C.1)), (C.3) and Assumption A2, we get

b (t|b) (tb) Op (a5 +an +1%) 1 Q:(Y[X) = Q-(Y]X;)
= -9 =
Fo(t) Op (az* +an + 1), if Qi(YIX:) = QYS(Y|X,)



uniformly in b € © and t € T,
Note: For what follows, Pr(:|X) and E(-|X) will denote the conditional probability and conditional

expectation, respectively, on the design matrix X.

Lemma C.2 Let §(t|b) denote either gNW (t|b), defined in (2.3), or Gh¥¥ (t|b), defined in (2.6).

Define, for any v € RI1,
Z {7 = G(Xilv /v + B.8)] - p-(Y7)} (C.4)

where Y =Y; — (8] Xi|B) and §(Xilv/v/n+ B,8) = gl(v/vn + B) Xilv/v/n + B] — §(B{ Xi|B),
for (v/v/n+B8)1 = (1, (v/v/n+8)")". Then, under the assumptions of Lemma Assumptions

A6 and A7 given in Appendiz A, and the condition nh* = o(1), the following quadratic approximation

holds uniformly in ~ in a compact set, A, (1,7) = (1/2)y Vy + Wy + 0p(1), where

V =E {[¢'(8, X|B)]’[X-1 — B(X_.[8) X)][X1 — B(X1]8] X)] ' fyx (01X) }, (C.5)

and

*1/22/4 )9 (BIXilB)Xi 1 — E(X 18] X)), (C.6)

for ¢'(t|b) = (0/0t)g(t|b), and X_y the (d — 1)-dimensional vector consisting of coordinates 2,...,d
of X.

Proof. The proof uses the same steps as those in the proof of Lemma C.6 of Christou and Akritas
(2016). We outline here the basic steps.

Define H to be a class of bounded functions 7 : R — R, whose value at (¢,37)" € R? can
be written as n(¢|3), in the non-separable space [*(t,3) = {(t,8")" : R — R : 7l =
sup(; g7yTera |1(t[B)| < oo}, and having bounded and continuous partial derivatives, where the first

and second derivatives with respect to ¢ exist and are bounded. Thus, H includes g(¢|3), as well as

§(11) for n large enough, almost surely. Define A, (1,7,5) = S0, {p[e:(8, ) ~7(Xilv/v/i+B, B)]



prlei(B,m)]}, where e;(8,n) = Y; —n(B/ Xi|8) and 7(Xi|v/v/n+ B8, B) = nl(v/v/n+ B){ Xilv/v/n+
B] — n(B] X;|B), and write A, (n,7,7) as

E [A (7, 77) |X} Z {p[ei(B,m)] = E{p[e:(B, X} }77 (Xilv/Vn + B, B) + R (n,7,7) , (C.7)

where X denotes the design matrix, and R, (n,7,7y) is the remainder term defined by (C.7]). Using

the same steps as in the proof of Lemma C.6 of Christou and Akritas (2016), we can show that

E[A,(n,7,7) |X] - —ZE{/)T (B mIIX}f (Xilv/vn + B, 8)

+ Z[ﬁ(xm/\/ﬁ +8,B)¢" [9(BIXilB) = n(BXi|B)[X] + 0,(1), (C8)

uniformly in n € H. Following, using the Uniform Law of Large Numbers for Triangular Arrays
(Jennrich, 1969), we can show that sup, ¢ |Rn(n, 7,7)| = 0p(1), where R, (n,7,7) is defined in (C.7).
Next, substituting the expression of E[A4, (1, 7,~)|X] derived in , to relation (C.7) and using

the fact that sup, | Rn(n, 7,7)| = 0,(1), we get, uniformly in n € H,

An(n,7,7y) = %Z[ﬁ(Xz-h/\/ﬁ+B,ﬁ)]290"[g(ﬁin\ﬁ)—n(ﬂfxilﬁ)\x]

—prezﬁn [i(Xilv/v/n+ 8, 8) + 0p(1). (C.9)

Since expression ((C.9)) holds uniformly in n € H, where the class H includes g, we substitute n with
§. Using (a) the fact that A,(g,7,~) reduces to A, (r,~) defined in (C.4), (b) relation

iE(Xm/ﬁ +8,8) = i {gl(v/vVn+ B){ Xilv/vn+ B] — g(B] Xi|B)} + 0,(n~"?),

follows from Lemma C.5 of Christou and Akritas (2016), and (c) relation

o/ Vi + B) Kby Vi + 8] = g(BIXB) = —=Tug(bXilb)| 4+ 0y(n7)
= = (BTXIB)X: 1 — B(X1|5]X)]



where the last equality follows under the Single Index model, we get En(T, ) = (1/2)7TVy+ W v+
rn(7,7), where r,(7,7) = 0,(1). Finally, noting that W,, has bounded second moment (see Lemma
and hence is stochastically bounded, the convex function Zn (1,7)—W.~ converges in probability
to the convex function (1/2)~"V~. Therefore, it follows from the convexity lemma (Pollard, 1991)
that for any compact set K, sup,cx [rn (7,7)| = 0p(1). Thus, the quadratic approximation to the

convex function A, (7,7) holds uniformly for 4 in a compact set.

Lemma C.3 Let W = —n~'/?2W,,, where W, defined in (@ Then, under the assumptions of
Lemma[C.3,

Pr {/n{[r(1 — 7)]7?S7 W2} < t|X} = ®(t) + 0,(1),

where ¥ = E {[¢' (8] X|8)*[X_1 — B(X_41|8{ X)][X_; — E(X_4|8{ X)]"} and ®(t) denotes the stan-

dard normal cumulative distribution function.

Proof. 'The proof uses the same steps as those in the proof of Lemma C.7 of Christou and Akritas
(2016). We outline here the basic steps.

Let H define the class of functions as described in the proof of Lemma and define Z;(n) =
prled(B, g’ (B Xi|B)[Xi—1 — E(X-1|B{ X)], where ¢;(8,7) = Y; — n(B{ Xi|B), and let Ti(n) =
Z;(n)—E[Z;(n)|X]. Using the Berry-Esseen theorem (Berry 1941, and Esseen 1942), we can show that
n~Y23"  Ty(n) converges to a multivariate normal distribution, uniformly in 7 € H; see Christou
and Akritas (2016) for details. Specifically, for any t € R4~ and conditionally on the design matrix
X

Y

-3/2

Z pi(n),

— ()| <Gy

Py [M <ilx
> i1 07 (n)

Z oz (n)

where 0Z(n) = Var[t" T;(n)|X] and p;(n) = E[|t"T;(n)|?|X] < co. Noting that

< sup|pi(m)] = o(1) (C.10)

1
sup S —
n\/ﬁ i1 neH

neH

% Zpi(n)



a.s., and

= o(1) (C.11)

a.s., where

v(n) = tTE{Fe\x[n( 1 X[8) — 9(B1 X|B)[XI{1 — Fux[n(B{ X|B) — g(8/ X|8)|X]}

[9/(B1XIB)[X 1 — B(X 1|8 X)X 1 — E(X1|8]X)]" }t,
we have, conditionally on X,

— B(t)] = 0,(1), (C.12)

Pr [2?1 t'T; (n)

——F <ifx
Zz‘:1az’<77)

uniformly in n € H. Since (C.12)) holds uniformly in n € H, it also holds for n = g, where

% ZE [tTZi(§)|X] = 0,(1) and % 203@ =t'7(1 - 7)Zt + 0,(1). (C.13)

Therefore, using (C.12), (C.13), and Slutsky’s theorem, we get that, conditionally on X, \/n W3 a4

N(0,7(1—7)X%), where the unconditional case follows from the Dominated Convergence theorem and

the almost sure convergence of ((C.10]) and (C.11]).

Lemma C.4 Let §(t|b) denote either GNW (¢|b), defined in (2.9), or G¥¥ (t|b), defined in (2.6), and
let B\ to be

n d
~ . S
B = argmin {2 p-Y: — G(b/ X;|b)] + nZ;px(\bjD} , (C.14)
= j=
where by = (1,b")T = (1,by,...,by)", and A\ — 0 as n — oo. Then, under the assumptions of

Lemma ,3 is \/n-consistent estimator of 3. Moreover, for B = (BE,B\E)T, where ,@11 s of
cardinality (d* — 1) = card({j € (2,...,d) : BJ # 0}), and for \/nA — oo as n — 0o, we have that,

with probability tending to one,



1. Sparsity: 312 =0 and

2. Asymptotic Normality: /n(B1, — B11) < N0, 7(1—7)V 'S, V), where Viy and X1 are
defined in and respectively.

Proof. To study the asymptotic properties of ,@ defined in ((C.14]), we consider an equivalent objective

function. Observe that by adding and subtracting the quantity g(3 X;|3) in the first part of the

objective function (C.14)), we get
pr (Y = [9(b] Xib) — §(B Xi|B)]} = ZpT J(Xi[b, 8)], (C.15)

where Y;* = Y; — g(8] X;|83) and, for any v € R%"! such that v+ 3 € O, we define §(X;|v + 3, 8) =
9l(v+8)! X;i|v+ 8] —3(B] X;|3), where according to the convention used, (v+3); = (1,(v+08)")".
For the sake of convenience in the derivation of the asymptotic results we replace relation (C.15)) with

S eV = 9(Xilb, B)] — p,(Y;")} and we define the new objective function

-~

d
Au(r, ) = Aul(r,7) + an(l%/ﬁJr B;)),

where v = /n(b — B), and A, (7,) is defined in (C.4).
For the proof we use the same strategy as in Wu and Liu (2009). To prove the y/n-consistency of

,é\, enough to show that for any given ¢ > 0, there exists a constant C' such that

~ o~

Pr| inf A, (7,7v) > A.(7, O)] >1-4, (C.16)
IvlI=C

since this implies that with probability at least 1 — 0 there exists a local minimum in the ball {~v/y/n+
B vl < C}. Write

~

An(1,7) = Au(7,0) = Ay(r,9) - A [oallvi/ v+ Bil) = pa(1851)]
(

A (7,0) +n )
> A, (1,7) = A,(7,0) +nZ [oA(lv; /v + B;1) — pa(185])]



where, for large n,

“Z a3/ v+ B51) = pa(185])] = 0. (C.17)

This follows from (a) |B;| > 0 for j = 2,...,d", (b) the SCAD penalty is flat for arguments of
magnitude larger than a), and (¢) A — 0. Following, Lemma yields that

1
An(1, ) — Au(7,0) = §7TV7+WIV+%(1), (C.18)

where V and W, are defined in (C.5)) and (C.6) respectively, for any ~ in a compact subset of R4,
Therefore, the difference (C.18)) is dominated by the quadratic term (1/2)y "V~ for ||| greater than

or equal to sufficiently large C'. Using (C.17) and (C.18), the difference A\n(T, ~¥) — A\n(T, 0) is also

dominated by the quadratic term (1/2)y "V~ for ||| greater than or equal to sufficiently large C,

and ((C.16)) follows.

Next, we will show the sparsity part. To prove that, with probability tending to one, 312 =0, we

will show that for any given ,511 satisfying HBM — ,811‘ = Op(nfl/z) and any constant C,

AJrvn((Bu —Bu) 0N = min A r, val(Bu - Bu)".BhL)"]. (C.19)

B sca-ve

Write

~ ~

Anlr V(B = Bi)T,00) ] = Alr, va((Bu = Bun) T, Bly) ]
= gn[Ta \/ﬁ((an —Bu)',0")"] - gn[ﬂ \/ﬁ((an - ﬁn)TaBIz)T] —-n Z pA(’ng

j=d*+1
- %ﬁ((ﬁn = Bu) ", 0N)VVi((Bi = B1)",07) " + Wva((Bu — Bu)T.07)T
_%\/ﬁ((ﬁn - 511)T7 BE)V\/E«BH - ,611)Ta Bsz)T - WZ\/E«BH o 1611)T7 BlT2>T

d

—n > w8,

j=d*+1

where the last equality follows from the quadratic approximation derived in Lemma and V and



W,, are defined in (C.5) and (C.6) respectively. Using the facts that HBM — 611” = Op(nfl/Q) and

0< ‘ 512 < Cn~'2, we get that
%\/ﬁ((ﬁn —Bu)", OT)V\/E((BM —Bu)" 00T = O,(1), (C.20)
V(B — B) T BLVVA(Bu ~ Bi) T BL)T = 0,(1) (C21)
and

W Vn((Bu - Bi)T,00) T —WIvn((Bu - i), BL)T = —vn(0",BL)W,, = 0,(v/n), (C.22)

where the last equality follows from the asymptotic normality result derived in Lemma|[C.3] Therefore,

using relation n Z;l:d*—i-l a(lB;]) = nA (Z;-l:d*ﬂ |§]|> [1+0(1)], (see Wu and Liu 2009, proof of Lemma

1, online supplement, page S24, for the proof), relations (C.20)), (C.21]), (C.22) and the facts that (a)

vnA — oo and (b) the term nA = /n(y/nA) is of higher order than /n, we get that the difference
Al v/A((Bu = Bu)T,07)T] = Aylr, /(B — B) T, B,)T] is dominated by —n Y0, ., pA(I5;]).
Hence, follows.

Finally, we will show the asymptotic normality part. The y/n-consistency of ,é\ yields that there
exists a y/n-consistent minimizer BH of A\n[T, Vi((bii—B11)",07)"]. Thus, define 4;; = \/ﬁ(,@H—BH)

to be the minimizer of
~ ~ d*
Aulr, (11,001 = Au[r, (1, 0) T+ 0> pall /v + By)). (C.23)
j=2

The quadratic approximation derived in Lemma yields that

~ 1
Anlr (11,01)] = S0 0V, 01) " + Wi (311,01) " +0,(1)

1
= S Vv + Wi+ (1), (C.24)



where Vy; is defined in (3.1 and
Wi =-n""2) " pl (¥7)g'(B] Xi|B)[Xi1—1 — E(Xy 1|8/ X)],
i=1

for Y* = Y; — g(B] X;|B3). Therefore, for large n, and using relations (C.17)) and ((C.24)), the objective
function A,[7, (v4;,07)T] in (C.23) can be written as

d*

~ 1
Aulr, (7,,07) 7] = 571T1V11’711 + W+ 0,(1) +1 > pa(IB5)),

Jj=2

where the last term does not depend on =;;. Thus, for large n, the minimizer 4y, is only o,(1) away

from 45, = Vi;'W,, 1. Therefore, the asymptotic normality of W, ;, which is a direct consequence of

Lemma [C.3] vields /(811 — Bi1) KA N0, 7(1 — 1)V Vi), where Xy is defined in (3.2)).
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